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CHAPTER OBJECTIVES

m Apply the basic laws and rules of Boolean algebra
m Apply DeMorgan’s theorems to Boolean expressions

m Describe gate combinations with Boolean
expressions

m Evaluate Boolean expressions

m Simplify expressions by using the laws and rules of
Boolean algebra



4-1 Boolean Operations and Expressions

Boolean algebra is the mathematics of digital logic. A basic knowledge of Boolean algebra
is indispensable to the study and analysis of logic circuits. In the last chapter, Boolean
operations and expressions in terms of their relationship to NOT, AND, OR, NAND, and
NOR gates were introduced.

After completing this section, you should be able to

¢ Define variable

+ Define literal

+ Identify a sum term

+ Evaluate a sum term

+ Identify a product term

+ Evaluate a product term
+ Explain Boolean addition

+ Explain Boolean multiplication

Variable, complement, and literal are terms used in Boolean algebra. A variable is a sym-
bol (usually an italic uppercase letter or word) used to represent an action, a condition, or
data. Any single variable can have only a 1 or a 0 value. The complement is the inverse of a
variable and is indicated by a bar over the variable (overbar). For example, the complement
of the variable Ais A.If A = 1,then A = 0.If A = 0, then A = 1. The complement of the
variable A is read as “not A” or “A bar.” Sometimes a prime symbol rather than an overbar is
used to denote the complement of a variable; for example, B” indicates the complement of B.
In this book, only the overbar is used. A literal is a variable or the complement of a variable.

Boolean Addition

Recall from Chapter 3 that Boolean addition is equivalent to the OR operation. The basic
rules are illustrated with their relation to the OR gate in Figure 4—1.

0+0=0 0+1=1 1+0=1 1+1=1

FIGURE 4-1

In Boolean algebra, a sum term is a sum of literals. In logic circuits, a sum term is pro-
duced by an OR operation with no AND operations involved. Some examples of sum terms
are A+ B,A+BA+ B+ C,andA + B+ C+D.

A sum term is equal to 1 when one or more of the literals in the term are 1. A sum term
is equal to O only if each of the literals is 0.

EXAMPLE 4-1

Determine the values of A, B, C, and D that make the sumterm A + B + C + D equal to 0.

Solution
For the sum term to be 0, each of the literals in the term must be 0. Therefore, A = 0,
B = 1sothat B = 0,C=0,and D = 1sothat D = 0.

A+B+C+D=0+1+0+1=0+0+0+0=0




Related Problem*
Determine the values of A and B that make the sum term A + B equal to 0.

Boolean Multiplication
Also recall from Chapter 3 that Boolean multiplication is equivalent to the AND operation.
The basic rules are illustrated with their relation to the AND gate in Figure 4-2.

1«0=0 lel=1

0/ 000

In Boolean algebra, a product term is the product of literals. In logic circuits, a product
term is produced by an AND operation with no OR operations involved. Some examples of
product terms are AB, AB, ABC, and ABCD.

A product term is equal to 1 only if each of the literals in the term is 1. A product term
is equal to O when one or more of the literals are 0.

FIGURE 4-2

EXAMPLE 4-2

Determine the values of A, B, C, and D that make the product term ABCD equal to 1.

Solution

For the productjerm to be 1, each of the literals in tEe term must be 1. Therefore, A = 1,
B=0sothat B=1,C=1,andD = 0sothat D = 1.

ABCD=1:0-1-0=1-1-1-1=1
Related Problem

Determine the values of A and B that make the product term A B equal to 1.

SECTION 4-1 CHECKUP

Answers are at the end of the chapter.
1. If A = 0, what does A equal?
2. Determine the values of A, B, and C that make the sum term A + B + C equal to 0.
3. Determine the values of A, B, and C that make the product term ABC equal to 1.

4-2 Laws and Rules of Boolean Algebra

As in other areas of mathematics, there are certain well-developed rules and laws that must
be followed in order to properly apply Boolean algebra. The most important of these are
presented in this section.

After completing this section, you should be able to
+ Apply the commutative laws of addition and multiplication
+ Apply the associative laws of addition and multiplication
+ Apply the distributive law

+ Apply twelve basic rules of Boolean algebra



Laws of Boolean Algebra

The basic laws of Boolean algebra—the commutative laws for addition and multiplication,
the associative laws for addition and multiplication, and the distributive law—are the same
as in ordinary algebra. Each of the laws is illustrated with two or three variables, but the
number of variables is not limited to this.

Commutative Laws
The commutative law of addition for two variables is written as
A+B=B+A Equation 4-1

This law states that the order in which the variables are ORed makes no difference. Remember,
in Boolean algebra as applied to logic circuits, addition and the OR operation are the same.
Figure 4-3 illustrates the commutative law as applied to the OR gate and shows that it doesn’t
matter to which input each variable is applied. (The symbol = means “equivalent to.”)

A B
") D—an =t ) D>aea
B A
FIGURE 4-3 Application of commutative law of addition.

The commutative law of multiplication for two variables is
AB = BA Equation 4-2

This law states that the order in which the variables are ANDed makes no difference.
Figure 4—4 illustrates this law as applied to the AND gate. Remember, in Boolean algebra
as applied to logic circuits, multiplication and the AND function are the same.

A — B —
B —1 A —

FIGURE 4-4 Application of commutative law of multiplication.

Associative Laws
The associative law of addition is written as follows for three variables:
A+B+0C=A+B)+C Equation 4-3

This law states that when ORing more than two variables, the result is the same regardless of
the grouping of the variables. Figure 4-5 illustrates this law as applied to 2-input OR gates.

A A
A+ B+ C) A+B
— B
B =
B+C (A+B)+C
C C

FIGURE 4-5 Application of associative law of addition. Open file F04-05 to
verify. A Multisim tutorial is available on the website.

The associative law of multiplication is written as follows for three variables:
A(BC) = (AB)C Equation 4-4

This law states that it makes no difference in what order the variables are grouped when AND-
ing more than two variables. Figure 4-6 illustrates this law as applied to 2-input AND gates.



A A —
A(BC) _>—|:13
= B —
Py =
BC (AB)C
c — C —-—

FIGURE 4-6 Application of associative law of multiplication. Open file F04-06 to verify.

Distributive Law
The distributive law is written for three variables as follows:
AB + C) = AB + AC Equation 4-5

This law states that ORing two or more variables and then ANDing the result with a single
variable is equivalent to ANDing the single variable with each of the two or more variables
and then ORing the products. The distributive law also expresses the process of factoring in
which the common variable A is factored out of the product terms, for example, AB + AC =
A(B + C). Figure 4-7 illustrates the distributive law in terms of gate implementation.

AB

B
A — AC

X=AB +C) X =AB + AC

FIGURE 4-7 Application of distributive law. Open file F04-07 to verify.

Rules of Boolean Algebra

Table 4-1 lists 12 basic rules that are useful in manipulating and simplifying Boolean
expressions. Rules 1 through 9 will be viewed in terms of their application to logic gates.
Rules 10 through 12 will be derived in terms of the simpler rules and the laws previously
discussed.

TABLE 4-1

Basic rules of Boolean algebra.

1.A+0=A 7.A-A=A

22.A+1=1 8. A-A=0

3.3A-0=0 9. A=A

4. A-1=A 10. A+ AB=A
5$A+tA=A 11.A+ AB=A+B

6. A+A=1 12. (A + BYA + C) = A + BC

A, B, or C can represent a single variable or a combination of variables.

Rule 1: A + 0 = A A variable ORed with 0 is always equal to the variable. If the input
variable A is 1, the output variable X is 1, which is equal to A. If A is 0, the output is 0, which

is also equal to A. This rule is illustrated in Figure 4-8, where the lower input is fixed at 0.

FIGURE 4-8



Rule 2: A + 1 =1 A variable ORed with 1 is always equal to 1. A 1 on an input to an
OR gate produces a 1 on the output, regardless of the value of the variable on the other

input. This rule is illustrated in Figure 4-9, where the lower input is fixed at 1.

FIGURE 4-9

Rule 3: A-0 =0 A variable ANDed with 0 is always equal to 0. Any time one input to
an AND gate is O, the output is 0, regardless of the value of the variable on the other input.

This rule is illustrated in Figure 4-10, where the lower input is fixed at 0.

A=1 — A=0 —
0 — 0 —

FIGURE 4-10

Rule 4: A-1 = A A variable ANDed with 1 is always equal to the variable. If A is 0,
the output of the AND gate is 0. If A is 1, the output of the AND gate is 1 because both

inputs are now 1s. This rule is shown in Figure 4-11, where the lower input is fixed at 1.

A=0 — A=1 —
1 1 ‘

FIGURE 4-11

Rule 5: A + A = A A variable ORed with itself is always equal to the variable. If A is

0,then0 + 0 = 0;and if Ais 1, then 1 + 1 = 1. This is shown in Figure 4—-12, where
both inputs are the same variable.

FIGURE 4-12

Rule 6: A + A =1 A variable ORed with its complement is always equal to 1. If A is
0,then0 + 0 =0+ 1= 1.IfAisl,thenl + 1 = 1 + 0 = 1. See Figure 4-13, where
one input is the complement of the other.

FIGURE 4-13



Rule 7: A-A = A A variable ANDed with itself is always equal to the variable. If
A =0,then(0 -0 = 0;andif A = 1,then 1 -1 = 1. Figure 414 illustrates this rule.

A=0 — A=1 —
A=0 A=1

FIGURE 4-14

Rule 8: A - A =0 A variable ANDed with its complement is always equal to 0. Either A
or A will always be 0; and when a 0 is applied to the input of an AND gate, the output will
be 0 also. Figure 4—15 illustrates this rule.

A=1 — A=0 —
A }Xzo A - }Xzo
A=0 — A=1 —

FIGURE 4-15

Rule 9: A = A The double complement of a variable is always equal to the variable. If
you start with the variable A and complement (invert) it once, you get A. If you then take
A and complement (invert) it, you get A, which is the original variable. This rule is shown
in Figure 4-16 using inverters.

A=1 = A=0 =
A=0 ADO_OVAzo A=1 A=1

A=A
FIGURE 4-16

Rule 10: A + AB = A This rule can be proved by applying the distributive law, rule 2,
and rule 4 as follows:
A+ AB =A-1+ AB = A(1 + B) Factoring (distributive law)
=A-1 Rule2: (1 + B) = 1
=A Rule4:A -1 =A

The proof is shown in Table 4-2, which shows the truth table and the resulting logic circuit
simplification.

TABLE 4-2
Rule 10: A + AB = A. Open file T04-02 to verify.
A B AB A+ AB
0 0 0 0 A
0 1 0 0
1 0 0 1 B
1 1 1 1 l
T T straight connection
equal




Rule 11: A + AB = A + B This rule can be proved as follows:
A+ AB = (A + AB) + AB

= (AA + AB) + AB
= AA + AB + AA + AB Rule 8: adding AA = 0
= (A + A)A + B)

=1-(A+ B)
—A+B

Rule 10: A = A + AB
Rule 7: A = AA

Factoring
Rule6:A + A = 1
Rule 4: drop the 1

The proof is shown in Table 4-3, which shows the truth table and the resulting logic

circuit simplification.

TABLE 4-3

Rule 11: A + AB = A + B. Open file T04-03 to verify.

AB A +AB

A+B

- —_ o o | »

- o —~ o | W

o o = O
e e e =)

L

0 A
B

—
—

D
equal —T ’

Rule 12: (A + B)(A + C) = A + BC This rule can be proved as follows:
(A+ B)YA + C) = AA + AC + AB + BC Distributive law

=A+AC+ AB + BC Rule7:AA =A

= A(1 + C) + AB + BC Factoring (distributive law)

=A-1+ AB + BC

Rule2:1 + C =1

= A(l + B) + BC Factoring (distributive law)
=A-1+ BC Rule2:1 + B =1
= A+ BC Rule4:A-1=A
The proof is shown in Table 4—4, which shows the truth table and the resulting logic circuit
simplification.
TABLE 4-4
Rule 12: (A + B)(A + C) = A + BC. Open file T04-04 to verify.
A B C A+B A+C A+B)A+0O) BC A +BC
0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 a
0 1 0 1 0 0 0 0
0 1 1 1 1 1 1 1 c
1 0 0 1 1 1 0 1
1 0 1 1 1 1 0 1 l
1 1 0 1 1 1 0 1 A §D7
B
1 1 1 1 1 1 1 1 o
t f

equal




SECTION 4-2 CHECK
1. Apply the associative law of addition to the expression A + (B + C + D).
2. Apply the distributive law to the expression A(B + C + D).

4-3 DeMorgan’s Theorems

DeMorgan, a mathematician who knew Boole, proposed two theorems that are an important
part of Boolean algebra. In practical terms, DeMorgan’s theorems provide mathematical
verification of the equivalency of the NAND and negative-OR gates and the equivalency of
the NOR and negative-AND gates, which were discussed in Chapter 3.

After completing this section, you should be able to
+ State DeMorgan’s theorems

+ Relate DeMorgan’s theorems to the equivalency of the NAND and negative-OR
gates and to the equivalency of the NOR and negative-AND gates

+ Apply DeMorgan’s theorems to the simplification of Boolean expressions

DeMorgan’s first theorem is stated as follows:

The complement of a product of variables is equal to the sum of the complements
of the variables.

Stated another way,

The complement of two or more ANDed variables is equivalent to the OR of the
complements of the individual variables.

The formula for expressing this theorem for two variables is
XY=X+7Y Equation 4-6
DeMorgan’s second theorem is stated as follows:

The complement of a sum of variables is equal to the product of the complements
of the variables.

Stated another way,

The complement of two or more ORed variables is equivalent to the AND of the
complements of the individual variables.

The formula for expressing this theorem for two variables is

X+Y=XY Equation 4-7

Figure 4-17 shows the gate equivalencies and truth tables for Equations 4-6
and 4-7.

As stated, DeMorgan’s theorems also apply to expressions in which there are more than
two variables. The following examples illustrate the application of DeMorgan’s theorems
to 3-variable and 4-variable expressions.



Inputs Output
XY XY X+Y

X — — X —
XY = :D7 X+Y 00| 1 1
Y — Y
0 1 1 1
NAND Negative-OR 1 0 1 1
1 1 0 0

Inputs Output

B
h<
B
+
h<
|
~iI

X X —9 —=
0 1 0 0
NOR Negative-AND 1 0 0 0
1 1 0 0
fg04_01500

FIGURE 4-17 Gate equivalencies and the corresponding truth tables that illustrate
DeMorgan’s theorems. Notice the equality of the two output columns in each table. This
shows that the equivalent gates perform the same logic function.

EXAMPLE 4-3
Apply DeMorgan’s theorems to the expressions XYZ and X + Y + Z.
Solution
XYZ=X+Y+Z
X+Y+Z=XYZ

Related Problem
Apply DeMorgan’s theorem to the expression X + Y + Z.

EXAMPLE 4-4

Apply DeMorgan’s theorems to the expressions WXYZand W + X + Y + Z

Solution
WXYZ=W+X+Y+2Z

W+X+Y+Z=WXYZ

Related Problem
Apply DeMorgan’s theorem to the expression WX Y Z.

Each variable in DeMorgan’s theorems as stated in Equations 4-6 and 4—7 can also repre-
sent a combination of other variables. For example, X can be equal to the term AB + C,and Y
can be equal to the term A + BC. So if you can apply DeMorgan’s theorem for two variables
asstated by XY = X + Y to the expression (AB + C)(A + BC), you get the following result:

(AB+ O)A+BC)=MAB+ C) + (A + BO

Notice that in the preceding result you have two terms, AB + C and A + BC, to each of
which you can again apply DeMorgan’s theorem X + Y = XY individually, as follows:

(AB + C) + (A + BC) = (AB)C + A(BC)




Notice that you still have two terms in the expression to which DeMorgan’s theorem can
again be applied. These terms are AB and BC. A final application of DeMorgan’s theorem
gives the following result:

(AB)C + A(BC) = (A + B)C + A(B + C)
Although this result can be simplified further by the use of Boolean rules and laws,
DeMorgan’s theorems cannot be used any more.

Applying DeMorgan’s Theorems
The following procedure illustrates the application of DeMorgan’s theorems and Boolean

algebra to the specific expression

A + BC + DE + F)

Step 1: Identify the terms to which you can apply DeMorgan’s theorems, and think of
each term as a single variable. Let A + BC = Xand D(E + F) = Y.
Step 2: Since X + Y = X7,

(A + BC) + (D(E + F)) = (A + BO)XD(E + F))

Step 3: Use rule 9 (X = A) to cancel the double bars over the left term (this is not part
of DeMorgan’s theorem).

(A + BC)(D(E + F)) = (A + BO)XD(E + F))

Step 4: Apply DeMorgan’s theorem to the second term.
(A + BCYD(E + F)) = (A + BO)XD + (E + F))

Step 5: Use rule 9 (K = A) to cancel the double bars over the E + F part of the term.
(A+ BC)YD+E+F)=(+BC)D+E+F)

The following three examples will further illustrate how to use DeMorgan’s theorems.

EXAMPLE 4-5

Apply DeMorgan’s theorems to each of the following expressions:
@ (A+B+OD

(b) ABC + DEF

(¢) AB + CD + EF

Solution

(@ LetA + B+ C = Xand D =Y. The expression (A + B + C)D is of the form
XY = X + Y and can be rewritten as

A+B+CD=A+B+C+D
Next, apply DeMorgan’s theorem to the term A + B + C.
A+B+C+D=ABC+D

(b) Let ABC fﬁX and DEF = Y. The expression ABC + DEF is of the form
X + Y = XY and can be rewritten as

ABC + DEF = (ABC)(DEF)
Next, apply DeMorgan’s theorem to each of the terms ABC and DEF.
(ABCYDEF) = (A+ B+ C)D + E + F)

10



(¢) Let AB=X,CD =Y, and EF = Z. The expression AB + CD + EF is of the
form X + Y + Z = XYZ and can be rewritten as

AB + CD + EF = (AB)(CD)(EF)
Next, apply DeMorgan’s theorem to each of the terms E, 67D, and EF.
(AB)(CD)EF) = (A + B)(C + D)E + F)
Related Problem
Apply DeMorgan’s theorems to the expression ABC + D + E.

EXAMPLE 4-6

Apply DeMorgan’s theorems to each expression:
@ A+B)+C

() (A+ B)+ CD

(¢ A+BCD+E+F

Solution

@ A+B+C=@A+BC=@A+BC

() (A + B) + CD = (A + B)CD = (AB)(C + D) = AB(C + D)

(¢ A+BCD+E+F=((A+ BCD)E+ F)=AB+ C+ DEF

Related Problem
Apply DeMorgan’s theorems to the expression AB(C + D) + E.

EXAMPLE 4-7

The Boolean expression for an exclusive-OR gate is AB + AB. With this as a starting
point, use DeMorgan’s theorems and any other rules or laws that are applicable to
develop an expression for the exclusive-NOR gate.

Solution
Start by complementing the exclusive-OR expression and then applying DeMorgan’s
theorems as follows:

AB + AB = (AB)AB) = (A + B)A + B) = (A + B)(A + B)
Next, apply the distributive law and rule 8 (A - A =0).
(A+BXA+ B)=AA + AB + AB + BB = AB + AB

The final expression for the XNOR is AB + AB. Note that this expression equals 1 any
time both variables are Os or both variables are 1s.

Related Problem
Starting with the expression for a 4-input NAND gate, use DeMorgan’s theorems to
develop an expression for a 4-input negative-OR gate.




SECTION 4-3 CHECKUP
1. Apply DeMorgan’s theorems to the following expressions:

@@ ABC+ (D +E () A+BC () A+B+C+DE

4-4 Boolean Analysis of Logic Circuits

Boolean algebra provides a concise way to express the operation of a logic circuit formed
by a combination of logic gates so that the output can be determined for various combina-
tions of input values.

After completing this section, you should be able to
+ Determine the Boolean expression for a combination of gates
+ Evaluate the logic operation of a circuit from the Boolean expression

+ Construct a truth table

Boolean Expression for a Logic Circuit

To derive the Boolean expression for a given combinational logic circuit, begin at the left-most
inputs and work toward the final output, writing the expression for each gate. For the example
circuit in Figure 4-18, the Boolean expression is determined in the following three steps:

1. The expression for the left-most AND gate with inputs C and D is CD.

2. The output of the left-most AND gate is one of the inputs to the OR gate and B is the
other input. Therefore, the expression for the OR gate is B + CD.

3. The output of the OR gate is one of the inputs to the right-most AND gate and A is the
other input. Therefore, the expression for this AND gate is A(B + CD), which is the
final output expression for the entire circuit.

C_
D —

CD

B+CD

A }A(B + CD)

FIGURE 4-18 A combinational logic circuit showing the development of the Boolean

B

expression for the output.

Constructing a Truth Table for a Logic Circuit

Once the Boolean expression for a given logic circuit has been determined, a truth table that
shows the output for all possible values of the input variables can be developed. The proce-
dure requires that you evaluate the Boolean expression for all possible combinations of values
for the input variables. In the case of the circuit in Figure 418, there are four input variables
(A, B, C, and D) and therefore sixteen (24 = 16) combinations of values are possible.

Evaluating the Expression

To evaluate the expression A(B + CD), first find the values of the variables that make the
expression equal to 1, using the rules for Boolean addition and multiplication. In this case,
the expression equals 1 only if A = 1 and B + CD = 1 because

AB+CD)=1-1=1

12
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EXAMPLE 4-8

Solution

Now determine when the B + CD term equals 1. The term B + CD = 1 if either B = 1
or CD = 1 or if both B and CD equal 1 because

B+CD=1+0
B+CD=0+1=1
B+CD=1+1

Il
—_

|
—_

Theterm CD = lonlyif C = land D = 1.

To summarize, the expression A(B + CD) = 1 when A = 1 and B = 1 regardless of
the values of C and D or when A = 1 and C = | and D = 1 regardless of the value of B.
The expression A(B + CD) = 0 for all other value combinations of the variables.

Putting the Results in Truth Table Format

The first step is to list the sixteen input variable combinations of 1s and Os in a binary
sequence as shown in Table 4-5. Next, place a 1 in the output column for each combination
of input variables that was determined in the evaluation. Finally, place a 0 in the output
column for all other combinations of input variables. These results are shown in the truth
table in Table 4-5.

TABLE 4-5
Truth table for the logic circuit in Figure 4—18.
Inputs Output
A B Cc D AB + CD)
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 0
0 1 0 0 0
0 1 0 1 0
0 1 1 0 0
0 1 1 1 0
1 0 0 0 0
1 0 0 1 0
1 0 1 0 0
1 0 1 1 1
1 1 0 0 1
1 1 0 1 1
1 1 1 0 1
1 1 1 1 1

Use Multisim to generate the truth table for the logic circuit in Figure 4—18.

Construct the circuit in Multisim and connect the Multisim Logic Converter to the inputs and output, as shown in Figure 4-19.
Click onthe == —+ 78I% | conversion bar, and the truth table appears in the display as shown.
You can also generate the simplified Boolean expression from the truth table by clicking on T8ft =i'* &g |.
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Related Problem
Open Multisim. Create the setup and do the conversions shown in this example.

Truth table
2Ll # Logic Converter-XLC1
OO 030 @ oam | e
9§ & ¥ B o8 F ¥ B A B C D E F G H ;
=1 1 | | BT 5 T 75t o D = Conersions —
oot o oo oo o1 i I
oozf o o 1 @ / 0 = b dal
pozl oo 11 i
= pod4l 0 1 0D o tofs  —+  AB
oos| o 1 0 1 i
g E U1 bos| o 1 1@ 0 el
c po?| o 1 4 1 i
! ¥ pog|l 1 0 0 oD o AIE - 101
o AND2 poal 10 01 i
p1ol 1 o0 1 oD o AIE =
O ORZ u3 ot1| 1 o0 11 1 '
o1zl 1 1 o 0 1
E % o1z 1 1 o 1 1 L Gl =t HARD
o14] 1 1 1 D 1
AND2Z o181 1 1 1 1 =
| AE D+
T 3 |
Boolean expression
FIGURE 4-19

SECTION 4-4 CHECKUP

1. Replace the AND gates with OR gates and the OR gate with an AND gate in Figure 4—18.
Determine the Boolean expression for the output.

2. Construct a truth table for the circuit in Question 1.

4-5 Logic Simplification Using Boolean Algebra

A logic expression can be reduced to its simplest form or changed to a more convenient form
to implement the expression most efficiently using Boolean algebra. The approach taken in
this section is to use the basic laws, rules, and theorems of Boolean algebra to manipulate and
simplify an expression. This method depends on a thorough knowledge of Boolean algebra
and considerable practice in its application, not to mention a little ingenuity and cleverness.

After completing this section, you should be able to

* Apply the laws, rules, and theorems of Boolean algebra to simplify general
expressions

A simplified Boolean expression uses the fewest gates possible to implement a given
expression. Examples 4-9 through 4—12 illustrate Boolean simplification.

EXAMPLE 4-9

Using Boolean algebra techniques, simplify this expression:

AB + AB + C) + BB + O)



15

Solution

The following is not necessarily the only approach.

Step 1:  Apply the distributive law to the second and third terms in the expression, as
follows:

AB + AB + AC + BB + BC
Step 2:  Apply rule 7 (BB = B) to the fourth term.

AB + AB + AC + B + BC
Step 3:  Apply rule 5 (AB + AB = AB) to the first two terms.

AB + AC + B + BC
Step 4: Apply rule 10 (B + BC = B) to the last two terms.
AB + AC + B
Step 5:  Apply rule 10 (AB + B = B) to the first and third terms.
B + AC

At this point the expression is simplified as much as possible. Once you gain experience
in applying Boolean algebra, you can often combine many individual steps.

Related Problem
Simplify the Boolean expression AB + A(B + C) + B(B + C).

Figure 4-20 shows that the simplification process in Example 4-9 has significantly
reduced the number of logic gates required to implement the expression. Part (a) shows that
five gates are required to implement the expression in its original form; however, only two
gates are needed for the simplified expression, shown in part (b). It is important to realize
that these two gate circuits are equivalent. That is, for any combination of levels on the A,
B, and C inputs, you get the same output from either circuit.

A
L B
AB+AB +C) +B®B + C) B+AC
sl
C — PR
C_

(@) T; These two circuits are equivalent. 4T (b)

FIGURE 4-20 Gate circuits for Example 4-9. Open file F04-20 to verify
equivalency.
EXAMPLE 4-10
Simplify the following Boolean expression:
[AB(C + BD) + AB]C

Note that brackets and parentheses mean the same thing: the term inside is multiplied
(ANDed) with the term outside.



Solution
Step 1:  Apply the distributive law to the terms within the brackets.

(ABC + ABBD + AB)C
Step 2: Apply rule 8 (BB = 0) to the second term within the parentheses.
(ABC+A-0-D + ABC
Step 3: Applyrule 3 (A - 0 - D = 0) to the second term within the parentheses.
(ABC + 0 + AB)C
Step 4:  Apply rule 1 (drop the 0) within the parentheses.

(ABC + AB)C
Step 5:  Apply the distributive law.

ABCC + ABC
Step 6:  Apply rule 7 (CC = C) to the first term.

ABC + ABC
Step 7:  Factor out BC.

BCA + A)
Step8: Applyrule 6 (A + A = 1).
BC- 1
Step 9:  Apply rule 4 (drop the 1).
BC

Related Problem
Simplify the Boolean expression [AB(C + BD) + AB]CD.

EXAMPLE 4-11

Simplify the following Boolean expression:

ABC + ABC + ABC + ABC + ABC

Solution
Step 1: Factor BC out of the first and last terms.

BCA + A) + ABC + ABC + ABC

Step 2: Applyrule 6 (A + A = 1) to the term in parentheses, and factor AB from the
second and last terms.

BC-1+ AB(C + C) + ABC

Step 3:  Apply rule 4 (drop the 1) to the first term and rule 6 (C + C = 1) to the term
in parentheses.

BC + AB-1 + ABC
Step 4:  Apply rule 4 (drop the 1) to the second term.
BC + AB + ABC
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Step 5:  Factor B from the second and third terms.
BC + B(A + AC)

Step 6: Applyrule 11 (A + AC = A + C) to the term in parentheses.
BC + BA + O)

Step 7:  Use the distributive and commutative laws to get the following expression:
BC + AB + BC

Related Problem
Simplify the Boolean expression ABC + ABC + ABC + ABC.

EXAMPLE 4-12

Simplify the following Boolean expression:
AB + AC + ABC
Solution
Step 1: Apply DeMorgan’s theorem to the first term.
(AB)(AC) + ABC
Step 2:  Apply DeMorgan’s theorem to each term in parentheses.
(A+ BA + C) + ABC
Step 3:  Apply the distributive law to the two terms in parentheses.
AA+AC+ AB + BC + ABC
Step 4:  Apply rule 7 (AA = A) to the first term, and apply rule 10
[AB + ABC = AB(1 + C) = AB] to the third and last terms.
A+ AC+ AB + BC
Step 5: Applyrule I0[A + AC = A(1 + C) = A] to the first and second terms.
A+ AB + BC
Step 6: Apply rule 10 [A + AB = A(1 + B) = A] to the first and second terms.
A+ BC
Related Problem
Simplify the Boolean expression AB + AC + ABC.

EXAMPLE 4-13

Use Multisim to perform the logic simplification shown in Figure 4-20.

Solution

Step 1: Connect the Multisim Logic Converter to the circuit as shown in Figure 4-21.
Step 2: Generate the truth table by clickingon = -+ 71|

Step 3: Generate the simplified Boolean expression by clicking on &z sip'® age |.
Step 4:  Generate the simplified logic circuit by clickingon _as - == |.




# Logic Converter-XLC1

;e B o s e
i i - B B
AL B 6 UE R GLH )
— Conwersions _
g ooo| o0 o0 oo 0 i
oot oo —
oozl o 1 oo ! = n o
oozl o o1
g A W o4l 10 oo o polss v e
oos| 1 oo 1 1
| ool 1 1 0 1 1ol L'F aB
AND2 T 1
3 AlE = T T
ME -
BB — NAND
| AcB
AND2
A B C
1
2
3

FIGURE 4-21

Related Problem
Open Multisim. Create the setup and perform the logic simplification illustrated in this
example.
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SECTION 4-5 CHECKUP
1. Simplify the following Boolean expressions:
(@) A+ AB + ABC (b) (A + B)C + ABC (¢) ABC(BD + CDE) + AC

2. Implement each expression in Question 1 as originally stated with the appropriate logic
gates. Then implement the simplified expression, and compare the number of gates.






