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Preface

My purpose in this monograph is to present an essentially self-contained
account of the mathematical theory of Galerkin finite element methods as
applied to parabolic partial differential equations. The emphases and selection
of topics reflects my own involvement in the field over the past 25 years,
and my ambition has been to stress ideas and methods of analysis rather
than to describe the most general and farreaching results possible. Since the
formulation and analysis of Galerkin finite element methods for parabolic
problems are generally based on ideas and results from the corresponding
theory for stationary elliptic problems, such material is often included in the
presentation.

The basis of this work is my earlier text entitled Galerkin Finite Element
Methods for Parabolic Problems, Springer Lecture Notes in Mathematics,
No. 1054, from 1984. This has been out of print for several years, and I
have felt a need and been encouraged by colleagues and friends to publish an
updated version. In doing so I have included most of the contents of the 14
chapters of the earlier work in an updated and revised form, and added four
new chapters, on semigroup methods, on multistep schemes, on incomplete
iterative solution of the linear algebraic systems at the time levels, and on
semilinear equations. The old chapters on fully discrete methods have been
reworked by first treating the time discretization of an abstract differential
equation in a Hilbert space setting, and the chapter on the discontinuous
Galerkin method has been completely rewritten.

The following is an outline of the contents of the book:
In the introductory Chapter 1 we begin with a review of standard material

on the finite element method for Dirichlet’s problem for Poisson’s equation
in a bounded domain, and consider then the simplest Galerkin finite element
methods for the corresponding initial-boundary value problem for the linear
heat equation. The discrete methods are based on associated weak, or vari-
ational, formulations of the problems and employ first piecewise linear and
then more general approximating functions which vanish on the boundary
of the domain. For these model problems we demonstrate the basic error
estimates in energy and mean square norms, in the parabolic case first for
the semidiscrete problem resulting from discretization in the spatial vari-
ables only, and then also for the most commonly used fully discrete schemes
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obtained by discretization in both space and time, such as the backward Euler
and Crank-Nicolson methods.

In the following five chapters we study several extensions and generaliza-
tions of the results obtained in the introduction in the case of the spatially
semidiscrete approximation, and show error estimates in a variety of norms.
First, in Chapter 2, we formulate the semidiscrete problem in terms of a more
general approximate solution operator for the elliptic problem in a manner
which does not require the approximating functions to satisfy the homoge-
neous boundary conditions. As an example of such a method we discuss a
method of Nitsche based on a nonstandard weak formulation. In Chapter 3
more precise results are shown in the case of the homogeneous heat equation.
These results are expressed in terms of certain function spaces Ḣs(Ω) which
are characterized by both smoothness and boundary behavior of its elements,
and which will be used repeatedly in the rest of the book. We also demon-
strate that the smoothing property for positive time of the solution operator
of the initial value problem has an analogue in the semidiscrete situation, and
use this to show that the finite element solution converges to full order even
when the initial data are nonsmooth. The results of Chapters 2 and 3 are
extended to more general linear parabolic equations in Chapter 4. Chapter
5 is devoted to the derivation of stability and error bounds with respect to
the maximum-norm for our plane model problem, and in Chapter 6 negative
norm error estimates of higher order are derived, together with related results
concerning superconvergence.

In the next six chapters we consider fully discrete methods obtained by
discretization in time of the spatially semidiscrete problem. First, in Chapter
7, we study the homogeneous heat equation and give analogues of our pre-
vious results both for smooth and for nonsmooth data. The methods used
for time discretization are of one-step type and rely on rational approxima-
tions of the exponential, allowing the standard Euler and Crank-Nicolson
procedures as special cases. Our approach here is to first discretize a par-
abolic equation in an abstract Hilbert space framework with respect to time,
and then to apply the results obtained to the spatially semidiscrete problem.
The analysis uses eigenfunction expansions related to the elliptic operator
occurring in the parabolic equation, which we assume positive definite. In
Chapter 8 we generalize the above abstract considerations to a Banach space
setting and allow a more general parabolic equation, which we now analyze
using the Dunford-Taylor spectral representation. The time discretization is
interpreted as a rational approximation of the semigroup generated by the
elliptic operator, i.e., the solution operator of the initial-value problem for
the homogeneous equation. Application to maximum-norm estimates is dis-
cussed. In Chapter 9 we study fully discrete one-step methods for the inho-
mogeneous heat equation in which the forcing term is evaluated at a fixed
finite number of points per time stepping interval. In Chapter 10 we apply
Galerkin’s method also for the time discretization and seek discrete solutions
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as piecewise polynomials in the time variable which may be discontinuous
at the now not necessarily equidistant nodes. In this discontinuous Galerkin
procedure the forcing term enters in integrated form rather than at a finite
number of points. In Chapter 11 we consider multistep backward difference
methods. We first study such methods with constant time steps of order at
most 6, and show stability as well as smooth and nonsmooth data error es-
timates, and then discuss the second order backward difference method with
variable time steps. In Chapter 12 we study the incomplete iterative solution
of the finite dimensional linear systems of algebraic equations which need to
be solved at each level of the time stepping procedure, and exemplify by the
use of a V-cycle multigrid algorithm.

The next two chapters are devoted to nonlinear problems. In Chapter 13
we discuss the application of the standard Galerkin method to a model non-
linear parabolic equation. We show error estimates for the spatially semidis-
crete problem as well as the fully discrete backward Euler and Crank-Nicolson
methods, using piecewise linear finite elements, and then pay special atten-
tion to the formulation and analysis of time stepping procedures based on
these, which are linear in the unknown functions. In Chapter 14 we derive
various results in the case of semilinear equations, in particular concerning
the extension of the analysis for nonsmooth initial data from the case of linear
homogenous equations.

In the last four chapters we consider various modifications of the stan-
dard Galerkin finite element method. In Chapter 15 we analyze the so called
lumped mass method for which in certain cases a maximum-principle is valid.
In Chapter 16 we discuss the H1 and H−1 methods. In the first of these, the
Galerkin method is based on a weak formulation with respect to an inner
product in H1 and for the second, the method uses trial and test functions
from different finite dimensional spaces. In Chapter 17, the approximation
scheme is based on a mixed formulation of the initial boundary value problem
in which the solution and its gradient are sought independently in different
spaces. In the final Chapter 18 we consider a singular problem obtained by
introducing polar coordinates in a spherically symmetric problem in a ball in
R3 and discuss Galerkin methods based on two different weak formulations
defined by two different inner products.

References to the literature where the reader may find more complete
treatments of the different topics, and some historical comments, are given
at the end of each chapter.

A desirable mathematical background for reading the text includes stan-
dard basic partial differential equations and functional analysis, including
Sobolev spaces; for the convenience of the reader we often give references to
the literature concerning such matters.

The work presented, first in the Lecture Notes and now in this monograph,
has grown from courses, lecture series, summer-schools, and written material
that I have been involved in over a long period of time. I wish to thank my
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students and colleagues in these various contexts for the inspiration and sup-
port they have provided, and for the help they have given me as discussion
partners and critics. As regards this new version of my work I particularly
address my thanks to Georgios Akrivis, Stig Larsson, and Per-Gunnar Mar-
tinsson, who have read the manuscript in various degrees of detail and are
responsible for many improvements. I also want to express my special grat-
itude to Yumi Karlsson who typed a first version of the text from the old
lecture notes, and to Gunnar Ekolin who generously furnished me with expert
help with the intricacies of TEX.

Göteborg Vidar Thomée
July 1997



Preface to the Second Edition

I am pleased to have been given the opportunity to prepare a second edition
of this book. In doing so, I have kept most of the text essentially unchanged,
but after correcting a number or typographical errors and other minor inad-
equacies, I have also taken advantage of this possibility to include some new
material representing work that I have been involved in since the time when
the original version appeared about eight years ago.

This concerns in particular progress in the application of semigroup theory
to stability and error analysis. Using the theory of analytic semigroups it is
convenient to reformulate the stability and smoothing properties as estimates
for the resolvent of the associated elliptic operator and its discrete analogue.
This is particularly useful in deriving maximum-norm estimates, and has led
to improvements for both spatially semidiscrete and fully discrete problems.
For this reason a somewhat expanded review of analytic semigroups is given
in the present Chapter 6, on maximum-norm estimates for the semidiscrete
problem, where now resolvent estimates for piecewise linear finite elements
are discussed in some detail. These changes have affected the chapter on
single step time stepping methods, expressed as rational approximation of
semigroups, now placed as Chapter 9. The new emphasis has led to certain
modifications and additions also in other chapters, particularly in Chapter
10 on multistep methods and Chapter 15 on the lumped mass method.

I have also added two chapter at the end of the book on other topics
of recent interest to me. The first of these, Chapter 19, concern problems
in which the spatial domain is polygonal, with particular attention given to
noncovex such domains. rather than with smooth boundary, as in most of the
rest of the book. In this case the corners generate singularites in the exact
solution, and we study the effect of these on the convergence of the finite
element solution.

The second new chapter, Chapter 20, considers an alternative to time
stepping as a method for discretization in time, which is based on representing
the solution as an integral involving the resolvent of the elliptic operator
along a smooth curve extending into the right half of the complex plane,
and then applying an accurate quadrature rule to this integral. This reduces
the parabolic problem to a finite set of elliptic problems that may be solved
in parallel. The method is then combined with finite element discretization
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in the spatial variable. When applicable, this method gives very accurate
approximations of the exact solution in an efficient way.

I would like to take this opportunity to express my warm gratitude to
Georgios Akrivis for his generous help and support. He has critically read
through the new material and made many valuable suggestions.

Göteborg Vidar Thomée
March 2006
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1. The Standard Galerkin Method

In this introductory chapter we shall study the standard Galerkin finite
element method for the approximate solution of the model initial-boundary
value problem for the heat equation,

ut − ∆u = f in Ω, for t > 0,(1.1)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω,

where Ω is a domain in R
d with smooth boundary ∂Ω, and where u = u(x, t),

ut denotes ∂u/∂t, and ∆ =
∑d

j=1 ∂2/∂x2
j the Laplacian.

Before we start to discuss this problem we shall briefly review some ba-
sic relevant material about the finite element method for the corresponding
stationary problem, the Dirichlet problem for Poisson’s equation,

(1.2) −∆u = f in Ω, with u = 0 on ∂Ω.

Using a variational formulation of this problem, we shall define an approxi-
mation of the solution u of (1.2) as a function uh which belongs to a finite-
dimensional linear space Sh of functions of x with certain properties. This
function, in the simplest case a continuous, piecewise linear function on some
partition of Ω, will be a solution of a finite system of linear algebraic equa-
tions. We show basic error estimates for this approximate solution in energy
and least square norms.

We shall then turn to the parabolic problem (1.1) which we first write in
a weak form. We then proceed to discretize this problem, first in the spatial
variable x, which results in an approximate solution uh(·, t) in the finite
element space Sh, for t ≥ 0, as a solution of an initial value problem for a
finite-dimensional system of ordinary differential equations. We then define
the fully discrete approximation by application of some finite difference time
stepping method to this finite dimensional initial value problem. This yields
an approximate solution U = Uh of (1.1) which belongs to Sh at discrete
time levels. Error estimates will be derived for both the spatially and fully
discrete solutions.

For a general Ω ⊂ R
d we denote below by ‖ · ‖ the norm in L2 = L2(Ω)

and by ‖ · ‖r that in the Sobolev space Hr = Hr(Ω) = W r
2 (Ω), so that for

real-valued functions v,
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‖v‖ = ‖v‖L2
=
(∫

Ω

v2 dx
)1/2

,

and, for r a positive integer,

(1.3) ‖v‖r = ‖v‖Hr =
( ∑

|α|≤r

‖Dαv‖2
)1/2

,

where, with α = (α1, . . . , αd), Dα = (∂/∂x1)
α1 · · · (∂/∂xd)

αd denotes an

arbitrary derivative with respect to x of order |α| =
∑d

j=1 αj , so that the
sum in (1.3) contains all such derivatives of order at most r. We recall that
for functions in H1

0 = H1
0 (Ω), i.e., the functions v with ∇v = grad v in L2

and which vanish on ∂Ω, ‖∇v‖ and ‖v‖1 are equivalent norms (Friedrichs’
lemma, see, e.g., [42] or [51]), and that

(1.4) c‖v‖1 ≤ ‖∇v‖ ≤ ‖v‖1, ∀v ∈ H1
0 , with c > 0.

Throughout this book c and C will denote positive constants, not necessarily
the same at different occurrences, which are independent of the parameters
and functions involved.

We shall begin by recalling some basic facts concerning the Dirichlet prob-
lem (1.2). We first write this problem in a weak, or variational, form: We
multiply the elliptic equation by a smooth function ϕ which vanishes on ∂Ω
(it suffices to require ϕ ∈ H1

0 ), integrate over Ω, and apply Green’s formula
on the left-hand side, to obtain

(1.5) (∇u,∇ϕ) = (f, ϕ), ∀ϕ ∈ H1
0 ,

where we have used the L2 inner products,

(1.6) (v, w) =

∫

Ω

vw dx, (∇v,∇w) =

∫

Ω

d∑

j=1

∂v

∂xj

∂w

∂xj
dx.

A function u ∈ H1
0 which satisfies (1.5) is called a variational solution of (1.2).

It is an easy consequence of the Riesz representation theorem that a unique
such solution exists if f ∈ H−1, the dual space of H1

0 . In this case (f, ϕ)
denotes the value of the functional f at ϕ. Further, since we have assumed
the boundary ∂Ω to be smooth, the solution u is smoother by two derivatives
in L2 than the right hand side f , which may be expressed in the form of the
elliptic regularity inequality

(1.7) ‖u‖m+2 ≤ C‖∆u‖m = C‖f‖m, for any m ≥ −1.

In particular, using also Sobolev’s embeddning theorem, this shows that the
solution u belongs to C∞ if f belongs to C∞. We refer to, e.g., Evans [96]
for such material.
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We remark for later reference that, for m = −1, 0, (1.7) holds also in the
case of a convex polygonal domain Ω, but that this is not true for nonconvex
polygonal domains.

As a preparation for the definition of the finite element solution of (1.2),
we consider briefly the approximation of smooth functions in Ω which vanish
on ∂Ω. For concreteness, we shall exemplify by piecewise linear functions in
a convex plane domain.

Let thus Ω be a convex domain in the plane with smooth boundary ∂Ω,
and let Th denote a partition of Ω into disjoint triangles τ such that no
vertex of any triangle lies on the interior of a side of another triangle and
such that the union of the triangles determine a polygonal domain Ωh ⊂ Ω
with boundary vertices on ∂Ω.

Let h denote the maximal length of the sides of the triangulation Th. Thus
h is a parameter which decreases as the triangulation is made finer. We shall
assume that the angles of the triangulations are bounded below by a positive
constant, independently of h, and sometimes also that the triangulations are
quasiuniform in the sense that the triangles of Th are of essentially the same
size, which we express by demanding that the area of τ ∈ Th is bounded
below by ch2, with c > 0, independent of h.

Let now Sh denote the continuous functions on the closure Ω̄ of Ω which
are linear in each triangle of Th and which vanish outside Ωh. Let {Pj}Nh

j=1

be the interior vertices of Th. A function in Sh is then uniquely determined
by its values at the points Pj and thus depends on Nh parameters. Let Φj be
the pyramid function in Sh which takes the value 1 at Pj but vanishes at the

other vertices. Then {Φj}Nh
j=1 forms a basis for Sh, and every χ in Sh admits

a unique representation

χ(x) =

Nh∑

j=1

αjΦj(x), with αj = χ(Pj).

A given smooth function v on Ω which vanishes on ∂Ω may now be
approximated by, for instance, its interpolant Ihv in Sh, which we define as
the function in Sh which agrees with v at the interior vertices of Th, i.e.,

(1.8) Ihv(x) =

Nh∑

j=1

v(Pj)Φj(x).

Using this notation in our plane domain Ω, the following error estimates for
the interpolant defined in (1.8) are well known (see, e.g., [42] or [51]), namely,
for v ∈ H2 ∩ H1

0 ,

(1.9) ‖Ihv − v‖ ≤ Ch2‖v‖2 and ‖∇(Ihv − v)‖ ≤ Ch‖v‖2.

They may be derived by showing the corresponding estimate for each τ ∈ Th

and then taking squares and adding. For an individual τ ∈ Th the proof is
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achieved by means of the Bramble-Hilbert lemma (cf. [42] or [51]), noting
that Ihv − v vanishes on τ for v linear.

We shall now return to the general case of a domain Ω in R
d and assume

that we are given a family {Sh} of finite-dimensional subspaces of H1
0 such

that, for some integer r ≥ 2 and small h,

(1.10) inf
χ∈Sh

{‖v − χ‖ + h‖∇(v − χ)‖} ≤ Chs‖v‖s, for 1 ≤ s ≤ r,

when v ∈ Hs ∩ H1
0 . The number r is referred to as the order of accuracy of

the family {Sh}. The above example of piecewise linear functions in a plane
domain corresponds to d = r = 2. In the case r > 2, Sh often consists of
piecewise polynomials of degree at most r−1 on a triangulation Th as above.
For instance, r = 4 in the case of piecewise cubic polynomial subspaces. Also,
in the general situation estimates such as (1.10) may often be obtained by
exhibiting an interpolation operator Ih : Hr ∩ H1

0 → Sh such that

(1.11) ‖Ihv − v‖ + h‖∇(Ihv − v)‖ ≤ Chs‖v‖s, for 1 ≤ s ≤ r.

When ∂Ω is curved and r > 2 there are difficulties in the construction and
analysis of such operators near the boundary, but this may be accomplished,
in principle, by mapping a curved triangle onto a straight-edged one (isopara-
metric elements). We shall not dwell on this here, but return in Chapter 2 to
this problem.

We remark for later reference that if the family {Sh} is based on a family
of quasiuniform triangulations Th and Sh consists of piecewise polynomials
of degree at most r − 1, then one may show the inverse inequality

(1.12) ‖∇χ‖ ≤ Ch−1‖χ‖, ∀χ ∈ Sh.

This follows by taking squares and adding from the corresponding inequality
for each triangle τ ∈ Th, which in turn is obtained by a transformation
to a fixed reference triangle, and using the fact that all norms on a finite
dimensional space are equivalent, see, e.g., [51].

The optimal orders to which functions and their gradients may be approx-
imated under our assumption (1.10) are O(hr) and O(hr−1), respectively, and
we shall now construct approximations to these orders of the solution of the
Dirichlet problem (1.2) by the finite element method. The approximate prob-
lem is then to find a function uh ∈ Sh such that, cf., (1.5),

(1.13) (∇uh,∇χ) = (f, χ), ∀χ ∈ Sh.

This way of defining an approximate solution in terms of the variational
formulation of the problem is referred to as Galerkin’s method, after the
Russian applied mathematician Boris Grigorievich Galerkin (1871-1945).

Note that, as a result of (1.5) and (1.13),

(1.14) (∇(uh − u),∇χ) = 0, ∀χ ∈ Sh,
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that is, the error in the discrete solution is orthogonal to Sh with respect to
the Dirichlet inner product (∇v,∇w).

In terms of a basis {Φj}Nh
1 for the finite element space Sh, our dis-

crete problem may also be formulated: Find the coefficients αj in uh(x) =∑Nh

j=1 αjΦj(x) such that

Nh∑

j=1

αj(∇Φj ,∇Φk) = (f, Φk), for k = 1, . . . , Nh.

In matrix notation this may be expressed as

Aα = f̃ ,

where A = (ajk) is the stiffness matrix with elements ajk = (∇Φj ,∇Φk),

f̃ = (fk) the vector with entries fk = (f, Φk), and α the vector of unknowns
αj . The dimensions of all of these arrays then equal Nh, the dimension of Sh

(which equals the number of interior vertices in our plane example above).
The stiffness matrix A is a Gram matrix and thus in particular positive
definite and invertible so that our discrete problem has a unique solution. To
see that A = (ajk) is positive definite, we note that

d∑

j,k=1

ajkξjξk = ‖∇
( d∑

j=1

ξjΦj

)
‖2 ≥ 0.

Here equality holds only if ∇(
∑d

j=1 ξjΦj) ≡ 0, so that
∑d

j=1 ξjΦj = 0 by
(1.4), and hence ξj = 0, j = 1, . . . , Nh.

When Sh consists of piecewise polynomial functions, the elements of the
matrix A may be calculated exactly. However, unless f has a particularly sim-
ple form, the elements (f, Φj) of f̃ have to be computed by some quadrature
formula.

We shall prove the following estimate for the error between the solutions
of the discrete and continuous problems. Note that these estimates are of
optimal order as defined by our assumption (1.10). Here, as will always be
the case in the sequel, the statements of the inequalities assume that u is
sufficiently regular for the norms on the right to be finite.

We remark that since we require ∂Ω to be smooth, according to the
elliptic regularity estimate (1.7), the solution of (1.2) can be guaranteed to
have any degree of smoothness required by assuming the right hand side f
to be sufficiently smooth. In particular, u ∈ Hr ∩ H1

0 if f ∈ Hr−2, and the
solution u belongs to C∞ if ∂Ω ∈ C∞ and f ∈ C∞.

Theorem 1.1 Assume that (1.10) holds, and let uh and u be the solutions
of (1.13) and (1.2), respectively. Then, for 1 ≤ s ≤ r,

‖uh − u‖ ≤ Chs‖u‖s and ‖∇uh −∇u‖ ≤ Chs−1‖u‖s.
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Proof. We start with the estimate for the error in the gradient. Since by (1.14)
uh is the orthogonal projection of u onto Sh with respect to the Dirichlet inner
product, we have by (1.10)

(1.15) ‖∇(uh − u)‖ ≤ inf
χ∈Sh

‖∇(χ − u)‖ ≤ Chs−1‖u‖s.

For the error bound in L2−norm we proceed by a duality argument. Let
ϕ be arbitrary in L2, take ψ ∈ H2 ∩ H1

0 as the solution of

(1.16) −∆ψ = ϕ in Ω, with ψ = 0 on ∂Ω,

and recall the fact that by (1.7) the solution ψ of (1.16) is smoother by two
derivatives in L2 than the right hand side ϕ, so that

(1.17) ‖ψ‖2 ≤ C‖∆ψ‖ = C‖ϕ‖.

For any ψh ∈ Sh we have

(uh − u, ϕ) = −(uh − u,∆ψ) = (∇(uh − u),∇ψ)

= (∇(uh − u),∇(ψ − ψh)) ≤ ‖∇(uh − u)‖ ‖∇(ψ − ψh)‖,
(1.18)

and hence, using (1.15) together with (1.10) with s = 2 and (1.7) with m = 0,

(uh − u, ϕ) ≤ Chs−1‖u‖s h‖ψ‖2 ≤ Chs‖u‖s‖ϕ‖.

Choosing ϕ = uh − u completes the proof. ⊓⊔

After these preparations we now turn to the initial-boundary value prob-
lem (1.1) for the heat equation. As in the elliptic case we begin by writing the
problem in weak form: We multiply the heat equation by a smooth function
ϕ which vanishes on ∂Ω (or ϕ ∈ H1

0 ), integrate over Ω, and apply Green’s
formula to the second term, to obtain, with (v, w) and (∇v,∇w) as in (1.6),

(1.19) (ut, ϕ) + (∇u,∇ϕ) = (f, ϕ), ∀ϕ ∈ H1
0 , t > 0.

We say that a function u = u(x, t) is a weak solution of (1.1) on [0, t̄] if (1.19)
holds with u ∈ L2(0, t̄;H1

0 ) and ut ∈ L2(0, t̄;H−1), and if u(·, 0) = v. Again,
since the boundary ∂Ω is smooth, such a solution is smooth provided the
data are smooth functions, and in this case also satisfy certain compatibility
conditions at t = 0. Similarly to (1.7) this may be expressed by a parabolic
regularity estimate such as, cf. [96], with u(j) = (∂/∂t)ju and C = Cm,t̄,

(1.20)

m+1∑

j=0

∫ t̄

0

‖u(j)‖2
2(m−j)+2dt ≤ C

(
‖v‖2

2m+1 +

m∑

j=0

∫ t̄

0

‖f (j)‖2
2(m−j)dt

)
,

for m ≥ 0. The compatibility conditions required express that the different
conditions imposed in (1.1) at ∂Ω are consistent with each other. The first
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such condition, required for m = 0, is that since u(t) = 0 on ∂Ω for t > 0,
then u(0) = v also has to vanish on ∂Ω. Next, for m = 1, since ut(t) = 0 on
∂Ω for t > 0, smoothness requires that ut(0) = g := ∆v + f(0) = 0 on ∂Ω,
and similarly for u(m)(0) with m ≥ 2. Again we refer to, e.g., Evans [96] for
details.

As indicated above it is convenient to proceed in two steps with the deriva-
tion and analysis of the approximate solution of (1.1). In the first step we
approximate u(x, t) by means of a function uh(x, t) which, for each fixed t,
belongs to a finite-dimensional linear space Sh of functions of x of the type
considered above. This function will be a solution of an h-dependent finite sys-
tem of ordinary differential equations in time and is referred to as a spatially
discrete, or semidiscrete, solution. As in the elliptic case just considered, the
spatially discrete problem is based on a weak formulation of (1.1). We then
proceed to discretize this system in the time variable to obtain produce a fully
discrete approximation of the solution of (1.1) by a time stepping method. In
our basic schemes this discretization in time will be accomplished by a finite
difference approximation of the time derivative.

We thus first pose the spatially semidiscrete problem, based on the weak
formulation (1.19), to find uh(t) = uh(·, t), belonging to Sh for t ≥ 0, such
that

(1.21) (uh,t, χ)+ (∇uh,∇χ) = (f, χ), ∀ χ ∈ Sh, t > 0, with uh(0) = vh,

where vh is some approximation of v in Sh.
In terms of the basis {Φj}Nh

1 for Sh, our semidiscrete problem may be

stated: Find the coefficients αj(t) in uh(x, t) =
∑Nh

j=1 αj(t)Φj(x) such that

Nh∑

j=1

α′
j(t)(Φj , Φk) +

Nh∑

j=1

αj(t)(∇Φj ,∇Φk) = (f, Φk), k = 1, . . . , Nh,

and, with γj the components of the given initial approximation vh, αj(0) = γj

for j = 1, . . . , Nh. In matrix notation this may be expressed as

Bα′(t) + Aα(t) = f̃(t), for t > 0, with α(0) = γ,

where B = (bjk) is the mass matrix with elements bjk = (Φj , Φk), A = (ajk)

the stiffness matrix with ajk = (∇Φj ,∇Φk), f̃ = (fk) the vector with entries
fk = (f, Φk), α(t) the vector of unknowns αj(t), and γ = (γk). The dimension
of all these items equals Nh, the dimension of Sh.

Since, like the stiffness matrix A, the mass matrix B is a Gram matrix,
and thus in particular positive definite and invertible, the above system of
ordinary differential equations may be written

α′(t) + B−1Aα(t) = B−1f̃(t), for t > 0, with α(0) = γ,

and hence obviously has a unique solution for t positive.
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Our first aim is to prove the following estimate in L2 for the error between
the solutions of the semidiscrete and continuous problems.

Theorem 1.2 Let uh and u be the solutions of (1.21) and (1.1), and assume
v = 0 on ∂Ω. Then

‖uh(t) − u(t)‖ ≤ ‖vh − v‖ + Chr
(
‖v‖r +

∫ t

0

‖ut‖r ds
)
, for t ≥ 0.

Here as earlier we require that the solution of the continuous problem has
the regularity implicitly assumed by the presence of the norms on the right.
Note also that if (1.11) holds and vh = Ihv, then the first term on the right
is dominated by the second. This also holds if vh = Phv, where Ph denotes
the orthogonal projection of v onto Sh with respect to the inner product in
L2, since this choice is the best approximation of v in Sh with respect to the
L2 norm, and thus at least as good as Ihv.

Another such optimal order choice for vh is the so-called elliptic or Ritz
projection Rh onto Sh which we define as the orthogonal projection with
respect to the inner product (∇v,∇w), so that

(1.22) (∇Rhv,∇χ) = (∇v,∇χ), ∀ χ ∈ Sh, for v ∈ H1
0 .

In view of (1.14), this definition may be expressed by saying that Rhv is
the finite element approximation of the solution of the corresponding elliptic
problem with exact solution v. A pervading strategy throughout the error
analysis in the rest of this book is to write the error in the parabolic problem
as a sum of two terms,

(1.23) uh(t) − u(t) = θ(t) + ρ(t), where θ = uh − Rhu, ρ = Rhu − u,

which are then bounded separately. The second term, ρ(t), is thus the error
in an elliptic problem and may be handled as such, whereas the first term
θ(t) will be the main object of the analysis.

It follows at once from setting χ = Rhv in (1.22) that the Ritz projection
is stable in H1

0 , or

(1.24) ‖∇Rhv‖ ≤ ‖∇v‖, ∀ v ∈ H1
0 .

As an immediate consequence of Theorem 1.1 we have the following error
estimate for Rhv.

Lemma 1.1 Assume that (1.10) holds. Then, with Rh defined by (1.22) we
have

‖Rhv − v‖ + h‖∇(Rhv − v)‖ ≤ Chs‖v‖s, for v ∈ Hs ∩ H1
0 , 1 ≤ s ≤ r.

Proof of Theorem 1.2. We write the error according to (1.23) and obtain eas-
ily by Lemma 1.1 and obvious estimates
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(1.25) ‖ρ(t)‖ ≤ Chr‖u(t)‖r ≤ Chr
(
‖v‖r +

∫ t

0

‖ut‖r ds
)
.

In order to bound θ, we note that by our definitions

(θt, χ) + (∇θ,∇χ)

= (uh,t, χ) + (∇uh,∇χ) − (Rhut, χ) − (∇Rhu,∇χ)

= (f, χ) − (Rhut, χ) − (∇u,∇χ) = (ut − Rhut, χ),

(1.26)

or

(1.27) (θt, χ) + (∇θ,∇χ) = −(ρt, χ), ∀χ ∈ Sh, t > 0,

where we have used the easily established fact that the operator Rh commutes
with time differentiation. Since θ belongs to Sh, we may choose χ = θ in (1.27)
and conclude

(1.28) (θt, θ) + ‖∇θ‖2 = −(ρt, θ), for t > 0.

Here the second is nonnegative, and we obtain thus

1
2

d

dt
‖θ‖2 = ‖θ‖ d

dt
‖θ‖ ≤ ‖ρt‖ ‖θ‖,

and hence, after cancellation of one factor ‖θ‖ (the case that ‖θ(t)‖ = 0 for
some t may easily be handled), and integration,

(1.29) ‖θ(t)‖ ≤ ‖θ(0)‖ +

∫ t

0

‖ρt‖ ds.

Here, using Lemma 1.1, we find

‖θ(0)‖ = ‖vh − Rhv‖ ≤ ‖vh − v‖ + ‖Rhv − v‖ ≤ ‖vh − v‖ + Chr‖v‖r,

and since
‖ρt‖ = ‖Rhut − ut‖ ≤ Chr‖ut‖r,

the desired bound for ‖θ(t)‖ now follows. ⊓⊔

In the above proof we have made use in (1.28) of the fact that ‖∇θ‖2

is nonnegative, and simply discarded this term. By using it in a somewhat
more careful way, one may demonstrate that the effect of the initial data
upon the error tends to zero exponentially as t tends to ∞. In fact, with λ1

the smallest eigenvalue of −∆, with Dirichlet boundary data, we have

(1.30) ‖∇v‖2 ≥ λ1‖v‖2, ∀v ∈ H1
0 ,

and hence (1.28) yields
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1
2

d

dt
‖θ‖2 + λ1‖θ‖2 ≤ ‖ρt‖‖θ‖.

It follows as above that

d

dt
‖θ‖ + λ1‖θ‖ ≤ ‖ρt‖,

and hence

‖θ(t)‖ ≤ e−λ1t‖θ(0)‖ +

∫ t

0

e−λ1(t−s)‖ρt(s)‖ ds

≤ e−λ1t‖vh − v‖ + Chr
(
e−λ1t‖v‖r +

∫ t

0

e−λ1(t−s)‖ut(s)‖r ds
)
.

(1.31)

Using the first part of (1.25) we conclude that with vh appropriately chosen

‖uh(t) − u(t)‖ ≤ Chr
(
e−λ1t‖v‖r + ‖u(t)‖r +

∫ t

0

e−λ1(t−s)‖ut(s)‖r ds
)
.

We shall not pursue the error analysis for large t below.

We shall now briefly look at another way of expressing the argument in
the proof of Theorem 1.2, which consists in working with the equation for θ
in operator form. We first recall that by Duhamel’s principle, the solution of
(1.1) may be written

(1.32) u(t) = E(t)v +

∫ t

0

E(t − s)f(s) ds.

Here E(t) is the solution operator of the homogeneous equation, the case
f ≡ 0 of (1.1), i.e., the operator which takes the initial values u(0) = v
into the solution u(t) at time t. This operator may also be thought of as the
semigroup e∆t on L2 generated by the Laplacian, considered as defined in
D(∆) = H2 ∩ H1

0 . We now introduce a discrete Laplacian ∆h : Sh → Sh by

(1.33) (∆hψ, χ) = −(∇ψ,∇χ), ∀ψ, χ ∈ Sh;

this analogue of Green’s formula clearly defines ∆hψ =
∑Nh

j=1 djΦj by

Nh∑

j=1

dj(Φj , Φk) = −(∇ψ,∇Φk), for k = 1, . . . , Nh,

since the matrix of this system is the positive definite mass matrix encoun-
tered above. The operator −∆h is easily seen to be selfadjoint and positive
definite in Sh with respect to (·, ·). Note that ∆h is related to our other
operators by
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(1.34) ∆hRh = Ph∆.

For, by our definitions,

(∆hRhv, χ) = −(∇Rhv,∇χ) = −(∇v,∇χ) = (∆v, χ) = (Ph∆v, χ), ∀χ ∈ Sh.

With this notation the semidiscrete equation takes the form

(uh,t, χ) − (∆huh, χ) = (Phf, χ), ∀χ ∈ Sh, t > 0,

and thus, since the factors on the left are all in Sh, (1.21) may be written as

(1.35) uh,t − ∆huh = Phf, for t > 0, with uh(0) = vh.

Using (1.34) we hence obtain for θ

θt − ∆hθ = (uh,t − ∆huh) − (Rhut − ∆hRhu)

= Phf + (Ph − Rh)ut − Ph(ut − ∆u) = Ph(I − Rh)ut = −Phρt,

or

(1.36) θt − ∆hθ = −Phρt, for t > 0, with θ(0) = vh − Rhv.

We now denote by Eh(t) the discrete analogue of the operator E(t) intro-
duced above, the solution operator of the homogeneous semidiscrete problem
(1.35). The analogue of (1.32), together with (1.36), then shows

(1.37) θ(t) = Eh(t)θ(0) −
∫ t

0

Eh(t − s)Phρt(s) ds.

We now note that Eh(t) is stable in L2, or, more precisely, as in the proof
of (1.31),

(1.38) ‖Eh(t)vh‖ ≤ e−λ1t‖vh‖ ≤ ‖vh‖, for vh ∈ Sh, t ≥ 0.

Since obviously Ph has unit norm in L2, (1.37) implies (1.29), from which
Theorem 1.2 follows as above. The desired estimate for θ is thus a consequence
of the stability estimate for Eh(t) combined with the error estimate for the
elliptic problem applied to ρt = (Rh − I)ut.

In a similar way we may prove the following estimate for the error in the
gradient.

Theorem 1.3 Under the assumptions of Theorem 1.2 we have

‖∇uh(t) −∇u(t)‖ ≤ C‖∇vh −∇v‖

+ Chr−1
(
‖v‖r + ‖u(t)‖r +

( ∫ t

0

‖ut‖2
r−1 ds

)1/2
)
, for t ≥ 0.
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Proof. As before we write the error in the form (1.23). Here, by Lemma 1.1,

‖∇ρ(t)‖ = ‖∇(Rhu(t) − u(t))‖ ≤ Chr−1‖u(t)‖r.

In order to estimate ∇θ, we use again (1.27), now with χ = θt. We obtain

‖θt‖2 + 1
2

d

dt
‖∇θ‖2 = −(ρt, θt) ≤ 1

2‖ρt‖2 + 1
2‖θt‖2,

so that (d/dt)‖∇θ‖2 ≤ ‖ρt‖2 or

‖∇θ(t)‖2 ≤ ‖∇θ(0)‖2 +

∫ t

0

‖ρt‖2 ds

≤
(
‖∇(vh − v)‖ + ‖∇(Rhv − v)‖

)2
+

∫ t

0

‖ρt‖2 ds.

(1.39)

Hence, in view of Lemma 1.1,

(1.40) ‖∇θ(t)‖2 ≤ 2‖∇(vh − v)‖2 + Ch2r−2
(
‖v‖2

r +

∫ t

0

‖ut‖2
r−1 ds

)
,

which completes the proof. ⊓⊔

Note that if vh = Ihv or vh = Rhv, then, by Lemma 1.1 or (1.11), respec-
tively, the first term on the right hand side in Theorem 1.3 is again bounded
by the second.

In the case of a quasiuniform family of triangulations Th of a plane domain,
or, more generally, when the inverse estimate (1.12) holds, an estimate for
the error in the gradient may also be obtained directly from the result of
Theorem 1.2. In fact, we obtain then, for χ arbitrary in Sh,

‖∇uh(t) −∇u(t)‖ ≤ ‖∇(uh(t) − χ)‖ + ‖∇χ −∇u(t)‖

≤ Ch−1‖uh(t) − χ‖ + ‖∇χ −∇u(t)‖

≤ Ch−1‖uh(t) − u(t)‖ + Ch−1(‖χ − u(t)‖ + h‖∇χ −∇u(t)‖).

(1.41)

Here, by our approximation assumption (1.10), we have, with suitable χ ∈ Sh,

‖χ − u(t)‖ + h‖∇χ −∇u(t)‖ ≤ Chr‖u(t)‖r,

and hence, bounding the first term on the right in (1.41) by Theorem 1.2, for
the appropriate choice of χ,

‖∇uh(t) −∇u(t)‖ ≤ Chr−1
(
‖v‖r +

∫ t

0

‖ut(s)‖r ds
)
.

We make the following observation concerning the gradient of the term
θ = uh − Rhu in (1.23): Assume that we have chosen vh = Rhv so that
θ(0) = 0. Then, in addition to (1.40), we have from (1.39)
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(1.42) ‖∇θ(t)‖ ≤ C
(∫ t

0

‖ρt‖2 ds
)1/2

≤ Chr
(∫ t

0

‖ut‖2
r ds
)1/2

.

Hence ∇θ(t) is of order O(hr), whereas the gradient of the total error can only
be O(hr−1). Thus ∇uh is a better approximation to ∇Rhu than is possible
to ∇u. This is an example of a phenomenon which is sometimes referred to
as superconvergence .

Because the formulation of Galerkin’s method is posed in terms of L2

inner products, the most natural error estimates are expressed in L2-based
norms. Error analyses in other norms have also been pursued in the literature,
and for later reference we quote the following maximum-norm error estimate,
for piecewise linear approximating functions in a plane domain Ω, see, e.g.,
[42]. Here we write L∞ = L∞(Ω) and W r

∞ = W r
∞(Ω), with

‖v‖L∞
= sup

x∈Ω
|u(x)|, ‖v‖W r

∞
= max

|α|≤r
‖Dαv‖L∞

.

We note first that the error in the interpolant introduced above is second
order also in maximum-norm, so that (cf. (1.9))

(1.43) ‖Ihv − v‖L∞
≤ Ch2‖v‖W 2

∞
, for v ∈ W 2

∞ ∩ H1
0 .

The error estimate for the elliptic finite element problem is then the following.

Theorem 1.4 Let Ω ⊂ R
2 and assume that Sh consists of piecewise linear

finite element functions, and that the family Th is quasiuniform. Let uh and
u be the solutions of (1.13) and (1.2), respectively. Then

(1.44) ‖uh − u‖L∞
≤ Ch2ℓh‖u‖W 2

∞
, where ℓh = max(1, log(1/h))

We note that, in view of (1.43), this error estimate is nonoptimal, but it
has been shown, see Haverkamp [116], that the logarithmic factor in (1.44)
cannot be removed. Note that although ℓh is unbounded for small h, it is of
moderate size for realistic values of h.

Recall the definition (1.22) of the Ritz projection Rh : H1
0 → Sh, and

its stability in H1
0 . When the family of triangulations is quasiuniform, this

projection is known to have the almost maximum-norm stability property

(1.45) ‖Rhv‖L∞
≤ Cℓh‖v‖L∞

.

The proof of this is relatively difficult, and will not be included here. We
remark that in contrast to (1.24) and (1.45), Rh is not bounded in L2. The
error bound of Theorem 1.4 is now an easy consequence of this stability result
and the interpolation error estimate of (1.43), since

‖Rhv − v‖L∞
≤ ‖Rh(v − Ihv)‖L∞

+ ‖Ihv − v‖L∞
≤ Ch2ℓh‖v‖W 2

∞
.
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As a simple example of an application of the superconvergent order esti-
mate (1.42), we shall indicate briefly how it may be used to show an essentially
optimal order error bound for the parabolic problem in the maximum-norm.
Consider thus the concrete situation described in the beginning of this chap-
ter with Ω a plane smooth convex domain and Sh consisting of piecewise
linear functions (d = r = 2) on quasiuniform triangulations of Ω. Then, by
Theorem 1.4,

(1.46) ‖ρ(t)‖L∞
= ‖Rhu(t) − u(t)‖L∞

≤ Ch2ℓh‖u(t)‖W 2
∞

.

In two dimensions, Sobolev’s inequality almost bounds the maximum-norm
by the norm in H1, and it may be shown (cf. Lemma 6.4 below) that for
functions in the subspace Sh,

‖χ‖L∞
≤ Cℓ

1/2
h ‖∇χ‖, ∀χ ∈ Sh.

Applied to θ this shows, by (1.42) (with r = 2), that

‖θ(t)‖L∞
≤ Ch2ℓ

1/2
h

(∫ t

0

‖ut‖2
2 ds
)1/2

,

and we may thus conclude for the error in the parabolic problem that

‖uh(t) − u(t)‖L∞
≤ ‖ρ(t)‖L∞

+ ‖θ(t)‖L∞
≤ C(t, u)h2ℓh.

We now turn our attention to some simple schemes for discretization
also with respect to the time variable. We introduce a time step k and the
time levels t = tn = nk, where n is a nonnegative integer, and denote by
Un = Un

h ∈ Sh the approximation of u(tn) to be determined.
We begin by the backward Euler Galerkin method, which is defined by

replacing the time derivative in (1.21) by a backward difference quotient, or,
if ∂̄Un = (Un − Un−1)/k,

(1.47) (∂̄Un, χ) + (∇Un,∇χ) = (f(tn), χ), ∀χ ∈ Sh, n ≥ 1, U0 = vh.

For Un−1 given this defines Un implicitly from the equation

(Un, χ) + k(∇Un,∇χ) = (Un−1 + kf(tn), χ), ∀χ ∈ Sh,

which is the finite element formulation of an elliptic equation of the form
(I − k∆)u = g. With matrix notation as in the semidiscrete situation, this
may be written

(B + kA)αn = Bαn−1 + kf̃(tn),

where B + kA is positive definite and hence, in particular, invertible.
We shall prove the following error estimate.
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Theorem 1.5 With Un and u the solutions of (1.47) and (1.1), respectively,
we have, if ‖vh − v‖ ≤ Chr‖v‖r and v = 0 on ∂Ω,

‖Un − u(tn)‖ ≤ Chr
(
‖v‖r +

∫ tn

0

‖ut‖r ds
)

+ k

∫ tn

0

‖utt‖ ds, for n ≥ 0.

Proof. In analogy with (1.23) we write

Un − u(tn) = (Un − Rhu(tn)) + (Rhu(tn) − u(tn)) = θn + ρn,

and here ρn = ρ(tn) is bounded as claimed in (1.25). This time, a calculation
corresponding to (1.26) yields

(1.48) (∂̄θn, χ) + (∇θn,∇χ) = −(ωn, χ), ∀χ ∈ Sh, n ≥ 1,

where

ωn = Rh∂̄u(tn) − ut(tn) = (Rh − I)∂̄u(tn) + (∂̄u(tn) − ut(tn)) = ωn
1 + ωn

2 .

Choosing χ = θn in (1.48), we have (∂̄θn, θn) ≤ ‖ωn‖ ‖θn‖, or

‖θn‖2 − (θn−1, θn) ≤ k‖ωn‖ ‖θn‖,

so that

(1.49) ‖θn‖ ≤ ‖θn−1‖ + k‖ωn‖,

and, by repeated application,

(1.50) ‖θn‖ ≤ ‖θ0‖ + k

n∑

j=1

‖ωj‖ ≤ ‖θ0‖ + k

n∑

j=1

‖ωj
1‖ + k

n∑

j=1

‖ωj
2‖.

Here, as before, θ0 = θ(0) is bounded as desired. We write

(1.51) ωj
1 = (Rh − I)k−1

∫ tj

tj−1

ut ds = k−1

∫ tj

tj−1

(Rh − I)ut ds,

and obtain

k

n∑

j=1

‖ωj
1‖ ≤

n∑

j=1

∫ tj

tj−1

Chr‖ut‖r ds = Chr

∫ tn

0

‖ut‖r ds.

Further,

(1.52) k ωj
2 = u(tj) − u(tj−1) − kut(tj) = −

∫ tj

tj−1

(s − tj−1)utt(s) ds,

so that

k

n∑

j=1

‖ωj
2‖ ≤

n∑

j=1

‖
∫ tj

tj−1

(s − tj−1)utt(s) ds‖ ≤ k

∫ tn

0

‖utt‖ ds.

Together our estimates complete the proof of the theorem. ⊓⊔
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In order to show an estimate for ∇θn we may choose instead χ = ∂̄θn in
(1.48) to obtain ∂̄‖∇θn‖2 ≤ ‖ωn‖2, or, if ∇θ0 = 0,

(1.53) ‖∇θn‖2 ≤ k

n∑

j=1

‖ωj‖2 ≤ Ch2s

∫ tn

0

‖ut‖2
s dt + Ck2

∫ tn

0

‖utt‖2 dt,

for 1 ≤ s ≤ r. Together with the standard estimate for ∇ρ this shows, with
s = r − 1 in (1.53),

‖∇(Un − u(tn))‖ ≤ C(u)(hr−1 + k).

If one uses Theorem 1.5 together with the inverse inequality (1.12) one now
obtains the weaker estimate ‖∇(Un −u(tn))‖ ≤ C(u)(hr−1 + kh−1). We also
note that with s = r in (1.53) one may conclude the maximum-norm estimate

‖Un − u(tn)‖L∞
≤ C(u)ℓh(hr + k).

Note that because of the nonsymmetric choice of the discretization in
time, the backward Euler Galerkin method is only first order in k. We
therefore now turn to the Crank-Nicolson Galerkin method. Here the semi-
discrete equation is discretized in a symmetric fashion around the point
tn− 1

2
= (n − 1

2 )k, which will produce a second order accurate method in

time. More precisely, we set Ûn = 1
2 (Un + Un−1) and define Un ∈ Sh by

(1.54) (∂̄Un, χ) + (∇Ûn,∇χ) = (f(tn− 1
2
), χ), ∀χ ∈ Sh, for n ≥ 1,

with U0 = vh. Here the equation for Un may be written in matrix form as

(B + 1
2kA)αn = (B − 1

2kA)αn−1 + kf̃(tn− 1
2
),

with a positive definite matrix B + 1
2kA. Now the error estimate reads as

follows.

Theorem 1.6 Let Un and u be the solutions of (1.54) and (1.1), respec-
tively, and let ‖vh − v‖ ≤ Chr‖v‖r and v = 0 on ∂Ω. Then we have, for
n ≥ 0,

‖Un − u(tn)‖ ≤ Chr
(
‖v‖r +

∫ tn

0

‖ut‖r ds
)

+ Ck2

∫ tn

0

(‖uttt‖ + ‖∆utt‖) ds.

Proof. With ρn bounded as above, we only need to consider θn. We have

(1.55) (∂̄θn, χ) + (∇θ̂n,∇χ) = −(ωn, χ), for χ ∈ Sh, n ≥ 1,
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where now

ωn =(Rh − I)∂̄u(tn) + (∂̄u(tn) − ut(t
n− 1

2
))(1.56)

+ ∆
(
u(t

n− 1
2
) − 1

2 (u(tn) + u(tn−1))
)

= ωn
1 + ωn

2 + ωn
3 .

Choosing this time χ = θ̂n in (1.55), we find

(∂̄θn, θ̂n) ≤ 1
2‖ω

n‖(‖θn‖ + ‖θn−1‖),

or
‖θn‖2 − ‖θn−1‖2 ≤ k‖ωn‖(‖θn‖ + ‖θn−1‖),

so that, after cancellation of a common factor,

‖θn‖ ≤ ‖θn−1‖ + k‖ωn‖, for n ≥ 1.

After repeated application this yields

‖θn‖ ≤ ‖θ0‖ + k
n∑

j=1

(
‖ωj

1‖ + ‖ωj
2‖ + ‖ωj

3‖
)
.

With θ0 and ωj
1 estimated as before, it remains to bound the terms in ωj

2 and

ωj
3. We have

k‖ωj
2‖ = ‖u(tj) − u(tj−1) − kut(tj− 1

2
)‖

= 1
2

∥∥∥
∫ t

j− 1
2

tj−1

(s − tj−1)
2uttt(s) ds +

∫ tj

t
j− 1

2

(s − tj)
2uttt(s) ds

∥∥∥

≤ Ck2

∫ tj

tj−1

‖uttt‖ ds,

and similarly,

k‖ωj
3‖ = k‖∆

(
u(tj− 1

2
) − 1

2 (u(tj) + u(tj−1))
)
‖ ≤ Ck2

∫ tj

tj−1

‖∆utt‖ ds.

Altogether,

(1.57) k

n∑

j=1

(‖ωj
2‖ + ‖ωj

3‖) ≤ Ck2

∫ tn

0

(‖uttt‖ + ‖∆utt‖) ds,

which completes the proof. ⊓⊔
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Another way to attain second order accuracy in the discretization in time
is to approximate the time derivative in the differential equation by a second
order backward difference quotient. Setting

D̄Un = ∂̄Un + 1
2k∂̄2Un = (3

2Un − 2Un−1 + 1
2Un−2)/k,

we have at once by Taylor expansion, for a smooth function u,

D̄u(tn) = ut(tn) + O(k2), as k → 0.

We therefore pose the discrete problem

(1.58) (D̄Un, χ) + (∇Un,∇χ) = (f(tn), χ), ∀χ ∈ Sh, n ≥ 2.

Note that for n fixed this equation employs three time levels rather than the
two of our previous methods. We therefore have to restrict its use to n ≥ 2,
because we do not want to use Un with n negative. With U0 = vh given, we
then also need to define U1 in some way, and we choose to do so by employing
one step of the backward Euler method, i.e., we set

(1.59) (∂̄U1, χ) + (∇U1,∇χ) = (f(t1), χ), ∀χ ∈ Sh.

We note that in our earlier matrix notation, (1.58) may be written as

( 3
2B + kA)αn = 2Bαn−1 − 1

2Bαn−2 + kf̃(tn), for n ≥ 2,

with the matrix coefficient of αn again positive definite.
We have this time the following O(hr + k2) error estimate.

Theorem 1.7 Let Un and u be the solutions of (1.58) and (1.1), with U0 =
vh and U1 defined by (1.59). Then, if ‖vh − v‖ ≤ Chr‖v‖r and v = 0 on ∂Ω,
we have

‖Un − u(tn)‖ ≤ Chr
(
‖v‖r +

∫ tn

0

‖ut‖r ds
)

+ Ck

∫ k

0

‖utt‖ ds + Ck2

∫ tn

0

‖uttt‖ ds, for n ≥ 0.

Proof. Writing again Un −u(tn) = θn + ρn we only need to bound θn, which
now satisfies

(D̄θn, χ) + (∇θn,∇χ) = −(ωn, χ), for n ≥ 2,

(∂̄θ1, χ) + (∇θ1,∇χ) = −(ω1, χ),
(1.60)

where

ωn = D̄Rhun − un
t = (Rh − I)D̄un + (D̄un − un

t ) = ωn
1 + ωn

2 , n ≥ 2,

ω1 = (Rh − I)∂̄u1 + (∂̄u1 − u1
t ) = ω1

1 + ω1
2 .
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We shall show the inequality

(1.61) ‖θn‖ ≤ ‖θ0‖ + 2k

n∑

j=2

‖ωj‖ + 5
2k‖ω1‖, for n ≥ 1.

Assuming this for a moment, we need to bound the errors ωj
1 and ωj

2. Using
Taylor expansions with the appropriate remainder terms in integral form we
find easily, for j ≥ 2,

k‖ωj
1‖ ≤ Chrk‖D̄uj‖r ≤ Chr

∫ tj

tj−2

‖ut‖r ds, k‖ωj
2‖ ≤ Ck2

∫ tj

tj−2

‖uttt‖ ds.

As for the backward Euler method we have

k‖ω1
1‖ + k‖ω1

2‖ ≤ Chr

∫ k

0

‖ut‖r ds + k

∫ k

0

‖utt‖ ds,

and we hence conclude

k

n∑

j=1

‖ωj‖ ≤ Chr

∫ tn

0

‖ut‖r ds + k

∫ k

0

‖utt‖ ds + Ck2

∫ tn

0

‖uttt‖ ds.

Together with our earlier estimate for θ0, this completes the proof of the
estimate for θn and thus of the theorem.

It remains to show (1.61). Introducing the difference operators δlθ
n =

θn−θn−l for l = 1, 2, we may write kD̄θn = 2δ1θ
n− 1

2δ2θ
n. Since 2(δlθ

n, θn) =
δl‖θn‖2 + ‖δlθ

n‖2, we therefore have

k(D̄θn, θn) = δ1‖θn‖2 − 1
4δ2‖θn‖2 + ‖δ1θ

n‖2 − 1
4‖δ2θ

n‖2, for n ≥ 2.

Replacing n by j and then summing from 2 to n, we have

n∑

j=2

(δ1‖θj‖2 − 1
4δ2‖θj‖2) = 3

4‖θ
n‖2 − 1

4‖θ
n−1‖2 − 3

4‖θ
1‖2 + 1

4‖θ
0‖2,

and further, since δ2θ
n = δ1θ

n + δ1θ
n−1, we obtain

n∑

j=2

(‖δ1θ
j‖2 − 1

4‖δ2θ
j‖2) ≥

n∑

j=2

(
‖δ1θ

j‖2 − 1
4 (‖δ1θ

j‖ + ‖δ1θ
j−1‖)2

)

≥ 1
2

n∑

j=2

(‖δ1θ
j‖2 − ‖δ1θ

j−1‖2) = 1
2 (‖δ1θ

n‖2 − ‖δ1θ
1‖2).

Hence,
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k(∂̄θ1, θ1) + k

n∑

j=2

(D̄θj , θj)

≥ 1
2

(
‖θ1‖2 − ‖θ0‖2 + ‖δ1θ

1‖2
)

+ 1
2

(
‖δ1θ

n‖2 − ‖δ1θ
1‖2
)

+
(

3
4‖θ

n‖2 − 1
4‖θ

n−1‖2 − 3
4‖θ

1‖2 + 1
4‖θ

0‖2
)

≥ 3
4‖θ

n‖2 − 1
4‖θ

n−1‖2 − 1
4‖θ

1‖2 − 1
4‖θ

0‖2.

(1.62)

But by (1.60) with χ = θn we have

k(∂̄θ1, θ1) + k

n∑

j=2

(D̄θj , θj) + k

n∑

j=1

(∇θj ,∇θj) = −k

n∑

j=1

(ωj , θj),

and by (1.62) this yields

‖θn‖2 ≤ 1
3

(
‖θn−1‖2 + ‖θ1‖2 + ‖θ0‖2

)
+ 4

3k

n∑

j=1

‖ωj‖ ‖θj‖.

Suppose m is chosen so that ‖θm‖ = max0≤j≤n ‖θj‖. Then

‖θm‖2 ≤ 1
3

(
‖θm‖ + ‖θ1‖ + ‖θ0‖ + 4k

n∑

j=1

‖ωj‖
)
‖θm‖,

whence

‖θn‖ ≤ ‖θm‖ ≤ 1
2 (‖θ1‖ + ‖θ0‖) + 2k

n∑

j=1

‖ωj‖.

Since, as follows from above, ‖θ1‖ ≤ ‖θ0‖ + k‖ω1‖, this completes the proof
of (1.61) and thus of the theorem. ⊓⊔

In the above time discretization schemes we have used a constant time step
k. We shall close this introductory discussion of fully discrete methods with
an example of a variable time step version of the backward Euler method.

Let thus 0 = t0 < t1 < · · · < tn < · · · be a partition of the positive time
axis and set kn = tn − tn−1. We may then consider the approximation Un of
u(tn) defined by

(1.63) (∂̄nUn, χ) + (∇Un,∇χ) = (f(tn), χ), ∀χ ∈ Sh, n ≥ 1,

with U0 = vh, where ∂̄nUn = (Un − Un−1)/kn. We have the following error
estimate which reduces to that of Theorem 1.5 for constant time steps.

Theorem 1.8 Let Un and u be the solutions of (1.63) and (1.1), with U0 =
vh such that ‖vh − v‖ ≤ Chr‖v‖r and v = 0 on ∂Ω. Then we have for n ≥ 0

‖Un − u(tn)‖ ≤ Chr
(
‖v‖r +

∫ tn

0

‖ut‖r ds
)

+
n∑

j=1

kj

∫ tj

tj−1

‖utt‖ ds.
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Proof. This time we have for θn,

(∂̄nθn, χ) + (∇θn,∇χ) = −(ωn, χ), ∀χ ∈ Sh, n ≥ 1,

where now

ωn = (Rh − I)∂̄nun + (∂̄nun − un
t ) = ωn

1 + ωn
2 .

Referring to the proof of Theorem 1.5, (1.49) will be replaced by ‖θn‖ ≤
‖θn−1‖ + kn‖ωn‖, and hence (1.50) by

‖θn‖ ≤ ‖θ0‖ +

n∑

j=1

kj(‖ωj
1‖ + ‖ωj

2‖).

Now
n∑

j=1

kj‖ωj
1‖ ≤

n∑

j=1

∫ tj

tj−1

Chr‖ut‖r ds = Chr

∫ tn

0

‖ut‖r ds,

and, since (1.52) still holds, with k replaced by kj ,

n∑

j=1

kj‖ωj
2‖ ≤

n∑

j=1

∥∥∥
∫ tj

tj−1

(s − tj−1)utt(s) ds
∥∥∥ ≤

n∑

j=1

kj

∫ tj

tj−1

‖utt‖ ds.

Together with the standard estimates for ρn and θ0, this completes the proof
of the theorem. ⊓⊔

We note that the form of the error bound in Theorem 1.8 suggests using
shorter time steps when ‖utt‖ is larger. We shall return to such considerations
in later chapters.

We complete this introductory chapter with some short remarks about
other initial boundary value problems for the heat equation than (1.1), and
consider first a simple situation with Neumann rather than Dirichlet bound-
ary conditions. Consider thus instead of (1.1) the initial boundary value prob-
lem

ut − ∆u + u = f in Ω, for t > 0,(1.64)

∂u

∂n
= 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω,

where ∂u/∂n denotes the derivative in the direction of the exterior normal
to ∂Ω. The corresponding stationary problem is then

(1.65) −∆u + u = f in Ω, with
∂u

∂n
= 0 on ∂Ω.

In order to formulate this in variational form, we now multiply by ϕ ∈ H1,
thus without requiring ϕ = 0 on ∂Ω, integrate over Ω, and use Green’s
formula to obtain
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(∇u,∇ϕ) + (u, ϕ) = (f, ϕ), ∀ϕ ∈ H1.

We note that if u is smooth, this in turn shows

(−∆u + u, ϕ) +

∫

∂Ω

∂u

∂n
ϕds = (f, ϕ), ∀ϕ ∈ H1,

from which (1.65) follows since ϕ is arbitrary. In particular, the boundary
condition is now a consequence of the variational formulation, in contrast to
our earlier discussion when the boundary condition was enforced by looking
for a solution in H1

0 . We therefore say that ∂u/∂n = 0 is a natural boundary
condition, whereas the Dirichlet boundary condition is referred to as an es-
sential boundary condition. The lower order term in the differential equation
was included to make (1.65) uniquely solvable; note that λ = 0 is an eigen-
value of −∆ under Neumann boundary conditions since ∆1 ≡ 0, whereas
−∆ + I is positive definite.

From the above variational formulation it is natural to assume now that
the approximating space Sh is a subspace of H1, without requiring its el-
ements to vanish on ∂Ω, and safisfies (1.10) when v ∈ Hs. The discrete
stationary problem is then

(∇uh,∇χ) + (uh, χ) = (f, χ), ∀χ ∈ Sh,

and this may be analyzed as in Theorem 1.1. The corresponding spatially
discrete version of (1.64) is

(uh,t, χ) + (∇uh,∇χ) + (uh, χ) = (f, χ), ∀χ ∈ Sh, t > 0, uh(0) = vh,

and the analysis of this method, and also of corresponding fully discrete ones,
follow the same lines as in the case of Dirichlet boundary conditions.

We also mention the time periodic boundary value problem

ut − ∆u = f in Ω, for 0 < t < ω,(1.66)

u = 0 on ∂Ω, for 0 < t < ω, u(·, 0) = u(·, ω) in Ω,

where ω > 0 is the period. Setting u(0) = v we have by Duhamel’s principle
for a possible solution

v = u(ω) = E(ω)v +

∫ ω

0

E(ω − s)f(s) ds,

and since ‖E(ω)‖ < 1 by (1.38), this equation has a unique solution v. Once v
is known, (1.66) may be solved as an initial value problem. Spatially semidis-
crete and fully discrete versions of the problem may be formulated in obvious
ways and analyzed by the techniques developed here.

The finite element method originated in the engineering literature in the
1950s, when structural engineers combined the well established framework
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analysis with variational methods in continuum mechanics into a discretiza-
tion method in which a structure is thought of as consisting of elements
with locally defined strains or stresses; a standard reference from the engi-
neering literature is Zienkiewicz [249]. In the mid 1960s, a number of papers
appeared independently in the numerical analysis literature which were con-
cerned with the construction and analysis of finite difference schemes for
elliptic problems by variational principles, e.g., Céa [45], Demjanovič [68],
Feng [98], Friedrichs and Keller [101], and Oganesjan and Ruchovets [187].
By considering approximating functions as defined at all points rather than
at meshpoints, the mathematical theory of finite elements then became es-
tablished through contributions such as Birkhoff, Schultz and Varga [27],
where the theory of splines was brought to bear on the development, and
Zlámal [250], with the first stringent error analysis of more complicated el-
ements. The duality argument for the L2 error estimate quoted in Theorem
1.1 was developed independently by Aubin [7], Nitsche [179] and Oganesjan
and Ruchovets [188], and later maximum-norm error estimates such as (1.44)
were shown by Scott [214], Natterer [175], and Nitsche [182], see Schatz and
Wahlbin [208]. The sharpness of this estimate, with the logarithmic factor,
was shown in Haverkamp [116].

General treatments of the mathematics of the finite element method for
elliptic problems can be found in textbooks such as, e.g., Babuška and Aziz
[11], Strang and Fix [221], Ciarlet [51] and Brenner and Scott [42], and we
shall sometimes quote these for background material.

The development of the theory of finite elements for parabolic problems
started around 1970. At this time finite difference analysis for such problems
had reached a high level of refinement after the fundamental 1928 paper by
Courant, Friedrichs and Lewy [52], and became the background and starting
point for the finite element analysis of such problems. Names of particular
distinction in the development of finite differences in the 50s and 60s are,
e.g., F. John, D. G. Aronson, H. O. Kreiss, O. B. Widlund, J. Douglas, Jr.,
and collaborators, Russian researchers such as Samarskii, etc. (cf. the survey
paper Thomée [230]).

The material presented in this introductary chapter is standard; some
early references are Douglas and Dupont [74], Price and Varga [196] and Fix
and Nassif [99]. An important step in the development was the introduction
and exploitation by Wheeler [246] of the Ritz projection, which made it pos-
sible to improve earlier suboptimal L2-norm error estimates to optimal order
ones. The nucleus of the present survey is Thomée [229]. Several of the topics
that have been touched upon only lightly in this chapter will be developed in
more detail in the rest of the book where we will consider both more general
equations and wider classes of discretization methods, as well as more de-
tailed investigations of the dependence of the error bounds on the regularity
of the exact solutions of our problems. Concerning the discretization of the
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time-periodic problem mentioned at the end, see Carasso [44], Bernardi [26],
and Hansbo [114].

For standard material concerning the mathematical treatment of elliptic
and parabolic differential equations we refer to Evans [96], cf. also Lions and
Magenes [156] and, for parabolic equations, Friedman [100].



2. Methods Based on More General

Approximations of the Elliptic Problem

In our above discussion of finite element approximation of the parabolic
problem, the discretization in space was based on using a family of finite-
dimensional spaces Sh ⊂ H1

0 = H1
0 (Ω), such that, for some r ≥ 2, the

approximation property (1.10) holds. The most natural example of such a
family in a plane domain Ω is to take for Sh the continuous functions which
reduce to polynomials of degree at most r−1 on the triangles τ of a triangu-
lation Th of Ω of the type described in the beginning of Chapter 1, and which
vanish on ∂Ω. However, for r > 2 and in the case of a domain with smooth
boundary, it is not possible, in general, to satisfy the homogeneous boundary
conditions exactly for this choice. This difficulty occurs, of course, already for
the elliptic problem, and several methods have been suggested to deal with it.
In this chapter we shall consider, as a typical example, a method which was
proposed by Nitsche for this purpose. This will serve as background for our
subsequent discussion of the discretization of the parabolic problem. Another
example, a so called mixed method, will be considered in Chapter 17 below.

Consider thus, with Ω a plane domain with smooth boundary, the Dirich-
let problem

(2.1) −∆u = f in Ω, with u = 0 on ∂Ω.

Let now the Th = {τj}Mh
j=1 belong to a family of quasiuniform triangulations

of Ω, with maxj diam(τj) ≤ h, where the boundary triangles are allowed
to have one curved edge along ∂Ω, and let Sh denote the finite-dimensional
linear space of continuous functions on Ω̄ which reduce to polynomials of
degree ≤ r−1 on each triangle τj , without any boundary conditions imposed
at ∂Ω, i.e.,

(2.2) Sh = {χ ∈ C(Ω̄); χ
∣∣
τj

∈ Πr−1},

where Πs denotes the set of polynomials of degree at most s.
In addition to the inner product in L2 = L2(Ω) we set

〈ϕ,ψ〉 =

∫

∂Ω

ϕψ ds, and |ϕ| = 〈ϕ,ϕ〉1/2 = ‖ϕ‖L2(∂Ω),

and introduce the bilinear form
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(2.3) Nγ(ϕ,ψ) = (∇ϕ,∇ψ) − 〈∂ϕ

∂n
, ψ〉 − 〈ϕ,

∂ψ

∂n
〉 + γh−1〈ϕ,ψ〉,

where γ is a positive constant to be fixed later and ∂/∂n denotes differenti-
ation in the direction of the exterior normal to ∂Ω.

Now let u be a solution of our Dirichlet problem (2.1). Then, using Green’s
formula, we have, since u vanishes on ∂Ω,

Nγ(u, χ) = (∇u,∇χ) − 〈∂u

∂n
, χ〉 − 〈u,

∂χ

∂n
〉 + γh−1〈u, χ〉

= −(∆u,χ) = (f, χ), for χ ∈ Sh.
(2.4)

With this in mind we define Nitsche’s method for (2.1) to find uh ∈ Sh

satisfying the variational equation

(2.5) Nγ(uh, χ) = (f, χ), ∀χ ∈ Sh.

We shall demonstrate below that if γ is appropriately chosen, then this prob-
lem admits a unique solution for which optimal order error estimates hold.

For our analysis we introduce, for ϕ appropriately smooth, the norm

|||ϕ||| =
(
‖∇ϕ‖2 + h

∣∣∣
∂ϕ

∂n

∣∣∣
2

+ h−1|ϕ|2
)1/2

.

We first note the following inverse property.

Lemma 2.1 There is a constant C independent of h such that

|||χ||| ≤ Ch−1‖χ‖, ∀χ ∈ Sh.

Proof. Because of the quasiuniformity of the family of triangulations Th, ∇χ
is estimated by (1.12). Further,

(2.6)
∣∣∣
∂χ

∂n

∣∣∣
2

≤ C0h
−1‖∇χ‖2, ∀χ ∈ Sh.

This follows easily by using for each boundary triangle τj a linear transforma-
tion to map it onto a unit size reference triangle τ̃j with vertices (0, 0), (1, 0),
and (0, 1), say, with the curved edge between (0, 1) and (1, 0), and noting that
here ‖η‖L2(∂τ̃j) ≤ C‖η‖L2(τ̃j) for η = ∂χ/∂xi, since the right hand side is a
norm on Πr−2. Using the inverse of the linear transformation to map τ̃j back
to τj , we obtain ‖∂χ/∂xi‖2

L2(∂τj)
≤ Ch−1‖∂χ/∂xi‖2

L2(τj)
, and (2.6) follows by

summation over the boundary triangles. Using also (1.12) this bounds ∂χ/∂n
in the desired way. Finally, in the same way, |χ|2 ≤ C0h

−1‖χ‖2 for χ ∈ Sh.
Together these estimates show the lemma. ⊓⊔

We now show that the bilinear form Nγ(·, ·) defined in (2.3) is continuous
in terms of ||| · ||| and positive definite when restricted to Sh.
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Lemma 2.2 We have, for γ fixed and for ϕ,ψ appropriately smooth,

|Nγ(ϕ,ψ)| ≤ C|||ϕ|||C|||ψ|||

and, with Sh defined in (2.2), there exist positive numbers γ0 and c such that

(2.7) Nγ(χ, χ) ≥ c|||χ|||2, ∀χ ∈ Sh, for γ ≥ γ0.

Proof. The first part of the lemma is obvious from our definitions. For the
second part we use (2.6) to obtain

Nγ(χ, χ) = ‖∇χ‖2 − 2〈∂χ

∂n
, χ〉 + γh−1|χ|2

≥ ‖∇χ‖2 − 2
∣∣∣
∂χ

∂n

∣∣∣ |χ| + γh−1|χ|2

≥ ‖∇χ‖2 − h

4C0

∣∣∣
∂χ

∂n

∣∣∣
2

− 4C0

h
|χ|2 +

γ

h
|χ|2

≥ 1

2
‖∇χ‖2 +

h

4C0

∣∣∣
∂χ

∂n

∣∣∣
2

+
γ − 4C0

h
|χ|2

≥ c|||χ|||2, if γ ≥ γ0 > 4C0. ⊓⊔

We shall now show an approximation property of our subspaces Sh with
respect to ||| · |||.

Lemma 2.3 With Sh defined in (2.2), we have

(2.8) inf
χ∈Sh

|||v − χ||| ≤ Chs−1‖v‖s, for 2 ≤ s ≤ r, v ∈ Hs.

Proof. Because the functions in Sh do not belong to H2(Ω), even though
they are in H2(τj) for each j, we shall use the trianglewise defined norm

‖ϕ‖2,h =
( Mh∑

j=1

‖ϕ‖2
H2(τj)

)1/2

,

and show that, for appropriately smooth ϕ,

(2.9) |||ϕ||| ≤ Ch−1(‖ϕ‖ + h‖ϕ‖1 + h2‖ϕ‖2,h).

Since it is easy to find a local interpolation operator Ih into Sh (using, e.g.,
Lagrange interpolation) such that

‖Ihv − v‖ + h‖Ihv − v‖1 + h2‖Ihv − v‖2,h ≤ Chs‖v‖s, for 2 ≤ s ≤ r,

this will complete the proof of (2.8).
To show (2.9), we begin by bounding the term |ϕ|. Let τj be a boundary

triangle of Th and (∂Ω)j the corresponding part of ∂Ω. Mapping τj onto the
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unit size reference triangle τ̃j , we note that for ϕ̃ defined in τ̃j we have the
trace inequality (see., e.g., [42])

(2.10) ‖ϕ̃‖2
L2(∂τ̃j)

≤ C‖ϕ̃‖L2(τ̃j)‖ϕ̃‖H1(τ̃j).

Transforming back to τj we find that for any ϕ ∈ H1(τj),

(2.11) ‖ϕ‖2
L2((∂Ω)j)

≤ C‖ϕ‖L2(τj)

(
‖∇ϕ‖L2(τj) + h−1‖ϕ‖L2(τj)

)
.

Hence
h−1‖ϕ‖2

L2((∂Ω)j)
≤ C(h−2‖ϕ‖2

L2(τj)
+ ‖ϕ‖2

H1(τj)
),

and after summation this shows

h−1|ϕ|2 ≤ C(h−2‖ϕ‖2 + ‖ϕ‖2
1).

Similarly, considering now first ϕ ∈ H2(τj), we have

h
∣∣∣
∂ϕ

∂n

∣∣∣
2

≤ C(‖ϕ‖2
1 + h2‖ϕ‖2

2,h).

Since ‖∇ϕ‖ is obviously bounded as desired, (2.9) follows, and the proof is
complete. ⊓⊔

We assume from now on that γ is chosen so that the second estimate
of Lemma 2.2 holds. Then, in particular, Nγ(·, ·) is positive definite on Sh

and, consequently, our discrete Dirichlet problem has a unique solution. By
subtraction we obtain at once from (2.5) and (2.4) the error equation

(2.12) Nγ(uh − u, χ) = 0, ∀χ ∈ Sh,

which we shall use to prove the following error estimate.

Theorem 2.1 Let Sh be defined in (2.2). Then, with uh and u the solutions
of (2.5) and (2.1), respectively, we have

|||uh − u||| ≤ Chs−1‖u‖s, for 2 ≤ s ≤ r.

In particular, ‖∇(uh − u)‖ ≤ Chr−1‖u‖r.

Proof. We have, for any χ ∈ Sh,

|||uh − u||| ≤ |||u − χ||| + |||χ − uh|||.

Now, by Lemma 2.2 and (2.12),

|||χ − uh|||2 ≤ CNγ(χ − uh, χ − uh) = CNγ(χ − u, χ − uh)

≤ C|||χ − u||| |||χ − uh|||.
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Hence |||χ − uh||| ≤ C|||χ − u|||, and so, by Lemma 2.3,

|||uh − u||| ≤ (1 + C) inf
χ∈Sh

|||χ − u||| ≤ Chs−1‖u‖s, for 2 ≤ s ≤ r,

which proves the theorem. ⊓⊔

We note that although the discrete solution uh does not satisfy the bound-
ary condition uh = 0 on ∂Ω, it is small on the boundary because, as a result
of Theorem 2.1, we have

|uh| = |uh − u| ≤ h1/2|||uh − u||| ≤ Chr−1/2‖u‖r.

We also have the following L2-norm estimate.

Theorem 2.2 Under the assumptions of Theorem 2.1, we have

‖uh − u‖ ≤ Chs‖u‖s, for 2 ≤ s ≤ r.

Proof. We shall use the standard duality argument. Define ψ by

(2.13) −∆ψ = ϕ in Ω, with ψ = 0 on ∂Ω,

and recall the elliptic regularity estimate (1.17). We have, for e = uh − u,

(e, ϕ) = −(e,∆ψ) = (∇e,∇ψ) − 〈e, ∂ψ

∂n
〉 = Nγ(e, ψ).

Now for ψh the approximate solution of our auxiliary problem (2.13) we have,
using (2.12), Lemma 2.2, Theorem 2.1 with s = 2, and (1.17)

|(e, ϕ)| = |Nγ(e, ψ − ψh)| ≤ C|||e||| |||ψ − ψh|||

≤ Ch ‖ψ‖2 |||e||| ≤ Ch ‖ϕ‖ |||e|||.

Hence applying Theorem 2.1 once more to bound |||e||| we obtain

|(e, ϕ)| ≤ Chs‖u‖s‖ϕ‖, for 2 ≤ s ≤ r,

which shows the theorem. ⊓⊔

We now resume our discussion of the parabolic problem

ut − ∆u = f in Ω, for t > 0,(2.14)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω.

We shall present an alternative derivation of our previous L2-norm error
estimate which will be general enough to cover situations when Sh �⊂ H1

0 , as,
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for instance, in the case of Nitsche’s method described above. We now allow
Ω ⊂ R

d with d ≥ 2.
For motivation let us first recall the standard Galerkin method for the

elliptic problem (2.1) with Sh ⊂ H1
0 , namely

(2.15) (∇uh,∇χ) = (f, χ), ∀χ ∈ Sh,

and define the linear operator Th : L2 → Sh by Thf = uh, so that uh = Thf ∈
Sh is the approximate solution of (2.1). Letting u = Tf be the solution of
this problem, so that T : L2 → H1

0 denotes the exact solution operator of
(2.1), we have

(2.16) Th = RhT,

where Rh is the elliptic projection operator defined in (1.22). In fact, by our
definitions we have

(∇Thf,∇χ) = (f, χ) = (∇Tf,∇χ) = (∇RhTf,∇χ), ∀χ ∈ Sh,

which shows (2.16).
Recalling that

‖Rhu − u‖ + h‖∇(Rhu − u)‖ ≤ Chs‖u‖s, for u ∈ Hs ∩ H1
0 , 1 ≤ s ≤ r,

we obtain
‖Thf − Tf‖ = ‖(Rh − I)Tf‖ ≤ Chs‖Tf‖s.

By the elliptic regularity estimate, we have

‖u‖s ≤ C‖∆u‖s−2, if u = 0 on ∂Ω, for s ≥ 2,

or ‖Tf‖s ≤ C‖f‖s−2, so that thus

‖Thf − Tf‖ ≤ Chs‖f‖s−2, for 2 ≤ s ≤ r, if f ∈ Hs−2.

We also note that Th is selfadjoint, positive semidefinite on L2:

(f, Thg) = (∇Thf,∇Thg) = (Thf, g), ∀f, g ∈ L2.

In particular,

(2.17) (Thf, f) = ‖∇Thf‖2 ≥ 0.

In fact, Th is positive definite on Sh, considered as an inner product space
with respect to the L2 inner product. For assume fh ∈ Sh is such that
(Thfh, fh) = 0. Then Thfh = 0 by (2.17) and hence

‖fh‖2 = (fh, fh) = (∇Thfh,∇fh) = 0.
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Recalling the definition (1.33) of the discrete Laplacian ∆h : Sh → Sh we
have Th = (−∆h)−1 on Sh. For

(fh, χ) = (∇(Thfh),∇χ) = −(∆h(Thfh), χ), for χ ∈ Sh,

so that −∆h(Thfh) = fh for fh ∈ Sh. Note also that ThPh = Th, since

(2.18) (∇(ThPh)f,∇χ) = (Phf, χ) = (f, χ) = (∇Thf,∇χ), ∀χ ∈ Sh.

We now recall the semidiscrete problem

(2.19) uh,t − ∆huh = Phf, for t > 0, with uh(0) = vh.

In view of the above definition of the discrete solution operator Th, this may
equivalently be written

Thuh,t + uh = ThPhf = Thf, for t > 0, with uh(0) = vh.

Similarly, for the continuous problem, we have

Tut + u = Tf, for t > 0, with u(0) = v.

For the same reason as for Th, the operator T is selfadjoint and, in fact,
positive definite on L2. For (f, ϕ) = (∇(Tf),∇ϕ) for ϕ ∈ H1

0 shows (f, Tf) =
‖∇Tf‖2 ≥ 0, and clearly Tf = 0 implies f = −∆(Tf) = 0.

From now on, instead of defining the approximate solution of the elliptic
problem by (2.15), we shall assume only that we are given an approximate
solution operator Th with the properties:

(i) Th is selfadjoint, positive semidefinite on L2, and positive definite on Sh.

(ii) There is a positive integer r ≥ 2 such that

‖(Th − T )f‖ ≤ Chs‖f‖s−2, for 2 ≤ s ≤ r, f ∈ Hs−2.

We may then pose the semidiscrete problem to find uh(t) ∈ Sh for t ≥ 0
such that

(2.20) Thuh,t + uh = Thf, for t > 0, with uh(0) = vh,

which may be solved uniquely for t ≥ 0 since T−1
h exists on Sh by (i). Since

Th is positive definite on Sh, we may define ∆h = −T−1
h : Sh → Sh, and note

that (2.20) may then also be written in the form (2.19).
As an example, we may consider Nitsche’s method for the elliptic problem

and define Th by

(2.21) Nγ(Thf, χ) = (f, χ), ∀χ ∈ Sh, f ∈ L2.
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Property (i) follows then essentially as for the standard Galerkin method,
and property (ii) is the L2 error estimate for Nitsche’s method (Theorem
2.2). In this case ∆h : Sh → Sh may be defined by

−(∆hψ, χ) = Nγ(ψ, χ), ∀ψ, χ ∈ Sh.

Since (2.20) is equivalent to the variational formulation

Nγ(Thuh,t, χ) + Nγ(uh, χ) = Nγ(Thf, χ), ∀χ ∈ Sh,

equation (2.21) shows that the semidiscrete problem is now equivalent to

(uh,t, χ) + Nγ(uh, χ) = (f, χ), ∀χ ∈ Sh, t > 0, with uh(0) = vh.

Note that this time we make no explicit assumption about the approxi-
mation properties of {Sh}, which are now instead implicitly contained in (ii).
In fact, it follows from (ii) that

inf
χ∈Sh

‖v − χ‖ ≤ ‖v − Th(−∆v)‖ = ‖(T − Th)∆v‖

≤ Chs‖∆v‖s−2 ≤ Chs‖v‖s, for 2 ≤ s ≤ r.
(2.22)

In particular, for Ph the orthogonal L2-projection, we have

‖v − Phv‖ ≤ Chs‖v‖s, for 2 ≤ s ≤ r,

and if we now introduce the elliptic projection Rh = Th(−∆) : H2∩H1
0 → Sh,

(2.22) shows

(2.23) ‖v − Rhv‖ ≤ Chs‖v‖s, for 2 ≤ s ≤ r.

For the standard Galerkin method the present projection coincides with
the old elliptic projection, and for Nitsche’s method we have by our definitions

Nγ((Rh − I)v, χ) = 0, ∀χ ∈ Sh.

We note that by (i), we have

(2.24) ThPh = Th.

In fact, since Th is selfadjoint,

(ThPhf, g) = (Phf, Thg) = (f, Thg) = (Thf, g), ∀f, g ∈ L2,

from which (2.24) follows.
Under our new general assumptions we shall now prove an error estimate

of the same form as in the special case of the standard Galerkin method
shown earlier (Theorem 1.2).
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Theorem 2.3 Assume that Th satisfies (i) and (ii) and let uh and u be the
solutions of (2.20) and (2.14), respectively. Then

‖uh(t) − u(t)‖ ≤ ‖vh − v‖ + Chr
(
‖v‖r +

∫ t

0

‖ut‖rds
)
, for t ≥ 0.

Proof. We have for the error e = uh − u,

Thet + e = (Thuh,t + uh) − (Thut + u)

= Thf − (Tut + u) + (T − Th)ut = (T − Th)(ut − f) = (T − Th)∆u,

that is, using also (2.16),

(2.25) Thet + e = ρ, where ρ = −(Th − T )∆u = (Rh − I)u.

We multiply by 2et and integrate over Ω to find

2(Thet, et) +
d

dt
‖e‖2 = 2(ρ, et) = 2

d

dt
(ρ, e) − 2(ρt, e),

and hence, after integration with respect to t,

‖e(t)‖2 ≤ ‖e(0)‖2 + 2‖ρ(t)‖ ‖e(t)‖ + 2‖ρ(0)‖ ‖e(0)‖ + 2

∫ t

0

‖ρt‖ ‖e‖ ds

≤ sup
s≤t

‖e(s)‖
(
‖e(0)‖ + 4 sup

s≤t
‖ρ(s)‖ + 2

∫ t

0

‖ρt ds
)
.

Applying this with τ such that ‖e(τ)‖ = sups≤t ‖e(s)‖, we have

‖e(t)‖ ≤ ‖e(τ)‖ ≤ ‖e(0)‖ + 4 sup
s≤t

‖ρ(s)‖ + 2

∫ t

0

‖ρt‖ ds

≤ ‖e(0)‖ + C
(
‖ρ(0)‖ +

∫ t

0

‖ρt‖ ds
)
.

(2.26)

Here e(0) = vh − v, and

‖ρ(0)‖ = ‖(Th − T )∆v‖ ≤ Chr‖∆v‖r−2 ≤ Chr‖v‖r,

and, similarly, ‖ρt‖ = ‖(Th − T )∆ut‖ ≤ Chr‖ut‖r, which completes the
proof. ⊓⊔

Note from our discussion preceding Theorem 2.3 that if vh is chosen as
vh = Phv or vh = Rhv, then the first term on the right in the error estimate
is bounded by the second.

We remark for later reference that the essence of the proof is the following.
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Lemma 2.4 Let Thet + e = ρ for t ≥ 0 where Th is nonnegative ( (Thf, f) ≥
0) with respect to the (semi-)inner product (·, ·). Then for the corresponding
(semi-)norm ‖ · ‖ = (·, ·)1/2,

‖e(t)‖ ≤ ‖e(0)‖ + C
(
‖ρ(0)‖ +

∫ t

0

‖ρt‖ ds
)
.

For the standard Galerkin method we saw that optimal order error es-
timates for the gradient could be derived from the weak formulation of the
parabolic problem; a similar argument would give estimates for the gradient
also when the semidiscrete parabolic problems is based on Nitsche’s method.
We also saw that such estimates could be derived using an inverse property,
and this still applies under our present more general assumptions:

Theorem 2.4 Assume that (i), (ii) hold together with the inverse property
(1.12) and the approximation property

(2.27) inf
χ∈Sh

{‖v − χ‖ + h‖∇(v − χ)‖} ≤ Chr‖v‖r.

Let uh and u be the solutions of (2.20) and (2.14), with vh chosen so that
‖vh − v‖ ≤ Chr‖v‖r. Then we have

‖∇(uh(t) − u(t))‖ ≤ Chr−1
(
‖v‖r +

∫ t

0

‖ut‖r ds
)
, for t ≥ 0.

Proof. This follows exactly as in Chapter 1 from (1.41), (1.12), and
(2.27). ⊓⊔

We shall end this chapter with an estimate of the error using the mean
square norm also in time. Note that the error bound does not contain the
time derivative of the solution.

Theorem 2.5 Assume that Th satisfies (i) and (ii) and let uh and u be the
solutions of (2.20) and (2.14), with vh = Phv. Then

(∫ t

0

‖uh − u‖2 ds
)1/2

≤ Chr
(∫ t

0

‖u‖2
r ds
)1/2

, for t ≥ 0.

Proof. We take the L2-inner product of the error equation (2.25) by e and
observe that since Th is selfadjoint, 2(Thet, e) = d

dt (The, e). Hence

d

dt
(The, e) + 2‖e‖2 = (ρ, e) ≤ ‖e‖2 + ‖ρ‖2.

After integration this shows

(The(t), e(t)) +

∫ t

0

‖e‖2 ds ≤ (The(0), e(0)) +

∫ t

0

‖ρ‖2 ds.
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We now note that The(0) = 0 for vh = Phv. For

(2.28) (The(0), w) = (Phv − v, Thw) = 0, ∀w ∈ L2,

since Thw ∈ Sh. Hence

(2.29)

∫ t

0

‖e‖2 ds ≤
∫ t

0

‖ρ‖2 ds,

and the result claimed now follows by (2.23). ⊓⊔

The above type of error analysis of finite element methods for parabolic
problems based on operators Th generalizing the standard Galerkin solution
operator of the elliptic problem was initiated in Bramble, Schatz, Thomée,
and Wahlbin [37] for homogeneous parabolic equations and followed up in
Thomée [228] for inhomogeneous equations. The method used here as a par-
ticular example was introduced in Nitsche [180]. Other examples include
Babuška’s method with Lagrangian multipliers [10], the method of inter-
polated boundary conditions by Berger, Scott, and Strang [24], [213], an
alternative method of Nitsche [181] which uses the bilinear form (2.3) with
γ = 0 under an additional assumption ensuring that the functions in Sh are
small on ∂Ω, and also a so called mixed method which we shall consider in
Chapter 17.

Another way of dealing with the problem of a curved boundary was con-
sidered in Bramble, Dupont, and Thomée [32] and Dupont [83] where the
finite element method is based on an approximating polygonal domain with
a correction built into the boundary values.

Problems with vanishing initial data but with inhomogeneous and non-
smooth boundary data are considered in Lasiecka [151].





3. Nonsmooth Data Error Estimates

In this chapter we shall first discuss a smoothing property of the solution op-
erator of a homogeneous parabolic equation which shows that the solution is
regular for positive time even if the initial data are not. We shall then demon-
strate that an analogous behavior for the finite element solution implies that
optimal order convergence takes place for positive time even for nonsmooth
initial data. We also show some other results which elucidate the relation
between the convergence of the finite element solution and the regularity of
the exact solution.

We begin by introducing some function spaces which are convenient in
describing the regularity of the solution of the initial boundary value problem
for a homogeneous parabolic equation. Consider thus

ut = ∆u in Ω, for t > 0,(3.1)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω,

where Ω is a bounded domain in R
d with smooth boundary ∂Ω. We associate

with it the eigenvalue problem

(3.2) −∆ϕ = λϕ in Ω, with ϕ = 0 on ∂Ω.

As is well-known, this eigenvalue problem admits a nondecreasing sequence
{λm}∞m=1 of positive eigenvalues, which tend to ∞ with m, and a cor-
responding sequence {ϕm}∞m=1 of eigenfunctions which form an orthonor-
mal basis in L2 = L2(Ω), so that each v ∈ L2 admits the representation
v =
∑∞

m=1(v, ϕm)ϕm, and Parseval’s relation,

(v, w) =

∞∑

m=1

(v, ϕm)(w,ϕm),

holds.
For s ≥ 0, let Ḣs = Ḣs(Ω) be the subspace of L2 defined by

|v|s =
( ∞∑

m=1

λs
m(v, ϕm)2

)1/2

< ∞.
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If we formally introduce nonnegative powers of the operator −∆ by

(3.3) (−∆)sv =

∞∑

m=1

λs
m(v, ϕm)ϕm, for s ≥ 0,

we may alternatively express the definition of | · |s as

|v|s = ‖(−∆)s/2v‖ = ((−∆)sv, v)1/2.

Note that by (3.2), (3.3) agrees with the standard definition of (−∆)s for s
integer when v is a finite linear combination of eigenfunctions.

We have the following characterization which makes this latter definition
precise for s integer. Recall that for Ω an appropriately regular domain in
R

d we define Hs = Hs(Ω), for s a nonnegative integer, by the norm

‖v‖s = ‖v‖Hs =
( ∑

|α|≤s

‖Dαv‖2
)1/2

, where ‖ · ‖ = ‖ · ‖L2
.

Lemma 3.1 For s a nonnegative integer we have

Ḣs = {v ∈ Hs; ∆jv = 0 on ∂Ω, for j < s/2},

where the boundary conditions are interpreted in the sense of traces in
L2(∂Ω), and the norms | · |s = ‖ · ‖Ḣs and ‖ · ‖s = ‖ · ‖Hs are equivalent

in Ḣs, with

|v|s =

{
‖∆pv‖, if s = 2p,

‖∇(∆pv)‖, if s = 2p + 1.

Proof. We first show that if v ∈ H1, with v = 0 on ∂Ω, then v ∈ Ḣ1 and
|v|1 ≤ ‖v‖1. In fact, for v ∈ C∞

0 (Ω) we have

λm(v, ϕm) = (v, λmϕm) = −(v,∆ϕm) = −(∆v,ϕm),

and hence, using Parseval’s relation,

|v|21 =

∞∑

m=1

λm(v, ϕm)2 = −
∞∑

m=1

(v, ϕm)(∆v,ϕm)

= −(v,∆v) = ‖∇v‖2 ≤ ‖v‖2
1.

Since C∞
0 (Ω) is dense in {v ∈ H1; v = 0 on ∂Ω}, this shows the result.

For v ∈ H2p+1 with ∆jv = 0 on ∂Ω for j ≤ p we have hence

|v|22p+1 =

∞∑

m=1

λ2p+1
m (v, ϕm)2 =

∞∑

m=1

λm(v, λp
mϕm)2

=

∞∑

m=1

λm((−∆)pv, ϕm)2 = ‖∇(∆pv)‖2 ≤ C‖v‖2
2p+1.
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Similarly, if v ∈ H2p with ∆jv = 0 on ∂Ω for j < p, we have

|v|22p =
∞∑

m=1

λ2p
m (v, ϕm)2 =

∞∑

m=1

(v, λp
mϕm)2

=
∞∑

m=1

((−∆)pv, ϕm)2 = ‖∆pv‖2 ≤ C‖v‖2
2p.

We have thus shown that if v ∈ Hs and ∆jv = 0 on ∂Ω for j < s/2, then
v ∈ Ḣs and |v|s ≤ C‖v‖s.

We now turn to the opposite inclusion. Let s = 2p and let ṽ be any
linear combination of finitely many of the eigenfunctions ϕm. Then, by the
above computation, ‖∆pṽ‖ = |ṽ|2p. On the other hand, by the well-known
regularity estimate for the elliptic operator ∆p (cf., e.g., Lions and Magenes
[156]), we have in view of the boundary conditions ∆j ṽ = 0 on ∂Ω for j < p,
that ‖ṽ‖2p ≤ C‖∆pṽ‖ = C|ṽ|2p. Since the ṽ are dense in Ḣ2p, we conclude

that v ∈ Ḣ2p implies v ∈ H2p and ‖v‖2p ≤ C|v|2p for v ∈ Ḣ2p. By a trace
inequality (cf. [156]),

‖∆jv‖L2(∂Ω) ≤ C‖∆jv‖1 ≤ C‖v‖2p, for j < p,

and since the ∆j ṽ vanish on ∂Ω, we conclude that this holds for ∆jv as well.
The proof for s odd is similar; for s = 1 one uses Friedrichs’ inequality

(1.4) which shows ‖ṽ‖1 ≤ C‖∇ṽ‖ = C|ṽ|1. ⊓⊔
We emphasize that the boundary conditions in Ḣr are quite restrictive in

applications. For instance, in the one-dimensional situation with Ω = (0, 1),
the very regular function v(x) = x(1−x), which vanishes at x = 0, 1, belongs
to Ḣ2, but not to Ḣ3, because ∆v = v′′ = −2 does not vanish at x = 0, 1.

The solution of our initial boundary value problem (3.1) may now be
represented, with E(t) the associated solution operator, as

u(x, t) = (E(t)v)(x) =
∞∑

m=1

e−tλm(v, ϕm)ϕm(x).

Setting Dt = ∂/∂t, we note that a solution u(t) = E(t)v of (3.1) which is in
C∞(Ω̄ × [0,∞)) satisfies ∆ju(t) = Dj

t u(t) = 0 on ∂Ω for t > 0, and hence
the initial data also satisfy ∆jv = 0 on ∂Ω for any j ≥ 0, so that v ∈ Ḣs for
any s ≥ 0. Even when the initial function v is less regular it is still the case
that u(t) ∈ Ḣs for any t > 0 and any s ≥ 0, as follows from the following
regularity result. We remark that this is related to the fact that E(t) is an
analytic semigroup on L2, which is a topic we will discuss in more detail in
Chapter 5 below.

Lemma 3.2 If v ∈ L2 then the solution u(t) = E(t)v of (3.1) belongs to Ḣs

for any s ≥ 0, if t > 0. If 0 ≤ s ≤ q and l ≥ 0, and if v ∈ Ḣs, we have

|Dl
tE(t)v|q ≤ Ct−(q−s)/2−l|v|s, for t > 0.
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Proof. We have with C = supτ>0(τ
q−s+2le−2τ )

|Dl
tE(t)v|2q = |(−∆)lE(t)v|2q =

∞∑

m=1

λq+2l
m e−2λmt(v, ϕm)2

≤ Ct−(q−s)−2l
∞∑

m=1

λs
m(v, ϕm)2 = Ct−(q−s)−2l|v|2s. ⊓⊔

We now return to the discussion of the spatially semidiscrete approxima-
tion of our initial value problem within the framework introduced in Chapter
2. We assume thus again that {Sh} is a family of finite dimensional subspaces
of L2, and {Th} a family of operators Th : L2 → Sh, approximating the exact
solution operator T of the Dirichlet problem

−∆u = f in Ω, with u = 0 on ∂Ω,

such that

(i) Th is selfadjoint, positive semidefinite on L2, and positive definite on Sh.

(ii) There is a positive integer r ≥ 2 such that

‖(Th − T )f‖ ≤ Chs‖f‖s−2, for 2 ≤ s ≤ r, f ∈ Hs−2.

The semidiscrete analogue of (3.1) is then defined as

(3.4) Thuh,t + uh = 0, for t > 0, with uh(0) = vh.

or, if we set ∆h = −T−1
h : Sh → Sh,

uh,t − ∆huh = 0, for t > 0, with uh(0) = vh.

The error estimate proved earlier in Theorem 2.3 for the inhomogeneous
equation shows for the homogeneous equation that if vh is chosen so that
‖vh − v‖ ≤ hr‖v‖r, e.g., for vh = Phv or vh = Rhv, then, if v ∈ Ḣr+ε with
ε > 0, we have, for t bounded,

(3.5) ‖uh(t) − u(t)‖ ≤ Cεh
r|v|r+ε.

In fact, in this case, by Lemma 3.2,

‖ut(s)‖r = ‖∆u(s)‖r ≤ C‖u(s)‖r+2 ≤ C|u(s)|r+2 ≤ Cs−(1−ε/2)|v|r+ε,

so that
∫ t

0

‖ut‖r ds ≤ C|v|r+ε

∫ t

0

s−(1−ε/2) ds = 2Cε−1tε/2|v|r+ε.

Since ‖v‖r ≤ C|v|r+ε, Theorem 2.3 therefore shows (3.5).
We shall prove the following slightly sharper smooth data error estimate:
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Theorem 3.1 Assume that (i) and (ii) hold, that v ∈ Ḣr, and that

(3.6) ‖vh − v‖ ≤ Chr|v|r.

Then we have for the error in the semidiscrete parabolic problem (3.4)

‖uh(t) − u(t)‖ ≤ Chr|v|r, for t ≥ 0.

The proof of this result will depend on the following:

Lemma 3.3 Assume that Th is positive semidefinite on L2 and that

(3.7) Thet + e = ρ, for t ≥ 0, with The(0) = 0.

Then

‖e(t)‖2 ≤ C
(
‖ρ(t)‖2 +

1

t

∫ t

0

(‖ρ‖2 + s2‖ρt‖2) ds
)
, for t > 0.

Proof. Taking inner products of (3.7) by 2et we find

2(Thet, et) +
d

dt
‖e‖2 = 2(ρ, et),

or, since Th is positive semidefinite,

d

dt
‖e‖2 ≤ 2(ρ, et) = 2

d

dt
(ρ, e) − 2(ρt, e).

Multiplying by t, we obtain

d

dt
(t‖e‖2) ≤ 2

d

dt
(t(ρ, e)) − 2t(ρt, e) + ‖e‖2 − 2(ρ, e),

so that, after integration,

t‖e(t)‖2 ≤ 2t‖ρ(t)‖ ‖e(t)‖ +

∫ t

0

(‖e‖2 + 2‖ρ‖ ‖e‖ + 2s‖ρt‖ ‖e‖) ds,

or

(3.8) ‖e(t)‖2 ≤ C
(
‖ρ(t)‖2 +

1

t

∫ t

0

(‖e‖2 + ‖ρ‖2 + s2‖ρt‖2) ds
)
.

We now recall from (2.29) that

∫ t

0

‖e‖2 ds ≤
∫ t

0

‖ρ‖2 ds.

Together with (3.8), this completes the proof. ⊓⊔

As an immediate consequence we have:
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Lemma 3.4 Under the assumptions of Lemma 3.3, we have

‖e(t)‖ ≤ C sup
s≤t

(s‖ρt(s)‖ + ‖ρ(s)‖), for t ≥ 0.

We also note for later use that the coefficient of the first term on the right
can be made small:

Lemma 3.5 Under the assumptions of Lemma 3.3 we have, for ε > 0 arbi-
trary,

‖e(t)‖ ≤ ε sup
s≤t

(s‖ρt(s)‖) + Cε sup
s≤t

‖ρ(s)‖, for t ≥ 0.

Proof. It follows by an obvious modification of the proof of Lemma 3.3 that

‖e(t)‖2 ≤ ε2

t

∫ t

0

s2‖ρt‖2 ds + Cε

(
‖ρ(t)‖2 +

1

t

∫ t

0

‖ρ‖2 ds
)
,

and hence the result. ⊓⊔
Proof of Theorem 3.1. We first note that it is sufficient to consider the case
vh = Phv; using (3.6) this follows at once from

‖Eh(t)(Phv − vh)‖ ≤ ‖Phv − vh‖ ≤ ‖Phv − v‖ + ‖v − vh‖ ≤ Chr|v|r,
where Eh(t) denotes the solution operator of the semidiscrete problem.

Recall from (2.25) that the error e = uh − u satisfies the equation

(3.9) Thet + e = ρ, where ρ = −(Th − T )∆u = −(Th − T )ut,

and from (2.28) that The(0) = 0 for vh = Phv. We are thus in a position to
apply Lemma 3.4. Using (ii) and Lemma 3.4, we have, for s ≥ 0,

‖ρ(s)‖ ≤ Chr‖ut(s)‖r−2 ≤ Chr‖u(s)‖r ≤ Chr|v|r,
and similarly,

s‖ρt(s)‖ ≤ Chrs‖ut(s)‖r ≤ Chrs‖u(s)‖r+2 ≤ Chr|v|r.
These estimates complete the proof of the theorem. ⊓⊔

Note that in the proof of this theorem, the estimate of assumption (ii) is
used only for f ∈ Ḣr−2 and not for general f ∈ Hr−2. Similar remarks apply
to Theorems 3.2 and 3.3 below.

We now turn to the situation when v is not regular enough to belong to
Ḣr. We shall show that, nevertheless, we have optimal order convergence for
t positive.

We shall first consider the case of the standard Galerkin method when
Sh ⊂ H1

0 and satisfies (1.10), and when Th in (3.4) is defined by

(3.10) (∇Thf,∇χ) = (f, χ), ∀χ ∈ Sh.

Recall that in this case, with Rhu ∈ Sh defined by (1.22) we have Rh = −Th∆,
and hence ‖Rhu − u‖ ≤ Ch‖u‖1. We then have the following:
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Theorem 3.2 With Th defined by the standard Galerkin method, i.e., by
(1.10) and (3.10), and with vh = Phv, we have for the error in the semidis-
crete parabolic problem (3.4)

(3.11) ‖uh(t) − u(t)‖ ≤ Chrt−r/2‖v‖, for t > 0.

Proof. We first prove, as usual with e = uh − u, that

(3.12) ‖e(t)‖ ≤ Cht−1/2‖v‖,

and then show the theorem from this by an iteration argument.
We shall apply Lemma 3.3. This time (3.9) holds with ρ = Rhu − u, and

hence, using the estimate for the elliptic projection of Lemma 1.1 and the
regularity estimate of Lemma 3.2 for the exact solution,

‖ρ(t)‖ = ‖Rhu(t) − u(t)‖ ≤ Ch‖u(t)‖1 ≤ Cht−1/2‖v‖.

Recalling the definition of the norm in Ḣ1 we also have

∫ t

0

‖ρ‖2 ds ≤ Ch2

∫ t

0

‖u||21 ds ≤ Ch2

∫ t

0

∞∑

m=1

λm(u(s), ϕm)2 ds

≤ Ch2

∫ ∞

0

∞∑

m=1

λme−2λms(v, ϕm)2 ds ≤ Ch2
∞∑

m=1

(v, ϕm)2 = Ch2‖v‖2.

Finally, in the same way,

∫ t

0

s2‖ρt‖2 ds ≤ Ch2

∫ t

0

s2‖ut‖2
1 ds ≤ Ch2

∫ t

0

s2‖u‖2
3 ds

≤ Ch2

∫ ∞

0

∞∑

m=1

λ3
m(v, ϕm)2s2e−2λms ds ≤ Ch2

∞∑

m=1

(v, ϕm)2 = Ch2‖v‖2.

By Lemma 3.3 these estimates show (3.12).
Introducing now the error operator Fh(t) by

e(t) = Fh(t)v = Eh(t)Phv − E(t)v = uh(t) − u(t),

with Eh(t) the solution operator of (3.4), (3.11) may be stated as

(3.13) ‖Fh(t)v‖ ≤ Chrt−r/2‖v‖, for t > 0.

Since clearly Fh(t) is bounded in L2, it is no restriction to assume ht−1/2 ≤ 1.
We have the identity

Fh(t) = Fh(t/2)E(t/2) + E(t/2)Fh(t/2) + Fh(t/2)2.

In fact, using our definitions and the semigroup property E(t+s) = E(t)E(s),
and similarly for Eh(t), the right-hand side equals
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(Eh(t/2)Ph − E(t/2))E(t/2) + E(t/2)(Eh(t/2)Ph − E(t/2))

+ (Eh(t/2)Ph − E(t/2))2 = Eh(t/2)2Ph − E(t/2)2 = Fh(t).

We have, using Theorem 3.1 and Lemma 3.2,

‖Fh(t/2)E(t/2)v‖ ≤ Chr|E(t/2)v|r ≤ Chrt−r/2‖v‖.

Noting that Fh(t/2) and E(t/2) are selfadjoint, we see that the product
E(t/2)Fh(t/2) is the adjoint of Fh(t/2)E(t/2) and thus has the same norm,
considered as an operator on L2, so that

‖E(t/2)Fh(t/2)v‖ ≤ Chrt−r/2‖v‖.

Also, by (3.12),
‖Fh(t/2)2v‖ ≤ Cht−1/2‖Fh(t/2)v‖,

so that, altogether,

‖Fh(t)v‖ ≤ Chrt−r/2‖v‖ + Cht−1/2‖Fh(t/2)v‖.

By repeated application we have, since ht−1/2 ≤ 1,

‖Fh(t)v‖ ≤ Chrt−r/2‖v‖ + C(ht−1/2)s‖Fh(t/2s)v‖.

Choosing s = r and noting that ‖Fh(t/2r)v‖ ≤ 2‖v‖ completes the proof of
(3.13), and thus of the theorem. ⊓⊔

We note in passing that since uh and u are bounded, t may be replaced
by t + h2 in the bound in (3.11).

We shall now turn to the more general situation when we only know that
(i) and (ii) hold. We have the following:

Theorem 3.3 Assume that (i), (ii) hold, and that vh = Phv. Then we have
for the error in the semidiscrete parabolic problem (3.4)

‖uh(t) − u(t)‖ ≤ Chrt−r/2‖v‖, for t > 0.

Proof. We shall prove the result for r = 2. The same bootstrapping argument
as in Theorem 3.2 may then be used to complete the proof.

Recalling the error equation (3.9) and setting ρ̃(t) =
∫ t

0
ρ(s) ds, we shall

prove for the error e = uh − u

(3.14) ‖e(t)‖ ≤ Ct−1 sup
s≤t

{s2‖ρt(s)‖ + s‖ρ(s)‖ + ‖ρ̃(s)‖}.

Assuming that this has already been accomplished, we have by (ii) and
Lemma 3.2,

s‖ρ(s)‖ = s‖(Th − T )ut(s)‖ ≤ Ch2s‖ut(s)‖ ≤ Ch2‖v‖
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and
s2‖ρt(s)‖ = s2‖(Th − T )utt(s)‖ ≤ Ch2s2‖utt(s)‖ ≤ Ch2‖v‖.

Since

‖ρ̃(s)‖ = ‖
∫ s

0

(Th − T )utdσ‖ = ‖(Th − T )(u(s) − v)‖

≤ Ch2(‖u(s)‖ + ‖v‖) ≤ Ch2‖v‖,

we conclude ‖e(t)‖ ≤ Ch2t−1‖v‖, which is the desired estimate for r = 2.
It remains to prove (3.14). For this we set w = te and note that by (3.9)

w satisfies
Thwt + w = η := tρ + The.

By Lemma 3.5 we therefore find

‖w(t)‖ ≤ ε sup
s≤t

(s‖ηt(s)‖) + Cε sup
s≤t

‖η(s)‖.

Here
‖η(s)‖ ≤ s‖ρ(s)‖ + ‖The(s)‖,

and, using (3.9),

s‖ηt(s)‖ ≤ s2‖ρt(s)‖ + s‖ρ(s)‖ + s‖Thet(s)‖

≤ s2‖ρt(s)‖ + 2s‖ρ(s)‖ + s‖e(s)‖ = s2‖ρt(s)‖ + 2s‖ρ(s)‖ + ‖w(s)‖.

With ε = 1/2, say, we conclude, for all t ≥ 0,

‖w(t)‖ ≤ 1
2 sup

s≤t
‖w(s)‖ + C sup

s≤t
(s2‖ρt(s)‖ + s‖ρ(s)‖ + ‖The(s)‖).

Choosing τ = τ(t) such that sups≤t ‖w(s)‖ = ‖w(τ)‖, we have

(3.15) ‖w(t)‖ ≤ ‖w(τ)‖ ≤ C sup
s≤t

(s2‖ρt(s)‖ + s‖ρ(s)‖ + ‖The(s)‖).

We now estimate The. For this purpose we integrate the error equation
(3.9) over (0, t), keeping in mind that The(0) = 0, to obtain

The + ẽ = Thẽt + ẽ = ρ̃, with ẽ(t) =

∫ t

0

e ds.

It follows from Lemma 3.4 that

‖ẽ(t)‖ ≤ C sup
s≤t

(s‖ρ̃t(s)‖ + ‖ρ̃(s)‖) ≤ C sup
s≤t

(s‖ρ(s)‖ + ‖ρ̃(s)‖),

and hence also
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‖The(t)‖ ≤ ‖ẽ(t)‖ + ‖ρ̃(t)‖ ≤ C sup
s≤t

(s‖ρ‖ + ‖ρ̃‖).

Combining this with our previous estimate (3.15), we have

‖w(t)‖ ≤ C sup
s≤t

(s2‖ρt‖ + s‖ρ‖ + ‖ρ̃‖),

which is (3.14). The proof of the theorem is now complete. ⊓⊔

We shall now show some similar estimates for time derivatives of the error
(or the error in the time derivatives). Recall the notation Dt = ∂/∂t.

Theorem 3.4 Assume that (i) and (ii) hold, and that vh = Phv. Then we
have for the error in the semidiscrete parabolic problem (3.4)

‖Dl
t(uh(t) − u(t))‖ ≤ Chrt−r/2−l‖v‖, for t > 0, l ≥ 0.

Proof. The proof will be by induction over l, with the case l = 0 clear by
Theorem 3.3. Assume thus the result already shown for l − 1 with l ≥ 1.
Setting e(l) = Dl

te, etc., we have, by differentiation of (3.9),

The
(l)
t + e(l) = ρ(l).

Multiplication by tr/2+l gives, since The
(l−1)
t = The(l),

Th(tr/2+le(l))t + tr/2+le(l) = tr/2+lρ(l) + (1
2r + l)tr/2+l−1The(l)

= tr/2+lρ(l) + (1
2r + l)tr/2+l−1(ρ(l−1) + e(l−1)),

and application of Lemma 3.5 yields (note that Th(tr/2+le(l)(t)) = 0 for t = 0)

tr/2+l‖e(l)(t)‖ ≤ ε sup
s≤t

(sr/2+l‖e(l)(s)‖)

+ Cε sup
s≤t

( 1∑

j=−1

sr/2+l+j‖ρ(l+j)(s)‖ + sr/2+l−1‖e(l−1)(s)‖
)
.

Now since ρ(q) = −(Th − T )u(q+1), we have by (ii) and Lemma 3.2, for any
q ≥ 0,

sr/2+q‖ρ(q)(s)‖ ≤ Chrsr/2+q‖u(q+1)(s)‖r−2 ≤ Chr‖v‖,
and, using our induction assumption, sr/2+l−1‖e(l−1)(s)‖ ≤ Chr‖v‖. Hence,
choosing ε < 1 above, the result follows in the same way as in the proof of
Theorem 3.3. ⊓⊔

Recall that the convergence rate for the solution uh of (3.4) is of order
O(hr), uniformly down to t = 0, if the initial v data belong to Ḣr. If the order
of regularity of v is lower, only a correspondingly weaker convergence estimate
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may be proved, uniformly for t ≥ 0. We have also seen that even without any
regularity assumption on initial data, the rate of convergence is O(hr) for t
bounded away from 0, but the bound then depends in a singular way on t as
t tends to 0. The order of this singularity depends on the smoothness of v.
These remarks are put into quantitative form in the following theorem.

Theorem 3.5 Assume that (i), (ii) hold, and that vh = Phv. If v ∈ Ḣs

and 0 ≤ s ≤ q ≤ r, then we have for the error in the semidiscrete parabolic
problem (3.4)

(3.16) ‖uh(t) − u(t)‖ ≤ Chqt−(q−s)/2|v|s, for t > 0.

Proof. We first show (3.16) for s = q. We write

v =
∑

h2λj≤1

(v, ϕj)ϕj +
∑

h2λj>1

(v, ϕj)ϕj = v1 + v2.

By Theorem 3.1 we have ‖Fh(t)v1‖ ≤ Chr|v1|r, where

|v1|2r =
∑

h2λj≤1

λr
j(v, ϕj)

2 ≤ h−2(r−q)
∞∑

j=1

λq
j(v, ϕj)

2 = h2(q−r)|v|2q.

Further, by the stability of the discrete and continuous problems,

‖Fh(t)v2‖2 ≤ C‖v2‖2 = C
∑

h2λm≥1

(v, ϕm)2

≤ Ch2q
∞∑

m=1

λq
m(v, ϕm)2 = Ch2q|v|2q.

Thus
‖uh(t) − u(t)‖ = ‖Fh(t)(v1 + v2)‖ ≤ Chq|v|q.

For a general s with 0 ≤ s ≤ q, we now write

v =
∑

tλm≤1

(v, ϕm)ϕm +
∑

tλm>1

(v, ϕm)ϕm = vI + vII .

Using the result for s = q we have

(3.17) ‖Fh(t)vI‖2 ≤ Ch2q|vI |2q = Ch2q
∑

tλm≤1

λq
m(v, ϕm)2

= Ch2qt−(q−s)
∑

tλm≤1

(tλm)q−sλs
m(v, ϕm)2 ≤ Ch2qt−(q−s)|v|2s.

We also note that

‖Fh(t)vII‖ ≤ Chqt−q/2‖vII‖.
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This follows at once by stability for h2t−1 > 1, and for h2t−1 ≤ 1 by Theorem
3.2 since then hrt−r/2 ≤ hqt−q/2. Since

‖vII‖2 =
∑

tλm>1

(v, ϕm)2 ≤ ts
∞∑

m=1

λs
m(v, ϕm)2 = ts|v|2s,

we conclude

(3.18) ‖Fh(t)vII‖ ≤ Chqt−(q−s)/2|v|s.

Together (3.17) and (3.18) show our claim. ⊓⊔

We shall now briefly describe an alternative way of deriving the above non-
smooth data error estimates in the case of the standard Galerkin method, in
which the main technical device is the use of a dual backward inhomogeneous
parabolic equation with vanishing final data, and which avoids the use of the
operators Th and T . We begin with an auxiliary error estimate for the initial
boundary value problem

ut − ∆u = f in Ω, t > 0,

u = 0 on ∂Ω, t > 0, u(0) = 0 in Ω,(3.19)

and its semidiscrete analogue

(3.20) (uh,t, χ) + (∇uh,∇χ) = (f, χ), χ ∈ Sh, t > 0, uh(0) = 0.

Lemma 3.6 Let e = uh −u, where uh and u are the solutions of (3.20) and
(3.19). Then

∫ t

0

(
‖et‖2 + h−2‖e‖2

1

)
ds ≤ C

∫ t

0

‖f‖2 ds, for t ≥ 0.

Proof. We have

(3.21) (et, χ) + (∇e,∇χ) = 0 ∀χ ∈ Sh, t ≥ 0,

and hence writing e = θ + ρ in the usual way, since θ ∈ Sh,

(et, e) + (∇e,∇e) = (et, ρ) + (∇e,∇ρ) ≤ ‖et‖‖ρ‖ + ‖∇e‖‖∇ρ‖

≤ C
(
h2‖et‖2 + h−2‖ρ‖2 + ‖∇ρ‖2

)
+ 1

2‖∇e‖2.

By integration and using the standard estimates for ρ, and since e(0) = 0, it
follows that ∫ t

0

‖e‖2
1 ds ≤ Ch2

∫ t

0

(
‖et‖2 + ‖u‖2

2

)
ds.

Further, since et = uh,t − ut,
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∫ t

0

‖et‖2 ds ≤ C

∫ t

0

(
‖ut‖2 + ‖uh,t‖2

)
ds.

By simple energy arguments we find

∫ t

0

(
‖ut‖2 + ‖uh,t‖2 + ‖u‖2

2

)
ds ≤ C

∫ t

0

‖f‖2 ds.

Together these estimates complete the proof. ⊓⊔

Out next lemma concerns the homogeneous parabolic equation and its
semidiscrete analogue

(3.22) (uh,t, χ) + (∇uh,∇χ) = 0, ∀χ ∈ Sh, t > 0, uh(0) = Phv.

Lemma 3.7 Let e = uh −u, where uh and u are the solutions of (3.22) and
(3.1), with vh = Phv. Then

∫ t

0

‖e‖2 ds ≤ Ch2‖v‖2, for t > 0.

Proof. We shall show the estimate for a fixed t = t0. For this purpose consider
the backward problem

−zt − ∆z = e in Ω, for t ≤ t0,

z = 0 on ∂Ω, for t ≤ t0, z(t0) = 0 in Ω,
(3.23)

and let zh be the solution of the corresponding semidiscrete problem

− (zh,t, χ) + (∇zh,∇χ) = (e, χ), ∀χ ∈ Sh, t ≤ t0, zh(t0) = 0.

Noting that (3.21) holds also in the present case we use this with χ = zh to
obtain

‖e‖2 = −(e, zt + ∆z) = − d

dt
(e, z) + (et, z) + (∇e,∇z)

= − d

dt
(e, z) − (et, zh − z) − (∇e,∇(zh − z))

= − d

dt
(e, zh) + (e, zh,t − zt) − (∇e,∇(zh − z)).

The error δ = zh − z satisfies

−(χ, δt) + (∇χ,∇δ) = 0, ∀χ ∈ Sh, for t ≤ t0,

and recalling that e = θ + ρ, with θ ∈ Sh, we find

‖e‖2 = − d

dt
(e, zh) + (ρ, δt) − (∇ρ,∇δ).



50 3. Nonsmooth Data Error Estimates

By integration, noting that zh(t0) = e(0) = 0,

∫ t0

0

‖e‖2 ds ≤ ε

∫ t0

0

(
‖δt‖2 + h−2‖δ‖2

1

)
ds + Cε

∫ t0

0

(
‖ρ‖2 + h2‖ρ‖2

1

)
ds.

Using Lemma 3.6 for the backward problem (3.23), we have

∫ t0

0

(
‖δt‖2 + h−2‖δ‖2

1

)
ds ≤ C̃

∫ t0

0

‖e‖2 ds,

and if C̃ε ≤ 1/2 we may conclude

∫ t0

0

‖e‖2 ds ≤ C

∫ t0

0

(
‖ρ‖2 + h2‖ρ‖2

1

)
ds ≤ Ch2

∫ t0

0

‖u‖2
1 ds ≤ Ch2‖v‖2,

which completes the proof. Note that C is independent of t0. ⊓⊔

Using this lemma we finally show the estimate (3.12) in the present case.
The bootstrapping argument of the proof of Theorem 3.2 then implies (3.11).

Lemma 3.8 Under the assumptions of Lemma 3.7, we have

‖e(t)‖ ≤ Cht−1/2‖v‖, for t > 0.

Proof. Since ρ(t) is bounded as desired by ‖ρ(t)‖ ≤ Ch‖u(t)‖1 ≤ Cht−1/2‖v‖,
it remains to consider θ = uh − Rhu, which satisfies

(θt, χ) + (∇θ,∇χ) = −(ρt, χ), ∀χ ∈ Sh, for t ≥ 0.

Choosing χ = 2θ we obtain, after multiplication by t,

d

dt
(t‖θ‖2) + 2t‖∇θ‖2 = ‖θ‖2 − 2t(ρt, θ).

Integration yields

t‖θ‖2 ≤ C

∫ t

0

‖θ‖2 ds + C

∫ t

0

s2‖ρt‖2 ds

≤ C

∫ t

0

‖e‖2 ds + C

∫ t

0

(
‖ρ‖2 + s2‖ρt‖2

)
ds ≤ Ch2‖v‖2,

where in the last step we have used Lemma 3.7 and the estimates for ρ and
ρt of the proof of Theorem 3.2. This completes the proof. ⊓⊔

The above nonsmooth data results are related to the following smoothing
property of Eh(t) which is analogous to that of E(t) shown in Lemma 3.2.

Lemma 3.9 Assume that (i) holds. Then for each l ≥ 0 there is a constant
Cl, with C0 = 1, such that, for the solution uh(t) = Eh(t)vh of (3.4) with
f = 0,

‖Dl
tEh(t)vh‖ ≤ Clt

−l‖vh‖, for t > 0.
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Proof. Letting λh
j and ϕh

j , j = 1, . . . , Nh, be the eigenvalues and orthonormal
eigenfunctions of the positive definite operator −∆h we may write

Eh(t)vh =

Nh∑

j=1

e−λh
j t(vh, ϕh

j )ϕh
j ,

from which we conclude

‖Dl
tEh(t)vh‖2 =

Nh∑

j=1

(λh
j )2le−2λh

j t(vh, ϕh
j )2 ≤ Clt

−2l
Nh∑

j=1

(vh, ϕh
j )2

= Clt
−2l‖vh‖2, where Cl = sup

s>0
(s2le−2s). ⊓⊔

We note that as a consequence of this Lemma 3.9, the time derivatives
of the error caused by choosing other initial data than Phv in Theorems 3.4
and 3.6 may be bounded by

‖Dl
tEh(t)(vh − Phv)‖ ≤ Ct−l‖vh − Phv‖.

We shall complete this discussion by using our error estimates for the
homogeneous problem to show that in order to obtain optimal order error
estimates for the inhomogeneous equation, with time bounded away from
zero, stringent regularity assumptions only have to be imposed near the time
at which the error estimate is sought. We consider thus

ut − ∆u = f in Ω, t > 0,

u = 0 on ∂Ω, t > 0, u = v in Ω, for t = 0,

and the semidiscrete analogue of this problem

(3.24) Thuh,t + uh = Thf, for t > 0, with uh(0) = vh.

We shall prove the following:

Theorem 3.6 Assume that (i) and (ii) hold, and that vh = Phv. Then for
any l ≥ 0, t ≥ δ > 0, we have for the error in the semidiscrete parabolic
problem (3.24), for t ≥ δ,

‖Dl
t(uh(t) − u(t))‖ ≤ Chr

(
‖v‖ +

∫ t

0

‖f‖ ds +
∑

j≤l+1

∫ t

t−δ

‖Dj
t u(s)‖r ds

)
.

Proof. We shall consider a fixed t = t0 > δ. Let ϕ ∈ C∞ be such that ϕ(t) = 1
for t ≥ −3δ/4, ϕ(t) = 0 for t ≤ −δ. Set ϕ1(t) = ϕ(t − t0). We now write
u = u1 +u2 +u3, where u1 = uϕ1 and u2 is the solution of the homogeneous
equation,
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(3.25) u2,t − ∆u2 = 0, for t > 0, with u2(0) = v.

Since

(3.26) u1,t − ∆u1 = f1 := fϕ1 + uϕ′
1, for t > 0, with u1(0) = 0,

it follows that u3 satisfies

(3.27) u3,t − ∆u3 = f3 := f(1 − ϕ1) − uϕ′
1, for t > 0, with u3(0) = 0.

We notice that f1 and f3 vanish for t ≤ t0− δ and t ≥ t0−3δ/4, respectively.
Let uj,h, j = 1, 2, 3, be the semidiscrete approximations of problems

(3.26), (3.25), and (3.27) with u1,h(0) = u3,h(0) = 0, u2,h(0) = Phv, and

set ej = uj,h − uj . Since, by linearity, e = uh − u =
∑3

j=1 ej , it suffices to
estimate ej(t0), j = 1, 2, 3, by the right-hand side of the estimate claimed.

Consider first the error in u1. It follows by Theorem 2.3 that since Dl
tu1

satisfies the equation resulting from (3.26) by differentiation and Dl
tu1,h its

discrete counterpart, with both these functions vanishing for small t,

‖Dl
te1(t0)‖ ≤ Chr

∫ t0

0

‖Dl+1
t u1‖r ds ≤ Chr

∑

j≤l+1

∫ t0

t0−δ

‖Dj
t u‖r ds.

For u2, the solution of the homogeneous equation, we have by Theorem
3.4 above

‖Dl
te2(t0)‖ ≤ Chrt

−r/2−l
0 ‖v‖ ≤ C(δ)hr‖v‖.

For the purpose of dealing with u3, finally, we utilize again the error
operator Fh(t) = Eh(t)Ph − E(t), and recall that by above

‖Dl
tFh(t)v‖ ≤ Chr‖v‖, for t ≥ δ/4.

We observe now that by superposition we may write, for t > t0 − δ/2,

e3(t) =

∫ t

0

Fh(t − s)f3(s) ds =

∫ t0−3δ/4

0

Fh(t − s)f3(s) ds,

and hence

Dl
te3(t0) =

∫ t0−3δ/4

0

Dl
tFh(t0 − s)f3(s) ds.

Therefore, since t0 − s is bounded below,

‖Dl
te3(t0)‖ ≤ Chr

∫ t0−3δ/4

0

‖f3(s)‖ ds

≤ Chr

∫ t0

0

(‖f‖ + ‖u‖) ds ≤ Chr
(
‖v‖ +

∫ t0

0

‖f‖ ds
)
.

Here the last step follows by the fact that
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d

dt
‖u‖2 + 2‖∇u‖2 = 2(f, u) ≤ 2‖f‖ ‖u‖,

and hence in the standard way

‖u(t)‖ ≤ ‖v‖ +

∫ t

0

‖f‖ ds, for t ≥ 0.

This completes the proof. ⊓⊔

We shall close this chapter by using Lemma 3.9 to show an almost optimal
order error estimate for the inhomogeneous problem (3.4), in which the error
bound does not contain any time derivative of the exact solution. In this we
need to assume the inverse estimate

(3.28) ‖∆hχ‖ ≤ Ch−β‖χ‖, for χ ∈ Sh, with β > 0.

For the standard Galerkin method, with the inverse assumption (1.12), valid
for quasiuniform triangulations, the estimate (3.28) holds with β = 2, since,
for χ ∈ Sh,

‖∆hχ‖2 = −(∇(∆hχ),∇χ) ≤ ‖∇(∆hχ)‖ ‖∇χ‖ ≤ Ch−2‖∆hχ‖ ‖χ‖,

and similarly one obtains for Nitsche’s method, using Lemma 2.1,

‖∆hχ‖2 = −Nγ(∆hχ, χ) ≤ C‖|∆hχ‖| ‖|χ‖| ≤ Ch−2‖∆hχ‖ ‖χ‖.

The estimate (3.28) holds for more general families of triangulations than
quasiuniform ones.

Theorem 3.7 Assume that (i), (ii), and (3.28) hold, and let uh and u be
the solutions of (2.20) and (2.14), with vh = Rhv := −Th∆v. Then

‖uh(t) − u(t)‖ ≤ Chr max
(
1, log

t

hβ

)
sup

0≤s≤t
‖u(s)‖r, for t ≥ 0.

Proof. As on previous occasions we write

uh − u = (uh − Rhu) + (Rhu − u) = θ + ρ.

From (2.23) we have
‖ρ(t)‖ ≤ Chr‖u(t)‖r,

and it remains to bound θ = uh−Rhu. We obtain by (3.24), since RhT = Th,

Thθt + θ = Thf − (ThRhut + Rhu) = −Thρt = −ThPhρt,

where in the last step we have used (2.24). We therefore have

θt − ∆hθ = −Phρt, for t > 0, with θ(0) = 0,
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and hence by Duhamel’s principle, as in (1.37) for the standard Galerkin
method,

θ(t) = −
∫ t

0

Eh(t − s)Phρt(s) ds.

By integration by parts we obtain

θ(t) = Eh(t)Phρ(0) − Phρ(t) −
∫ t

0

E′
h(t − s)Phρ(s) ds,

which shows

(3.29) ‖θ(t)‖ ≤
(
‖Eh(t)‖ + 1 +

∫ t

0

‖E′
h(s)‖ ds

)
sup

0≤s≤t
‖ρ(s)‖.

In order to estimate the integral, we may bound the integrand for small s
by Ch−β . In fact, applying the inverse assumption (3.28) and Lemma 3.9 we
have

‖E′
h(t)vh‖ = ‖∆hEh(t)vh‖ ≤ Ch−β‖Eh(t)vh‖ ≤ Ch−β‖vh‖.

Thus, ∫ t

0

‖E′
h(s)‖ ds ≤ C. for t ≤ hβ .

Since by Lemma 3.9 also ‖E′
h(t)vh‖ ≤ Ct−1‖vh‖, we have

∫ t

hβ

‖E′
h(s)‖ ds ≤ C

∣∣∣
∫ t

hβ

ds

s

∣∣∣ = C log
t

hβ
, for t ≥ hβ .

Since Eh(t) is bounded, we conclude from (3.29) and (2.23) that

‖θ(t)‖ ≤ Chr max
(
1, log

t

hβ

)
sup

0≤s≤t
‖u(s)‖r,

which completes the proof. ⊓⊔

The smooth data result of Theorem 3.1 is from Bramble, Schatz, Thomée,
and Wahlbin [37]. Results for nonsmooth data for the homogeneous equation
were first discussed by spectral representation in Blair [28], Thomée [225],
Helfrich [117], Fujita and Mizutani [103], and Bramble, Schatz, Thomée, and
Wahlbin [37], and later by the energy method in Luskin and Rannacher [166],
Sammon [205], and Thomée [228]. The use of the backward parabolic problem
in the nonsmooth data estimates was proposed in Luskin and Rannacher
[167]. Theorem 3.6 is a special case of a result in [228].
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In this chapter we shall briefly discuss the generalization of our previous error
analysis to initial-boundary value problems for more general parabolic equa-
tions, in which we allow the elliptic operator to have coefficients depending
on both x and t, to contain lower order terms, and to be nonselfadjoint and
nonpositive. In order not to have to account for possible exponential growth
of stability constants and error bounds we restrict our considerations to a
finite interval in time.

We consider thus the initial boundary value problem

ut + A(t)u = f in Ω, for t ∈ J,(4.1)

u = 0 on ∂Ω, for t ∈ J, u(0) = v in Ω,

where Ω is a domain in R
d with smooth boundary ∂Ω, J = (0, t̄ ], and A(t)

denotes the elliptic operator

A(t)u := −
d∑

j,k=1

∂

∂xj
(ajk

∂u

∂xk
) +

d∑

j=1

aj
∂u

∂xj
+ a0u,

where ajk, aj , and a0 are C∞ functions on Ω̄ × J̄ , ajk = akj , and

d∑

j,k=1

ajk(x, t)ξjξk ≥ c0|ξ|2, with c0 > 0, for (x, t) ∈ Ω̄ × J̄ .

Associating with A(t) the bilinear form

A(t; v, w) =

∫

Ω

( d∑

j,k=1

ajk
∂v

∂xk

∂w

∂xj
+

d∑

j=1

aj
∂v

∂xj
w + a0vw

)
dx,

we may write the parabolic problem in variational form as

(ut, ϕ) + A(t;u, ϕ) = (f, ϕ), ∀ϕ ∈ H1
0 = H1

0 (Ω), t ∈ J,

u(0) = v.
(4.2)
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This time the bilinear form is not necessarily positive definite, but one easily
shows G̊arding’s inequality

(4.3) A(t; v, v) ≥ c‖v‖2
1 − κ‖v‖2, ∀v ∈ H1

0 , with c > 0, κ ∈ R.

In fact, we have for v ∈ H1
0

A(t; v, v) + κ‖v‖2

=

∫

Ω

( d∑

j,k=1

ajk
∂v

∂xk

∂v

∂xj
+

d∑

j=1

ajv
∂v

∂xj
+ (a0 + κ)v2

)
dx

=

∫

Ω

( d∑

j,k=1

ajk
∂v

∂xk

∂v

∂xj
+ (κ + a0 − 1

2

d∑

j=1

∂aj

∂xj
)v2
)
dx

≥ c‖v‖2
1, with c > 0, if κ > sup

Ω×J

(
1
2

d∑

j=1

∂aj

∂xj
− a0

)
;

we shall consider κ to be fixed in this manner in the sequel.
One may show, cf. [96], that problem (4.1) admits a unique solution which

belongs to any space Hs = Hs(Ω), together with its time derivatives, for
t ∈ J , and that the regularity estimate (1.20) holds, provided f and v are
regular enough and satisfy the appropriate compatibility conditions on ∂Ω for
t = 0. Here we restrict ourselves to showing the following stability estimate
in L2 = L2(Ω), namely

(4.4) ‖u(t)‖ ≤ C
(
‖v‖ +

∫ t

0

‖f‖ ds
)
, for t ∈ J̄ .

For this we choose ϕ = u in (4.2) to obtain, in view of (4.3),

(4.5) 1
2

d

dt
‖u‖2 + c‖u‖2

1 ≤ ‖f‖ ‖u‖ + κ‖u‖2.

As in the proof of (1.29) this shows

‖u(t)‖ ≤ ‖v‖ +

∫ t

0

‖f‖ ds + κ

∫ t

0

‖u‖ ds,

from which (4.4) follows by Gronwall’s lemma. Note that in contrast to the
case treated in Chapters 1-3 where the operator A(t) = A was assumed
independent of t and selfadjoint, the method of eigenfunction expansion is
not suitable here.

We now associate with the parabolic problem (4.1) the time-dependent
Dirichlet problem

Aκ(t)u := A(t)u + κu = f in Ω, with u = 0 on ∂Ω, for t ∈ J,
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or, in weak form,

Aκ(t;u, ϕ) := A(t;u, ϕ) + κ(u, ϕ) = (f, ϕ), ∀ϕ ∈ H1
0 , t ∈ J.

We denote by T (t) : L2 → H2 ∩H1
0 the solution operator of this problem, so

that

(4.6) Aκ(t;T (t)f, ϕ) = (f, ϕ), ∀ϕ ∈ H1
0 , for t ∈ J̄ ,

and recall the elliptic regularity estimate, cf. [96],

(4.7) ‖T (t)f‖s ≤ C‖f‖s−2, for s ≥ 2, t ∈ J̄ .

Introducing ǔ = e−tκu as a new dependent variable in (4.1), we have

(4.8) ǔt + Aκ(t)ǔ = f̌ , where f̌ = e−tκf,

or
(ǔt, ϕ) + Aκ(t; ǔ, ϕ) = (f̌ , ϕ), ∀ϕ ∈ H1

0 , for t ∈ J,

or also
T (t)ǔt + ǔ = T (t)f̌ , for t ∈ J, with ǔ(0) = v.

For the purpose of defining approximate solutions of (4.1), let {Sh} be a
family of finite dimensional subspaces of L2 and Th(t) : L2 → Sh approxima-
tions of T (t) with certain properties to be stated below. Consider then as an
approximate solution of (4.1) a function uh : J → Sh such that

(4.9) uh(t) = eκtǔh(t), where Thǔh,t + ǔh = Thf̌ , for t ∈ J, ǔh(0) = vh.

We note that boundedness for positive time of ǔ and ǔh in (4.8) and (4.9)
correspond to exponential growth of u and uh when κ > 0.

For brevity we shall often omit the variable t in the notation below and
simply write A for A(t), A(v, w) for A(t; v, w), Th for Th(t), etc.

We now describe the conditions which will be placed upon the operators
Th for the function uh defined by (4.9) to be a good approximation of the
exact solution of (4.1). The first two conditions correspond to those for the
model problem treated earlier with the second one modified to allow for the
variation in time of the coefficients. The third condition will bound the degree
of nonselfadjointness of Th and is automatically satisfied in the selfadjoint
case. We assume thus that for t ∈ J , with C independent of t, and with ′

denoting differentiation with respect to t,

(i) (f, Thf) ≥ 0 for f ∈ L2, and (χ, Thχ) > 0 for 0 �= χ ∈ Sh;

(ii) for some integer r ≥ 2 and for 2 ≤ s ≤ r,

‖(Th − T )f‖ + ‖(T ′
h − T ′)f‖ ≤ Chs‖f‖s−2, for f ∈ Hs−2;
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(iii) |(Thf, g) − (f, Thg)| ≤ C(f, Thf)1/2‖Thg‖, for f, g ∈ L2.

As a first example, consider the case that Sh ⊂ H1
0 and Th is associated

with the standard Galerkin method, so that

(4.10) Aκ(t;Th(t)f, χ) = (f, χ), ∀χ ∈ Sh, t ∈ J.

Then the semidiscrete equation in (4.9) is equivalent to

(ǔh,t, χ) + Aκ(ǔh, χ) = (f̌ , χ), ∀χ ∈ Sh, t ∈ J,

which in turn, with uh(t) = eκtǔh(t), reduces to the standard weak formula-
tion

(uh,t, χ) + A(uh, χ) = (f, χ), ∀χ ∈ Sh, t ∈ J.

We shall prove that our conditions are valid for this choice of the Th.

Lemma 4.1 Let Th be defined by (4.10), with Sh satisfying (1.10). Then
(i), (ii), and (iii) hold.

Proof. We have at once by (4.10) and (4.3)

(f, Thf) = Aκ(Thf, Thf) ≥ c‖Thf‖2
1 ≥ 0,

which shows the first part of (i) and also that equality holds only if Thf = 0.
Assume now that Thf = 0 and that f = χ ∈ Sh. Using (4.10) once more we
have ‖χ‖2 = Aκ(Thχ, χ) = 0, so that χ = 0, showing the second part of (i).

We now turn to condition (ii). It is well known, and proved in essentially
the same way as for the selfadjoint case, that

(4.11) ‖(Th − T )f‖ + h‖(Th − T )f‖1 ≤ Chs‖f‖s−2, for 2 ≤ s ≤ r,

and it thus remains to prove the corresponding result for the time derivative.
For this purpose, set w = Tf, wh = Thf and e = wh−w, so that (T ′

h−T ′)f =
et. Differentiating the equation Aκ(e, χ) = 0 we obtain, with A′(·, ·) the
bilinear form obtained from A(·, ·) by differentiating the coefficients with
respect to t, noting that A′

κ(·, ·) = A′(·, ·),

(4.12) Aκ(et, χ) + A′(e, χ) = 0, ∀χ ∈ Sh, t ∈ J.

Hence, for any χ ∈ Sh,

c‖et‖2
1 ≤ Aκ(et, et) = Aκ(et, et + χ) + A′(e, et + χ) − A′(e, et).

From this we conclude

‖et‖2
1 ≤ C(‖et‖1 + ‖e‖1) inf

χ∈Sh

‖wt − χ‖1 + C‖e‖1‖et‖1,

and hence easily, using (4.11),
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‖et‖1 ≤ C(‖e‖1 + inf
χ∈Sh

‖wt − χ‖1) ≤ Chs−1(‖f‖s−2 + ‖wt‖s), 2 ≤ s ≤ r.

Here ‖wt‖s ≤ C‖w‖s, which follows since wt ∈ H1
0 is the solution of the

Dirichlet problem

Aκ(wt, ϕ) = −A′(w,ϕ), ∀ϕ ∈ H1
0 ,

and ‖w‖s ≤ C‖f‖s−2 by (4.7) so that ‖et‖1 ≤ hs−1‖f‖s−2 for 2 ≤ s ≤ r.
In order to show the L2-norm bound stated for et, let A∗

κ be the adjoint
of Aκ and ψ the solution of

A∗
κψ = ϕ in Ω, with ψ = 0 on ∂Ω.

We then have, again by application of (4.12),

(et, ϕ) = Aκ(et, ψ) = Aκ(et, ψ − χ) + A′(e, ψ − χ) − A′(e, ψ), ∀χ ∈ Sh,

whence, using Green’s formula in the last term,

|(et, ϕ)| ≤ C(‖et‖1 + ‖e‖1) inf
χ∈Sh

‖ψ − χ‖1 + C‖e‖ ‖ψ‖2

≤ C
(
h(‖et‖1 + ‖e‖1) + ‖e‖

)
‖ψ‖2.

By the elliptic regularity estimate ‖ψ‖2 ≤ C‖ϕ‖ this, together with the error
bounds already derived, shows

‖et‖ ≤ C(h(‖et‖1 + ‖e‖1) + ‖e‖) ≤ Chs‖f‖s−2, for 2 ≤ s ≤ r,

which completes the proof of (ii).
By our definitions we have with vh = Thf, wh = Thg,

(Thf, g) − (f, Thg) = Aκ(Thg, Thf) − Aκ(Thf, Thg)

=

∫

Ω

d∑

j=1

aj(
∂wh

∂xj
vh − ∂vh

∂xj
wh) dx

= −
∫

Ω

d∑

j=1

(2aj
∂vh

∂xj
wh +

∂aj

∂xj
vhwh) dx,

(4.13)

and hence

|(Thf, g) − (f, Thg)| ≤ C‖vh‖1‖wh‖ = C‖Thf‖1‖Thg‖
≤ C(f, Thf)1/2‖Thg‖,

which shows (iii). The proof of the lemma is now complete. ⊓⊔
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Another example of a family of operators Th(t) satisfying our above con-
ditions (i), (ii), (iii) is provided by the generalization to the present context
of Nitsche’s method described in Chapter 2 where the bilinear form used is
now defined by

Nκ,γ(t;ϕ,ψ)

= Aκ(t;ϕ,ψ) − 〈∂ϕ

∂ν
, ψ〉 − 〈ϕ,

∂ψ

∂ν
+

2∑

j=1

ajnjψ〉 + γh−1〈ϕ,ψ〉,

with ∂/∂ν = Σjknjajk∂/∂xk the conormal derivative.

We return to the initial-boundary value problem (4.1), and begin our
error analysis in L2 with the following simple result for the inhomogeneous
equation which generalizes Theorem 2.3. We note that condition (iii) does
not enter in this result.

Theorem 4.1 Assume that (i) and (ii) hold. Then we have for the error in
the semidiscrete parabolic problem (4.9)

‖uh(t) − u(t)‖ ≤ C‖vh − v‖ + Chr
(
‖v‖r +

∫ t

0

‖ut‖r ds
)
, for t ∈ J̄ .

Proof. With the above notation, set e = ǔh − ǔ = e−κt(uh − u). We have
then the error equation

Thet + e = ρ := (Th − T )Aκǔ.

Recalling Lemma 2.4, we hence have

‖e(t)‖ ≤ ‖e(0)‖ + C
(
‖ρ(0)‖ +

∫ t

0

‖ρt‖ ds
)
.

Here, by (ii),
‖ρ(0)‖ ≤ Chr‖Aκv‖r−2 ≤ Chr‖v‖r,

and

‖ρt‖ ≤ ‖(T ′
h − T ′)Aκǔ‖ + ‖(Th − T )(A′ǔ + Aκǔt)‖

≤ Chr(‖ǔ‖r + ‖ǔt‖r) ≤ Chr(‖u‖r + ‖ut‖r),

where A′ = A′(t) denotes the operator obtained from A(t) by differentiation
of its coefficients with respect to t. Hence, since J is bounded,

∫ t

0

‖ρt‖ ds ≤ Chr
(
‖v‖r +

∫ t

0

‖ut‖r ds
)
,

which completes the proof. ⊓⊔
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We now turn to the homogeneous equation

(4.14) ut + A(t)u = 0 in Ω, for t ∈ J,

again with the initial-boundary conditions of (4.1), and its semidiscrete coun-
terpart, to find uh(t) : J → Sh such that ǔh(t) = e−κtuh(t) satisfies

(4.15) Thǔh,t + ǔh = 0, for t ∈ J, with ǔh(0) = vh.

As an example of a nonsmooth data error estimate of continuous piecewise
linear functions.

Theorem 4.2 Assume that (i), (ii) with r = 2, and (iii) hold, and that vh =
Phv. Then we have for the error in the semidiscrete homogeneous parabolic
problem (4.15)

‖uh(t) − u(t)‖ ≤ Ch2t−1‖v‖, for t ∈ J.

Before we give the proof we shall derive some auxiliary technical results,
and begin the proof by showing some bounds for T ′

h.

Lemma 4.2 Assume that (ii) holds with r = 2. Then, for f ∈ L2,

|(T ′
hf, f)| ≤ C((Thf, f) + h2‖f‖2),

and
‖T ′

hf‖ ≤ C(‖Thf‖ + h2‖f‖).

Proof. We shall show the continuous counterparts of these estimates, namely

|(T ′f, f)| ≤ C(Tf, f) and ‖T ′f‖ ≤ C‖Tf‖.

The desired results then easily follow by (ii), as for instance, for the first
inequality,

|(T ′
hf, f)| = |(T ′f, f) + ((T ′

h − T ′)f, f)| ≤ C((Tf, f) + h2‖f‖2)

≤ C((Thf, f) + h2‖f‖2).

For the continuous inequalities, recall definition (4.6) and note that we
may identify the adjoint of T in L2 with the operator T ∗ : L2 → H2 ∩ H1

0

defined by Aκ(ϕ, T ∗g) = (ϕ, g), for ϕ ∈ H1
0 , that is, as the solution of the

Dirichlet problem corresponding to the elliptic operator A∗
κ. For

(Tf, g) = Aκ(Tf, T ∗g) = (f, T ∗g), ∀f, g ∈ L2.

Differentiating (4.6) we have Aκ(T ′f, ϕ) + A′(Tf, ϕ) = 0, and we find

|(T ′f, f)| = |Aκ(T ′f, T ∗f)| = |A′(Tf, T ∗f)| ≤ C‖Tf‖1‖T ∗f‖1

≤ C(f, Tf)1/2(T ∗f, f)1/2 = C(f, Tf),

which is the first of the desired inequalities.
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Further, with ϕ ∈ L2, (T ′f, ϕ) = Aκ(T ′f, T ∗ϕ) = −A′(Tf, T ∗ϕ), and
using Green’s formula to transfer all derivatives onto the second factor,

|(T ′f, ϕ)| ≤ C‖Tf‖ ‖T ∗ϕ‖2 ≤ C‖Tf‖ ‖ϕ‖,

which shows the second estimate claimed. ⊓⊔

We next show the following analogue of Lemma 3.5.

Lemma 4.3 Assume that (i), (ii) with r = 2, and (iii) hold and that

(4.16) Thet + e = ρ, for t ∈ J, with The(0) = 0.

Then for each ε > 0 there is a Cε such that

‖e(t)‖ ≤ ε sup
s≤t

(s‖ρt(s)‖) + Cε sup
s≤t

‖ρ(s)‖, for t ∈ J.

Proof. As in the proof of Lemma 3.5 we shall show

‖e(t)‖2 ≤ ε2

t

∫ t

0

s2‖ρt‖2 ds + Cε

(
‖ρ(t)‖2 +

1

t

∫ t

0

‖ρ‖2 ds
)
,

which immediately implies the desired conclusion. For this purpose we mul-
tiply (4.16) by 2tet and obtain after some manipulation,

2t(Thet, et) +
d

dt
(t‖e‖2) = 2

d

dt
(t(ρ, e)) − 2(ρ, e) − 2t(ρt, e) + ‖e‖2,

and hence, after integration and obvious estimates, and using (i),

t‖e(t)‖2 ≤ ε2

∫ t

0

s2‖ρt‖2 ds + Cε

(
t‖ρ(t)‖2 +

∫ t

0

(‖ρ‖2 + ‖e‖2) ds
)
.

In order to complete the proof we now show

(4.17)

∫ t

0

‖e‖2 ds ≤ C

∫ t

0

‖ρ‖2 ds.

For this we multiply (4.16) by 2e to obtain

d

dt
(The, e) + 2‖e‖2 = 2(ρ, e) + (T ′

he, e) +
(
(The, et) − (Thet, e)

)
.

Here, using (iii) and (4.16), we have

|(The, et) − (Thet, e)| ≤ C(The, e)1/2‖Thet‖ ≤ C(The, e)1/2(‖ρ‖ + ‖e‖)

≤ C(The, e) + C‖ρ‖2 + 1
2‖e‖

2,

and by Lemma 4.2, for small h, |(T ′
he, e)| ≤ C(The, e) + 1

4‖e‖2. Hence,
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d

dt
(The, e) + ‖e‖2 ≤ C(‖ρ‖2 + (The, e)).

By Gronwall’s lemma and our assumptions that The(0) = 0, the time interval
J is bounded, and (The, e) ≥ 0 by (i), this yields (4.17) and thus completes
the proof of the lemma. ⊓⊔

We shall also need the following regularity result.

Lemma 4.4 For each j ≥ 0 we have for the solution of (4.14) with u(0) = v

(4.18) ‖Dj
t u(t)‖ ≤ Ct−j‖v‖, for t ∈ J.

Proof. We shall only give the proof for j = 1; for j = 0 it follows from the
stability property (4.4) and for other values of j, see [217]. As for (4.4) we
shall use an energy argument. We may assume κ = 0; otherwise we transform
the equation as earlier by ǔ(t) = e−κtu(t).

Differentiating and choosing ϕ = 2t2ut in (4.2) (with f = 0) we obtain

d

dt
(t2‖ut‖2) + 2t2(A(ut, ut) + A′(u, ut)) = 2t‖ut‖2,

and hence by integration and obvious estimates, using (4.3) with κ = 0,

t2‖ut(t)‖2 +

∫ t

0

s2‖ut‖2
1 ds ≤ C

∫ t

0

‖u‖2
1 ds + C

∫ t

0

s‖ut‖2 ds.

Integrating (4.5) (with f = 0) we find that the first term on the right is
bounded by C‖v‖2. To bound the second term we note, cf. (4.13), that

|A(v, w) − A(w, v)| ≤ C‖v‖1‖w‖,

and hence

d

dt
A(u, u) = A(u, ut) + A(ut, u) + A′(u, u) ≤ 2A(u, ut) + ‖ut‖2 + C‖u‖2

1.

With ϕ = 2ut in (4.2) (with f = 0) we therefore get

‖ut‖2 +
d

dt
A(u, u) ≤ C‖u‖2

1,

and hence, after multiplication by t and integration

∫ t

0

s‖ut‖2 ds + t‖u(t)‖2
1 ≤ C

∫ t

0

‖u‖2
1 ds ≤ C‖v‖2.

Together these estimates show t2‖ut(t)‖2 ≤ C‖v‖2 which is (4.18) for j = 1.
⊓⊔
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Proof of Theorem 4.2. By our definitions the error e = ǔh− ǔ = e−κt(uh−u)
satisfies the equation

(4.19) Thet + e = ρ = −(Th − T )ǔt, for t ∈ J.

Note also that with vh = Phv we have The(0) = 0. For since e(0) = Phv − v
is orthogonal to Sh, we have by (iii), for any χ ∈ Sh,

|(The(0), χ)| = |(The(0), χ) − (e(0), Thχ)| ≤ C(The(0), e(0))1/2‖Thχ‖ = 0.

We shall prove now, using Lemma 4.3, that with ρ̃(t) =
∫ t

0
ρ ds

(4.20) ‖e(t)‖ ≤ Ct−1 sup
s≤t

(s2‖ρt‖ + s‖ρ‖ + ‖ρ̃‖ + h2‖e‖), for t ∈ J.

Let us first complete the proof under the assumption that this inequality
has already been proved. We have by (ii) and Lemma 4.4

s‖ρ(s)‖ = s‖(Th − T )ǔt(s)‖ ≤ Ch2s‖ǔt(s)‖ ≤ Ch2‖v‖,

and

s2‖ρt(s)‖ ≤ s2‖(T ′
h − T ′)ǔt‖ + s2‖(Th − T )ǔtt‖

≤ Ch2s2(‖ǔt(s)‖ + ‖ǔtt(s)‖) ≤ Ch2‖v‖.

Since

ρ̃(t) = −
∫ t

0

(Th − T )ǔt ds = −
[
(Th − T )ǔ(s)

]t
0

+

∫ t

0

(T ′
h − T ′)ǔ ds,

we also have
‖ρ̃(s)‖ ≤ Ch2 sup

y≤s
‖ǔ(y)‖ ≤ Ch2‖v‖,

and the stability of the solution operators gives at once

‖e(s)‖ ≤ ‖ǔh(s)‖ + ‖ǔ(s)‖ ≤ 2‖v‖.

Inserted into (4.20) these estimates show ‖e(t)‖ ≤ Ch2t−1‖v‖, which is the
desired result.

In order to show (4.20), we set w = te. We shall demonstrate

(4.21) ‖w(t)‖ ≤ C sup
s≤t

(s2‖ρt‖ + s‖ρ‖ + ‖The‖),

and thereafter

(4.22) ‖The(t)‖ ≤ C sup
s≤t

(s‖ρ‖ + ‖ρ̃‖ + h2‖e‖).

Together these estimates imply (4.20).
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We begin with (4.21), and note that w satisfies

Thwt + w = ω = tρ + The.

We observe, using (4.19), Lemma 4.2, and the boundedness of T ′
h,

‖ωt‖ = ‖tρt + ρ + Thet + T ′
he‖ ≤ C(t‖ρt‖ + ‖ρ‖ + ‖e‖).

Hence by Lemma 4.3 we have with ε suitable, since w(0) = 0, that for t ∈ J ,

‖w(t)‖ ≤ ε sup
s≤t

(s‖ωt(s)‖) + Cε sup
s≤t

‖ω(s)‖

≤ 1
2 sup

s≤t
‖w(s)‖ + C sup

s≤t
(s2‖ρt‖ + s‖ρ‖ + ‖The‖),

which yields (4.21).
For (4.22) we integrate the error equation (4.16) and obtain for ẽ(t) =∫ t

0
e ds, taking note of The(0) = 0,

(4.23) The + ẽ ≡ Thẽt + ẽ = ρ̃ +

∫ t

0

T ′
he ds.

Since ẽ(0) = 0, we may again apply Lemma 4.3 and obtain

‖ẽ(t)‖ ≤ ε sup
s≤t

(s‖ρ̃t‖ + s‖T ′
he‖) + Cε sup

s≤t
(‖ρ̃‖ + ‖

∫ s

0

T ′
he dy‖),

and hence, using also Lemma 4.2 to estimate T ′
he,

‖ẽ(t)‖ ≤ε sup
s≤t

(s‖ρ‖ + Cs‖The‖ + Csh2‖e‖) + Cε sup
s≤t

‖ρ̃‖

+ Cε

∫ t

0

(‖The‖ + h2‖e‖) ds.

It follows from (4.23) that

‖The(t)‖ ≤ ‖ẽ‖ + ‖ρ̃‖ + ‖
∫ t

0

T ′
he ds‖

≤ εCt̄ sup
s≤t

‖The(s)‖ + Cε sup
s≤t

(s‖ρ‖ + ‖ρ̃‖ + h2‖e‖) + Cε

∫ t

0

‖The‖ ds.

Choosing ε such that εCt̄ < 1 this gives, for t ∈ J̄ ,

‖The(t)‖ ≤ C sup
s≤t

(s‖ρ‖ + ‖ρ̃‖ + h2‖e‖) + C

∫ t

0

‖The‖ ds.

The desired inequality (4.22) now follows by an application of Gronwall’s
lemma. This completes the proof of the theorem. ⊓⊔
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The material in this chapter is taken from Huang and Thomée [125],
where several examples of approximate solution operators of the elliptic prob-
lem satisfying (i), (ii), and (iii) are given, cf. also Sammon [205], Luskin and
Rannacher [167], and Lasiecka [150]. For a thorough treatment of the semi-
discrete problem in the present generality, see also Fujita and Suzuki [104],
where both the theory of evolution operators due to Sobolevskii [217], Kato
[134], Kato and Tanabe [135], and energy arguments such as those presented
here are used.

The idea of reducing the regularity requirements on the initial data at
the expense of a singularity in the error estimates at t = 0 has been used
also for more complicated problems such as for the Navier-Stokes equations
in Heywood and Rannacher [122], and for Biot’s consolidation problem in
Murad, Thomée, and Loula [173]. In both these cases optimal order error
estimates may be derived for positive time without having to satisfy certain
nonlocal conditions for the initial data, needed for the solution to be smooth
for t ≥ 0.



5. Negative Norm Estimates and

Superconvergence

In this chapter we shall extend our earlier error estimates in L2 and H1 to
estimates in norms of negative order. It will turn out that if the accuracy in
L2 of the family of approximating spaces is O(hr) with r > 2, then the error
bounds in norms of negative order is of higher order than O(hr). In certain
situations these higher order bounds may be applied to show error estimates
for various quantities of these higher orders, so called superconvergent order
estimates. We shall exemplify this by showing how certain integrals of the
solution of the parabolic problem, and, in one space dimension, the values
of the solution at certain points may be calculated with high accuracy using
the semidiscrete solution.

We shall begin by considering the stationary problem. Let Ω be a domain
in R

d with smooth boundary ∂Ω and consider the Dirichlet problem

(5.1) Au = f in Ω, with u = 0 on ∂Ω,

with A the elliptic operator defined by

(5.2) Au = −
d∑

j,k=1

∂

∂xj

(
ajk

∂u

∂xk

)
+ a0u,

where the coefficients are smooth functions of x and (ajk) is uniformly positive
definite and a0 nonnegative in Ω̄. In variational form this problem may be
stated as

A(u, ϕ) = (f, ϕ), ∀ϕ ∈ H1
0 = H1

0 (Ω),

where now

(5.3) A(u, v) =

∫

Ω

( d∑

j,k=1

ajk
∂u

∂xk

∂v

∂xj
+ a0uv

)
dx.

Here we have chosen the operator A in the above general form rather than the
Laplacian for the purpose of a subsequent application in one space dimension.

Let {Sh} denote a family of finite dimensional subspaces of H1
0 satisfying

our standard approximation assumption (1.10) with r ≥ 2. We may then
pose the standard Galerkin finite element problem to find uh ∈ Sh such that
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(5.4) A(uh, χ) = (f, χ), ∀χ ∈ Sh.

(We have assumed Sh ⊂ H1
0 for simplicity only; what follows also carries

over to the general framework with solution operators T and Th employed in
Chapters 2-4.)

In the same way as for our earlier model problem it follows that the
discrete elliptic problem (5.4) has a unique solution uh ∈ Sh, and that, with
u the solutions of (5.1),

(5.5) ‖uh − u‖ + h‖uh − u‖1 ≤ Chq‖u‖q, for 1 ≤ q ≤ r.

We shall now see that for r > 2, the duality argument used to show the L2

norm estimate above also yields an error estimate in a negative order norm.
We introduce such negative norms by

(5.6) ‖v‖−s = sup
{ (v, ϕ)

‖ϕ‖s
; ϕ ∈ Hs

}
, for s ≥ 0 integer.

Although this may be used to define a space H−s = H−s(Ω) ⊃ L2, we shall
only use the negative norm here as a quantitative measure for functions in L2.
Note that here we do not require boundary conditions on ϕ in the definition
(5.6) of ‖v‖−s, as will be done sometimes in the rest of the book.

Theorem 5.1 Let uh and u be the solutions of (5.4) and (5.1). Then

‖uh − u‖−s ≤ Chq+s‖u‖q, for 0 ≤ s ≤ r − 2, 1 ≤ q ≤ r.

Proof. We shall demonstrate that, for e = uh − u,

(5.7) |(e, ϕ)| ≤ Chq+s‖u‖q‖ϕ‖s, ∀ϕ ∈ Hs,

which immediately implies the desired estimate. For this purpose, we intro-
duce the solution ψ = Tϕ of Aψ = ϕ in Ω, with ψ = 0 on ∂Ω, and recall
that ‖ψ‖s+2 ≤ C‖ϕ‖s, for any s ≥ 0. By the orthogonality of the error to Sh

with respect to A(·, ·) we obtain

(e, ϕ) = (e,Aψ) = A(e, ψ) = A(e, ψ − χ), ∀χ ∈ Sh,

and hence, for 0 ≤ s ≤ r − 2,

|(e, ϕ)| ≤ C‖e‖1 inf
χ∈Sh

‖ψ − χ‖1 ≤ Chs+1‖e‖1‖ψ‖s+2 ≤ Chs+1‖e‖1‖ϕ‖s.

Here, by (5.5), ‖e‖1 ≤ Chq−1‖u‖q which shows (5.7). ⊓⊔

Note, in particular, the case s = r − 2, q = r, in which the result of
Theorem 5.1 reads

‖uh − u‖−(r−2) ≤ Ch2r−2‖u‖r.
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Since 2r−2 > r for r > 2 the order of accuracy in this estimate is then higher
than in the standard O(hr) error estimate in the L2-norm.

We remark that the error estimate of Theorem 5.1 may also be expressed
as

‖(Rh − I)u‖−s ≤ Chq+s‖u‖q, for 0 ≤ s ≤ r − 2, 1 ≤ q ≤ r,

where Rh : H1
0 → Sh is the Ritz projection defined by

A(Rhu, χ) = A(u, χ), ∀χ ∈ Sh.

Further, with T the solution operator of (5.1) and defining the approximate
solution operator Th : L2 → Sh of the elliptic problem by

A(Thf, χ) = (f, χ), ∀χ ∈ Sh,

the properties (i) and (ii) used in Chapters 2 and 3 are valid also in the
present case, with (ii) now extended to negative orders as

‖(Th − T )f‖−s ≤ Chq+2+s‖f‖q, for 0 ≤ s, q ≤ r − 2.

The operators Th and T will be used extensively in our analysis below.
We note in passing that for the L2-projection of v ∈ Hq ∩H1

0 onto Sh we
have

‖(Ph − I)v‖−s = sup
ϕ

((Ph − I)v, (I − Ph)ϕ)

‖ϕ‖s
≤ Chq+s‖v‖q, 0 ≤ s, q ≤ r,

so that, in particular ‖(Ph − I)v‖−r ≤ Ch2r‖v‖r if v ∈ Hr ∩ H1
0 .

As a very simple application of a negative norm error estimate, assume
we are interested in evaluating the integral

(5.8) F (u) =

∫

Ω

uψ dx, where ψ ∈ Hr−2,

and where u is the solution of (5.1). Then, for the obvious approximation

(5.9) F (uh) =

∫

Ω

uhψ dx,

where uh is the solution of (5.4) we find

|F (uh) − F (u)| = |(uh − u, ψ)| ≤ ‖uh − u‖−(r−2)‖ψ‖r−2

≤ Ch2r−2‖u‖r ‖ψ‖r−2,

which is an error estimate of superconvergent order O(h2r−2).

We shall consider one more example of these ideas, which concerns super-
convergent nodal approximation in the two-point boundary value problem
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(5.10) Au = − d

dx
(a11

du

dx
) + a0u = f in (0, 1), u(0) = u(1) = 0.

We shall now work with the finite-dimensional space defined by the partition
0 = x0 < x1 < · · · < xM = 1, with xi+1 − xi ≤ h, and, with Ii = (xi, xi+1),

(5.11) Sh = {χ ∈ C([0, 1]); χ|Ii
∈ Πr−1, 0 ≤ i < M, χ(0) = χ(1) = 0},

where Πr−1 denotes the set of polynomials of degree at most r − 1. Clearly
this family satisfies our approximation assumption (1.10).

Let g = gx̄ denote the Green’s function of the two-point boundary value
problem (5.10) with singularity at the partition point x̄, which we now con-
sider fixed, so that

(5.12) w(x̄) = A(w, g), ∀w ∈ H1
0 = H1

0 ((0, 1)).

Applied to the error e = uh − u in the discrete solution uh, and using the
orthogonality of e to Sh we find

e(x̄) = A(e, g) = A(e, g − χ), ∀χ ∈ Sh,

so that

|e(x̄)| ≤ C‖e‖1 inf
χ∈Sh

‖g − χ‖1 ≤ Chr−1‖u‖r inf
χ∈Sh

‖g − χ‖1.

Note now that although gx̄ is not a smooth function at x̄, it may still be
approximated well by a function in Sh, since it is smooth except at x̄, and the
discontinuity of the derivative at x̄ can be accommodated in Sh. In particular,
we have

inf
χ∈Sh

‖g − χ‖1 ≤ Chr−1(‖g‖Hr((0,x̄)) + ‖g‖Hr((x̄,1))) ≤ Chr−1.

Thus |e(x̄)| ≤ Ch2r−2‖u‖r, that is, superconvergence occurs at the nodes of
the partition.

This latter example is the reason why the more general form of A has
been used in this chapter; for A = −d2/dx2, the Green’s function gx̄ is linear
outside x̄ and so gx̄ ∈ Sh. We may then conclude that e(x̄) = 0, which is a
degenerate case.

For our analysis of the parabolic problem it will be convenient to use
instead of the negative norm introduced above, such a norm defined by

|v|−s = ‖T s/2v‖ = (T sv, v)1/2, for s ≥ 0,

where, as before, T = A−1 denotes the exact solution operator of the elliptic
problem. Again, this may be used to define a space Ḣ−s = Ḣ−s(Ω), but we
think of it as a norm on L2. With Ḣs = {ψ ∈ Hs; Ajψ = 0, on ∂Ω, for j <
s/2} we have the following:
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Lemma 5.1 For s a nonnegative integer, the norm |v|−s is equivalent to
sup{(v, ψ)/‖ψ‖s; ψ ∈ Ḣs}.

Proof. In fact, with {λj}∞j=1 and {ϕj}∞j=1 the eigenvalues and orthonormal
eigenfunctions of A (with Dirichlet boundary conditions), an equivalent norm
on Ḣs to our standard Sobolev norm ‖ψ‖s for integer s ≥ 0 is (cf. Lemma 3.1)

(5.13) |ψ|s = (Asψ,ψ)1/2 =
( ∞∑

j=1

λs
j(ψ,ϕj)

2
)1/2

,

and we have at once, since the eigenvalues of the compact operator T are
{λ−1

j }∞j=1, corresponding to the eigenvectors {ϕj}∞j=1,

(5.14) |v|−s = (T sv, v)1/2 =
( ∞∑

j=1

λ−s
j (v, ϕj)

2
)1/2

.

Since (v, ψ) =
∑∞

j=1(v, ϕj)(ψ,ϕj), (5.13) and (5.14) easily show

sup
{
(v, ψ)/|ψ|s; ψ ∈ Ḣs

}
= |v|−s.

By the equivalence of |ψ|s and ‖ψ‖s this shows our claim. ⊓⊔
Since, for integer s ≥ 0,

(v, ψ) ≤ ‖v‖−s ‖ψ‖s ≤ C‖v‖−s|ψ|s, ∀ψ ∈ Ḣs,

it follows from Lemma 5.1 that |v|−s ≤ C‖v‖−s, and Theorem 5.1 therefore
immediately implies the following:

Lemma 5.2 We have, for 0 ≤ s, q ≤ r − 2, with s integer,

|(Rh − I)v|−s ≤ Chs+q+2‖v‖q+2, for v ∈ Hq+2 ∩ H1
0 .

Note, in particular, |(Rh − I)v|−(r−2) ≤ Ch2r−2‖v‖r, and that in terms
of Th and T we have

(ii′) |(Th − T )f |−s ≤ Chs+q+2‖f‖q, for 0 ≤ s, q ≤ r − 2, f ∈ Hq.

For the analysis of the parabolic problem we introduce also a discrete
negative seminorm on L2 by

|v|−s,h = ‖T s/2
h v‖ = (T s

hv, v)1/2;

it corresponds to the discrete semi-inner product (v, w)−s,h = (T s
hv, w). Since

Th is positive definite on Sh, |v|−s,h and (v, w)−s,h define a norm and an inner
product there. The following lemma shows that this discrete negative semi-
norm is equivalent to the corresponding continuous negative norm, modulo
a small error.
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Lemma 5.3 We have, for s a nonnegative integer with 0 ≤ s ≤ r,

|v|−s,h ≤ C
(
|v|−s + hs‖v‖

)
and |v|−s ≤ C

(
|v|−s,h + hs‖v‖

)
.

Proof. We show the first inequality by induction over s. The result is trivial
for s = 0 and also clear for s = 1, since

|v|2−1,h = (Thv, v) = (Tv, v) + ((Th − T )v, v) ≤ |v|2−1 + Ch2‖v‖2,

by (ii). Now let 1 ≤ s ≤ r − 1 and assume that it is proved up to s. We have

|v|−(s+1),h = |Thv|−(s−1),h ≤ |Tv|−(s−1),h + |(Th − T )v|−(s−1),h.

By the induction assumption

|Tv|−(s−1),h ≤ C(|Tv|−(s−1) + hs−1‖Tv‖) = C(|v|−(s+1) + hs−1|v|−2).

Using, for instance, our above spectral representations of the norms, we have
easily |v|−2 ≤ C(h2‖v‖ + h−(s−1)|v|−(s+1)), so that we may conclude

|Tv|−(s−1),h ≤ C(|v|−(s+1) + hs+1‖v‖).

Further, by the induction assumption and (ii′) with q = 0 (recall that s−1 ≤
r − 2),

|(Th − T )v|−(s−1),h ≤ C
(
|(Th − T )v|−(s−1) + hs−1‖(Th − T )v‖

)
≤ Chs+1‖v‖,

which completes the proof. By interchanging the roles of T and Th, the second
inequality follows analogously. ⊓⊔

With A and A(·, ·) as in (5.2) and (5.3), we now direct our attention to
the parabolic initial-boundary value problem

ut + Au = f in Ω, for t > 0,(5.15)

u = 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω,

and pose the corresponding semidiscrete problem

(5.16) (uh,t, χ) + A(uh, χ) = (f, χ), ∀χ ∈ Sh, t > 0, uh(0) = vh ∈ Sh.

We shall show the following.

Theorem 5.2 Let 0 ≤ s ≤ r − 2 and assume vh ∈ Sh and v are such that

(5.17) |vh − v|−s + hs‖vh − v‖ ≤ Chs+r‖v‖r.

Then we have for the solutions of (5.16) and (5.15)

|uh(t) − u(t)|−s ≤ Chs+r
(
‖v‖r +

∫ t

0

‖ut(y)‖r dy
)
.
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Proof. We recall from our earlier analysis that e = uh − u satisfies

Thet + e = ρ, where ρ = (Rh − I)u,

and also (cf. Lemma 2.4) that if Th is nonnegative with respect to the semi-
inner product (·, ·) then, for the corresponding seminorm ‖ · ‖,

‖e(t)‖ ≤ ‖e(0)‖ + C
(
‖ρ(0)‖ +

∫ t

0

‖ρt‖ dy
)
.

We now note that, since T s+1
h is positive semidefinite in L2, we have

(Thv, v)−s,h = (T s+1
h v, v) ≥ 0 so that we may conclude that

(5.18) |e(t)|−s,h ≤ |e(0)|−s,h + C
(
|ρ(0)|−s,h +

∫ t

0

|ρt|−s,h dy
)
.

By our assumptions and Lemma 5.3, |e(0)|−s,h ≤ Chs+r‖v‖r. Further, by
Lemmas 5.3 and 5.2, |ρ|−s,h ≤ Chs+r‖u‖r so that, in particular, |ρ(0)|−s,h ≤
Chs+r‖v‖r and similarly |ρt|−s,h ≤ Chs+r‖ut‖r. Inserted into (5.18) these
estimates show

|e(t)|−s,h ≤ Chs+r
(
‖v‖r +

∫ t

0

‖ut‖r dy
)
,

and hence

|e(t)|−s ≤ C(|e(t)|−s,h + hs‖e(t)‖) ≤ Chs+r
(
‖v‖r +

∫ t

0

‖ut‖r dy
)
,

which completes the proof. ⊓⊔

As a first simple application, consider the approximation of the integral
in (5.8) by that in (5.9), where u and uh are solutions of (5.15) and (5.16),
and where we now assume ψ ∈ Ḣr−2. Then, provided (5.17) holds, we have

|F (uh) − F (u)| = |(uh − u, ψ)| ≤ |uh − u|−(r−2)|ψ|r−2

≤ Ch2r−2
(
‖v‖r +

∫ t

0

‖ut‖r dy
)
,

again exhibiting a superconvergent order error bound.

The assumption above for the choice of initial values is satisfied as usual
by, for instance, vh = Phv and vh = Rhv, if v ∈ Hr ∩ H1

0 . In our application
below we shall need also a negative norm estimate for a time derivative of the
error at positive time, which we now state, for simplicity only for vh = Phv.
Here and below we often write Dt for ∂/∂t.
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Theorem 5.3 Let j ≥ 0, 0 ≤ s ≤ r − 2, and δ > 0, and let vh = Phv. Then
we have, for uh and u the solutions of (5.16) and (5.15), with vh = Phv,

|Dj
t (uh(t) − u(t))|−s ≤ Cδh

r+s
( j∑

l=0

‖Dl
tu(t)‖r

+

∫ t

t−δ

‖Dj+1
t u‖r dy +

∫ t

0

‖ut‖s+2 dy
)
, for t ≥ δ > 0.

We shall not demonstrate this theorem in detail but only remark that
the proof uses the ideas of the proof of Theorem 3.6. One thus multiplies
the solution by a cut-off function permitting one to consider separately one
problem with u vanishing in (0, t − δ/2) and another with u vanishing in
(t − δ, t). For the first of these problems an estimate for the time derivatives
may be obtained from Theorem 5.2 by differentiation. For the second problem
one uses the fact, easily established by spectral representation, that for a
solution of the homogeneous semidiscrete equation Thuh,t + uh = 0 one has

|Dj
t uh(t)|−s,h ≤ Cδ|uh(t − δ/2)|−(r−2),h, for t ≥ δ, 0 ≤ s ≤ r − 2.

Using either an inverse estimate or a standard energy argument, it is
also possible to prove a similar estimate for the gradient of the error so that
altogether we have, for any j ≥ 0 and u appropriately smooth,

|Dj
t (uh(t) − u(t))|−s ≤ Cδ(u)hr+s, for t ≥ δ > 0, −1 ≤ s ≤ r − 2.

We shall show now that if more care is exercised in the choice of discrete
initial data, then the negative norm error estimates for the time derivatives
can be made to hold uniformly down to t = 0. For this purpose note that

u
(j)
h = Dj

t uh satisfies the semidiscrete equation in (5.16), where j ≥ 1 is fixed.
We first show that the initial data vh may be chosen in such a way that

(5.19) u
(j)
h (0) = Phu(j)(0).

In particular, we may then apply Theorem 5.2 to u
(j)
h . To accomplish this we

introduce the discrete elliptic operator Ah = T−1
h : Sh → Sh, so that

uh,t + Ahuh = Phf, for t > 0,

and hence by differentiation

(5.20) u
(l)
h,t + Ahu

(l)
h = Phf (l), for l ≥ 0, t > 0.



5. Negative Norm Estimates and Superconvergence 75

By the equations satisfied by u
(j−1)
h , . . . , uh we have for the initial data

u
(j)
h (0) = u

(j−1)
h,t (0) = −Ahu

(j−1)
h (0) + Phf (j−1)(0)

= A2
hu

(j−2)
h (0) − AhPhf (j−2)(0) + Phf (j−1)(0) = · · ·

= (−Ah)jvh +

j−1∑

l=0

(−Ah)j−1−lPhf (l)(0).

After multiplication by T j
h and use of the differential equation in (5.15) this

is seen to be equivalent to

vh = (−Th)ju
(j)
h (0) − (−Th)j

j−1∑

l=0

(−Ah)j−1−lPh(u(l+1)(0) + Au(l)(0)).

Recalling that ThPh = Th and Rh = ThA this in turn may be written

vh = Phv +

j−1∑

l=0

(−Th)lPh(Rh − I)u(l)(0) + (−Th)j(u
(j)
h (0) − Phu(j)(0)).

We therefore find that condition (5.19) is equivalent to the choice

(5.21) vh = Phv +

j−1∑

l=0

(−Th)lPh(Rh − I)u(l)(0).

Note that the u(l)(0) may be calculated from the differential equation in
(5.15).

Since another possible choice of vh in Theorem 5.2 is Rhv, we may require
instead of (5.19) the relation

(5.22) u
(j)
h (0) = Rhu(j)(0),

which leads to an additional term in the sum in (5.21), or

vh = Phv +

j∑

l=0

(−Th)lPh(Rh − I)u(l)(0)

= Rhv +

j∑

l=1

(−Th)l(Rh − I)u(l)(0).

(5.23)

The type of construction of discrete initial data used in (5.21) and (5.23)
is referred to as quasi-projections in the analysis of Douglas, Dupont and
Wheeler [81].

We may now show the following.
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Theorem 5.4 Let j > 0, 0 ≤ s ≤ r − 2, and assume that vh is given by
(5.21) or (5.23). Then we have for the solutions of (5.16) and (5.15)

|Di
t(uh(t) − u(t))|−s ≤ Chr+s

( j∑

l=i

‖Dl
tu(0)‖max(r−2(l−i),s+2)

+

∫ t

0

‖Di+1
t u‖r dy

)
, for 0 ≤ i ≤ j, t ≥ 0.

Proof. For i = j this follows at once by application of Theorem 5.2 to Dj
t uh =

u
(j)
h and Dj

t u = u(j), and recalling that (5.19) or (5.22) holds. Let now 0 ≤
i < j and consider first the choice (5.21). Then we may write uh = ũh + ˜̃uh

where

ũh,t + Ahũh = Phf, for t ≥ 0,

ũh(0) = Phv +
i−1∑

l=0

(−Th)lPh(Rh − I)u(l)(0),

and

˜̃uh,t + Ah
˜̃uh = 0, for t ≥ 0,

˜̃uh(0) =

j−1∑

l=i

(−Th)lPh(Rh − I)u(l)(0).
(5.24)

Then ũ
(i)
h (0) = Phu(i)(0), by the above construction, and hence, by the

result just proved for i = j

(5.25) |ũ(i)
h (t) − u(i)(t)|−s ≤ Chr+s

(
‖Di

tu(0)‖r +

∫ t

0

‖Di+1
t u‖r dy

)
.

Further, by Lemma 5.3 and the stability in | · |−s,h and ‖ · ‖,

|˜̃u
(i)

h (t)|−s ≤ C(|˜̃u
(i)

h (t)|−s,h + hs‖˜̃u
(i)

h (t)‖)

≤ C(|˜̃u
(i)

h (0)|−s,h + hs‖˜̃u
(i)

h (0)‖) = C(|Ai
h
˜̃uh(0)|−s,h + hs‖Ai

h
˜̃uh(0)‖).

Now, for i ≤ l ≤ j − 1 we have

Ai
hT l

hPh(Rh − I)u(l)(0) = T l−i
h Ph(Rh − I)u(l)(0),

and we conclude (note that |Phv|−s,h = |v|−s,h for s > 0)

|˜̃u
(i)

h (t)|−s ≤ C

j−1∑

l=i

(
|(Rh − I)u(l)(0)|−(s+2(l−i)),h

+ hs|(Rh − I)u(l)(0)|−2(l−i),h

)
.
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Since by Lemmas 5.2 and 5.3

|(Rh − I)v|−(s+q),h ≤ Chr+s‖v‖r−q, if s + q ≤ r − 2,

and
|(Rh − I)v|−(s+q),h ≤ Chr+s‖v‖s+2, if s + q > r − 2,

this yields

(5.26) |˜̃u
(i)

h (t)|−s ≤ Chr+s

j−1∑

l=i

‖u(l)(0)‖max(r−2(l−i),s+2).

Together, (5.25) and (5.26) show the result for this choice of vh. For vh chosen
by (5.23), the summation in (5.24), and hence also in (5.26), will extend to
j, and the proof proceeds as before. ⊓⊔

Also H1 estimates which are uniform down to t = 0 may be derived using
an inverse estimate or, for vh chosen to satisfy (5.23), by the standard energy
argument. For an application below, we consider briefly the latter case. For
j = 0, see Theorem 1.3.

Theorem 5.5 Let j > 0 and assume vh given by (5.23). Then for 0 ≤ i ≤ j
and t ≥ 0, we have, for the solutions of (5.16) and (5.15),

‖Di
t(uh(t) − u(t))‖1 ≤ Chr−1

(
‖Di

tu(t)‖r

+

j∑

l=i+1

‖Dl
tu(0)‖max(r−2(l−i),1) +

( ∫ t

0

‖Di+1
t u‖2

r−1 dy
)1/2
)
.

Proof. We consider first i = j and write uh − u = (uh −Rhu) + (Rhu− u) =
θ + ρ. We have

(θ
(j)
t , χ) + A(θ(j), χ) = −(ρ

(j)
t , χ), ∀χ ∈ Sh, for t > 0,

with θ(j)(0) = 0 by (5.22). The standard energy argument with χ = θ
(j)
t

shows therefore

‖θ(j)(t)‖1 ≤ C
(∫ t

0

‖ρ(j)
t ‖2 dy

)1/2

≤ Chr−1
(∫ t

0

‖Dj+1
t u‖2

r−1 dy
)1/2

.

Since ‖ρ(j)(t)‖1 ≤ Chr−1‖Dj
t u(t)‖r, we conclude

‖u(j)
h (t) − u(j)(t)‖1 ≤ Chr−1

(
‖Dj

t u(t)‖r +
( ∫ t

0

‖Dj+1
t u‖2

r−1 dy
)1/2
)
,

which is the desired result for i = j. For 0 ≤ i < j we may now write

θ = (ũh − Rhu) + ˜̃uh = θ̃ + ˜̃uh, where
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(˜̃uh,t, χ) + A(˜̃uh, χ) = 0, ∀χ ∈ Sh, for t ≥ 0,

˜̃uh(0) =

j∑

l=i+1

(−Th)l(Rh − I)u(l)(0).

Since ũ
(i)
h (0) = Rhu(i)(0), we obtain as above for ũh − u = θ̃ + ρ that

‖ũ(i)
h (t) − u(i)(t)‖1 ≤ Chr−1

(
‖Di

tu(t)‖r +
( ∫ t

0

‖Di+1
t u‖2

r−1 dy
)1/2
)
,

and for ˜̃uh we have

‖˜̃u
(i)

h (t)‖1 ≤ C‖˜̃u
(i)

h (0)‖1 ≤ C‖Ai
h
˜̃uh(0)‖1 ≤ C

j∑

l=i+1

‖T l−i
h (Rh − I)u(l)(0)‖1.

Here

‖T l−i
h w‖1 ≤ CA(T l−i

h w, T l−i
h w)1/2 = C(T l−i−1

h w, T l−i
h w)1/2 = C|w|1−2(l−i),h,

and we conclude

‖˜̃u
(i)

h (t)‖1 ≤ C

j∑

l=i+1

|(Rh − I)u(l)(0)|1−2(l−i),h

≤ Chr−1

j∑

l=i+1

‖u(l)(0)‖max(r−2(l−i),1),

which completes the proof. ⊓⊔
We shall apply our above estimates to obtain a superconvergence result

in the case of C0 elements in one space dimension. Note that the initial
conditions (5.21) and (5.23) depend on j, but that all time derivatives of the
error of orders at most j are bounded in Theorems 5.4 and 5.5. This will be
useful in application of the following result.

Consider thus the problem

ut + Au = f in (0, 1), for t > 0,(5.27)

u = 0 at x = 0, 1, for t > 0, u(·, 0) = v in (0, 1),

where A is defined in (5.10), and the semidiscrete analogue (5.16) in the
piecewise polynomial space Sh defined in (5.11). We then have the following
result.

Theorem 5.6 Let uh and u be the solutions of (5.16) and (5.27), and let
x̄ be one of the nodes of the partition. Then, for any n ≥ 0, we have for
e = uh − u

|e(x̄, t)| ≤ C
(
hr−1

n∑

j=0

‖Dj
t e‖1 + hr‖Dn+1

t e‖ + |Dn+1
t e|−2n

)
.
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We remark at once that by Theorems 5.4 and 5.5 this shows that under
the appropriate choice of discrete initial data and regularity assumptions we
have |uh(x̄, t) − u(x̄, t)| = O(h2r−2), for any t > 0.

Proof of Theorem 5.6. Let again g = gx̄ be the Green’s function of A with
zero boundary conditions and singularity at x̄ so that (5.12) holds. Setting
L(u, v) = (ut, v) + A(u, v), we have now, using the definition of the exact
solution operator T ,

e(x̄, t) = A(e, g) = L(e, g) − (et, g) = L(e, g) − A(et, T g)

= L(e, g) − L(et, T g) + (ett, T g)

=

n∑

j=0

(−1)jL(Dj
t e, T

jg) + (−1)n+1(Dn+1
t e, Tng).

Recalling our definitions we find

L(e, χ) =
(
(uh,t, χ) + A(uh, χ)

)
−
(
(ut, χ) + A(u, χ)

)
= 0, ∀χ ∈ Sh,

and, by differentiation, L(Dj
t e, χ) = 0 for χ ∈ Sh Hence

|L(Dj
t e, T

jg)| = inf
χ∈Sh

|L(Dj
t e, T

jg − χ)|

≤ inf
χ∈Sh

(
‖Dj+1

t e‖ ‖T jg − χ‖ + C‖Dj
t e‖1‖T jg − χ‖1

)

≤ C
(
hr‖Dj+1

t e‖ + hr−1‖Dj
t e‖1

)
,

where in the last step we have used the fact that T jg is continuous and
smooth except possibly at x̄. We have finally

|(Dn+1
t e, Tng)| = |(TnDn+1

t e, g)| ≤ C‖TnDn+1
t e‖ = C|Dn+1

t e|−2n,

which completes the proof of the theorem. ⊓⊔

Another type of application of negative norms to obtain superconvergent
order error bounds is associated with situations when the partition is uniform
in some interior subdomain Ω0 of Ω, in a way we shall refrain from describing
in detail here. For the elliptic problem and with Dαu a given derivative of
the solution, one may then show an inequality of the form (see Nitsche and
Schatz [185], Bramble, Nitsche, and Schatz [33])

sup
x∈Ω0

|Qhuh(x) − Dαu(x)| ≤ C
(
hr‖u‖Hs(Ω1) + ‖uh − u‖−p

)
.

Here Qh is a finite difference operator approximating the operator Dα to
order O(hr), s is a number greater than r, p is arbitrary, and Ω0 is contained
in a compact subset of Ω1 ⊂ Ω. The conclusion is that Dαu is approximated
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by Qhuh to order O(hr) in Ω0 provided u is smooth in Ω1 and an O(hr)
bound is available for the error uh − u in some negative order norm. It may
also be shown that if the discrete solution uh is convolved with a specific
function ψh, a scaled version of the B-spline of order r − 2 in R

d, then Qh

may be defined in such a way that supΩ0
|ψh∗Qhuh−Dαu| = O(h2r−2). This

uses the negative norm estimate of Theorem 5.1 with s = r − 2, q = r; the
local averaging by means of the function ψh is associated with the use of the
K-operator of Bramble and Schatz [36], see also Thomée [226]. Similar results
have been derived for the parabolic problem; we shall not present these in
detail here but refer to Bramble, Schatz, Thomée, and Wahlbin [37], Thomée
[227], [228], and Nitsche [184].

In the case of nonuniform partitions it is also possible to find supercon-
vergent order approximations to u(x0, t) for x0 ∈ Ω, t > 0, by using a local
Green’s function, see Louis [159]. We sketch this application in the elliptic
case: Letting x0 ∈ Ω0 ⊂ Ω and denoting by G = Gx0 the Green’s function of
(5.1) with respect to Ω0, with singularity at x0, we have, for any smooth w
vanishing on ∂Ω0,

w(x0) =

∫

Ω0

Aw(y)G(y) dy.

Letting ϕ ∈ C∞
0 (Ω0) and ϕ ≡ 1 in a neighborhood of x0 we thus have, with g

a function in ∈ C∞
0 (Ω0) which can easily be determined, with g ≡ 0 near x0,

u(x0) = (A(ϕu), G) = (ϕAu,G) + (u, g) = (ϕf,G) + (u, g).

If we approximate u(x0) by ũh(x0) = (ϕf,G) + (uh, g), it is clear that

|ũh(x0) − u(x0)| = |(uh − u, g)| ≤ C‖uh − u‖−(r−s) = O(h2r−2).

For the parabolic case, see [228].

The theory presented here was developed in Bramble, Schatz, Thomée,
and Wahlbin [37] and Thomée [228]. For related material, see also Douglas,
Dupont, and Wheeler [81]. Additional work on superconvergence for par-
abolic equations, not necessarily related to negative norm estimates, includes
Thomée [224] where the first nodal superconvergence result for Galerkin
methods was derived in the case of the Cauchy problem for the heat equa-
tion and using smooth splines, and several papers concerning superconver-
gent O(h2) approximations of the gradient of the solution in the piecewise
linear case on triangulations that are almost uniform, see Thomée, Xu, and
Zhang [234] and references therein. General references on superconvergence
are Krǐsek and Neittaanmäki [142] and Wahlbin [243].
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and Analytic Semigroups

The main purpose in this chapter is to discuss stability and smoothness es-
timates for the semidiscrete solution of the homogeneous heat equation with
respect to the maximum-norm, and some consequences of such estimates for
error bounds for problems with smooth and nonsmooth initial data. The semi-
discrete solution is sought in a piecewise linear finite element space belonging
to a quasiuniform family.

The proofs of the stability estimates are considerably more complicated
than for those in the L2-norm of our earlier chapters. We shall begin by
demonstrating some preliminary such results from Schatz, Thomée and
Wahlbin [209], using a weighted norm technique. We then reformulate our
problem in abstract form using the concept of an analytic semigroup in a
Banach space, and demonstrate that the stability and a certain smoothing
property for a parabolic problem may also be expressed in terms of a bound
for the resolvent of the associated elliptic operator. In the latter part of the
chapter we then prove such a resolvent estimate for the discrete Laplacian in
the maximum-norm by Bakaev, Thomée and Wahlbin [20], and then apply it
together with the abstract theory to derive stability, smoothness, and error
estimates, which are somewhat sharper than the preliminary ones in that a
logarithmic factor ℓh may be removed. For the error estimates we need to do
some auxiliary work in Lp with p large.

We consider thus the initial-boundary value problem

ut = ∆u in Ω, t > 0,(6.1)

u = 0 on ∂Ω, t > 0, with u(·, 0) = v in Ω,

where now for simplicity Ω is a smooth convex domain in the plane. E(t)
the solution operator of this problem, so that u(t) = E(t)v, we note that by
the maximum-principle for the heat equation we have, for v ∈ C0(Ω), the
continuous functions in Ω which vanish on ∂Ω,

(6.2) ‖E(t)v‖L∞
≤ ‖v‖L∞

, for t ≥ 0.

Our first interest is to show a discrete analogue of this estimate.
As in Chapter 1, let Sh ⊂ H1

0 = H1
0 (Ω) denote the piecewise linear

functions on a triangulation Th = {τj} of Ω with its boundary vertices on
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∂Ω, and which vanish outside the polygonal domain Ωh ⊂ Ω defined by ∪j τ̄j .
We assume that the Th constitute a quasiuniform family. We consider the
corresponding standard Galerkin semidiscrete problem, to find uh : [0,∞) →
Sh such that

(uh,t, χ) + (∇uh,∇χ) = 0, ∀χ ∈ Sh, t > 0, with uh(0) = vh.

Recall from Chapter 1 that, with ∆h the discrete Laplacian defined by
(1.33), the semidiscrete problem may be written

(6.3) uh,t = ∆huh, for t > 0, with uh(0) = vh.

Introducing the solution operator of this problem, defined by uh(t) =
Eh(t)vh, we shall now show that the discrete analogue of the maximum-norm
stability estimate (6.2), associated with the maximum-principle for the heat
equations, does not hold. For this purpose, recall that (6.3) may be written
in matrix form as

(6.4) Bα′(t) + Aα(t) = 0, for t > 0, with α(0) = γ,

where α(t) is the vector of nodal values of uh(t) and B and A are the mass
and stiffness matrices. We may therefore represent the nodal values of the
solution of (6.4) as α(t) = e−B−1Atγ, where the components of γ are the nodal
values of vh. The discrete analogue of (6.2) would therefore be equivalent to

(6.5) ‖M(t)‖∞ := max
i

Nh∑

j=1

|mij(t)| ≤ 1, with M(t) = (mij(t)) = e−B−1At.

To see that this cannot hold in general, we consider the one-dimensional
example with Ω = (0, 1), uniformly subdivided into intervals of length
h = 1/N . Then B and A are symmetric tridiagonal Toeplitz matrices such
that h−1B has diagonal elements 2

3 and bidiagonal elements 1
6 , and hA has di-

agonal elements 2 and bidiagonal elements −1. Setting G = h2B−1A = (gij),
which is independent of h, we have M(th2) = I − tG + O(t2) as t → 0, and

‖M(th2)‖∞ = max
i

(
1 − tgii + t

∑

j �=i

|gij |
)

+ O(t2), as t → 0.

Hence to show that (6.5) does not hold, it suffices to show that

(6.6)
∑

i�=j

|gij | > |gii|, for some i, 1 ≤ i ≤ N − 1.

But the characteristic trigonometric polynomials associated with the Toeplitz
matrices h−1B and hA are 2

3 + 1
3 cos θ and 2 − 2 cos θ, respectively, and the

ratio of these has the Fourier series
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2 − 2 cos θ
2
3 + 1

3 cos θ
=

∞∑

n=−∞
bneinθ,

where

b0 = 6(
√

3 − 1), bn = 6
√

3(−1)n(2 −
√

3)n = b−n, for n > 0.

But the gij corresponding to points in the interior of Ω behave asymptotically
like bi−j for large N and we have

∑

n�=0

|bn| = 6(3 −
√

3) ≈ 7.61 > b0 = 4.39.

In fact, already |b1| + |b−1| = 5.57 > b0.
For fixed N , (6.6) may easily be checked, e.g., by MATLAB. For N = 6,

i.e., with only 5 interior points we have
∑

i�=3

|gi3| = 6.92 > |g23| + |g43| = 5.54 > |g33| = 4.38.

It is worth noting that the lack of a maximum-principle in this case comes
from the presence of the mass matrix, and that ‖e−tA‖∞ ≤ 1 for t > 0. This
follows from e−tA = limn→∞ (I + tn−1A)−n and

‖(I + kA)−1γ‖∞ ≤ ‖γ‖∞ = max
j

|γj |, for k > 0.

This in turn follows from the discrete maximum-principle for the backward
Euler five-point finite difference method. We shall return to this discussion
in the context of the lumped mass method in Chapter 15.

Since the discrete analogue of (6.2) does not hold, we will thus have to
be content with a weaker discrete maximum-norm stability estimate. In the
next theorem, we show such a result in which the stability bound contains a
logarithmic factor ℓh = max(1, log(1/h)). With a more refined argument we
shall later be able to remove this factor.

In the rest of this chapter, we denote the norm in Lp(Ω0) by ‖ · ‖Lp(Ω0)

or simply ‖ · ‖Lp
, if Ω0 = Ω, and write similarly for the norm in the Sobolev

space W s
p = W s

p (Ω), with s a nonnegative integer,

‖v‖W s
p

=





(∑
|α|≤s ‖Dαv‖p

)1/p

, for 1 ≤ p < ∞,

max|α|≤s ‖Dαv‖L∞
, for p = ∞.

As before, ‖ · ‖ and ‖ · ‖s are the norms in L2 = L2(Ω) and Hs = Hs(Ω).

Theorem 6.1 Let Sh be the piecewise linear finite element spaces based on
quasiuniform triangulations described above and let Eh(t) the solution oper-
ator of (6.3). We then have

‖Eh(t)vh‖L∞
≤ Cℓh‖vh‖L∞

, for vh ∈ Sh, t ≥ 0.
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Proof. We want to show that

|(Eh(t)vh)(x)| ≤ Cℓh‖vh‖L∞
, for t ≥ 0, x ∈ Ω.

For this purpose we introduce the discrete delta-function δx
h ∈ Sh defined by

(6.7) (δx
h, χ) = χ(x), ∀χ ∈ Sh, x ∈ Ω,

and the discrete fundamental solution Γ x
h = Γ x

h (t) = Eh(t)δx
h ∈ Sh, thus

satisfying
Γ x

h,t = ∆hΓ x
h , for t > 0, with Γ x

h (0) = δx
h.

We may then represent the discrete solution operator as

(6.8) (Eh(t)vh)(x) = (Γ x
h (t), vh), for x ∈ Ω, t > 0.

In fact, since Eh(t) is selfadjoint,

(Γ x
h (t), vh) = (Eh(t)δx

h, vh) = (δx
h, Eh(t)vh) = (Eh(t)vh)(x).

It follows that

|(Eh(t)vh)(x)| ≤ ‖Γ x
h (t)‖L1

‖vh‖L∞
, for x ∈ Ω,

and hence, in order to prove our theorem, it suffices to show

(6.9) ‖Γ x
h (t)‖L1

≤ Cℓh, ∀x ∈ Ω, t > 0.

For this purpose we define the modified distance between x and y by

(6.10) ω(y) = ωx
h(y) = (|y − x|2 + h2)1/2.

From the Cauchy-Schwarz inequality we then have

(6.11) ‖Γ x
h (t)‖L1

≤ ‖(ωx
h)−1‖ ‖ωx

h Γ x
h (t)‖ ≤ Cℓ

1/2
h ‖ωx

hΓ x
h (t)‖,

since, with d the diameter of Ω,

(6.12) ‖(ωx
h)−1‖2 =

∫

Ω

dy

|y − x|2 + h2
≤ 2π

∫ d

0

r dr

r2 + h2
≤ Cℓh.

It thus remains to show the L2-norm estimate

(6.13) ‖ωx
hΓ x

h (t)‖ ≤ Cℓ
1/2
h , for t ≥ 0.

This will be accomplished by the energy method.
We shall repeatedly use well-known inverse properties of {Sh}, such as

(1.12), which are valid when the triangulations are quasiuniform, as assumed
in this chapter. We shall also need the following lemma by Descloux [70]
(cf. also [59]) concerning the maximum-norm stability of the L2-projection
Ph : L2 → Sh.
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Lemma 6.1 With Sh as above, there is a positive constant c such that, if τ0

is any triangle of Th and Ω0 ⊂ Ω is disjoint from τ0, then

(6.14) ‖Phv‖L2(Ω0) ≤ e−c dist(Ω0,τ0)/h‖v‖L2(τ0), if supp v ⊂ τ0.

Further, there is a positive constant C such that

(6.15) ‖Phv‖L∞
≤ C‖v‖L∞

.

Proof. Starting with R0 = τ0, we define a sequence of sets Rj , j = 0, 1, . . . ,
recursively by taking for Rk the union of (closed) triangles in Th which are
not in ∪l<kRl and which are neighbors of the triangles of this set. By the
quasiuniformity of the triangulations the points of Rk then have a distance
to τ0 which is bounded above and below by constants times (k−1)h. Letting
Dk = ∪l>kRl, we shall show that, for some κ > 0,

(6.16) ‖Phv‖2
L2(Dk) ≤ κ‖Phv‖2

L2(Rk), for k ≥ 1.

Assuming this for a moment, we denote the left-hand side by qk and find thus
qk ≤ κ(qk−1 − qk), for k ≥ 1, whence, with γ = κ/(1 + κ),

qk ≤ γqk−1 ≤ γkq0 ≤ γk‖Phv‖2
L2(Ω) ≤ γk‖v‖2

L2(τ0)
.

Defining c by γ = e−2c, and with k the largest integer such that Dk ⊃ Ω0,
this shows

‖Phv‖L2(Ω0) ≤ ‖Phv‖L2(Dk) ≤ e−ck‖Phv‖L2(τ0) ≤ ece−cdist(Ω0,τ0)/h‖v‖L2(τ0),

which is (6.14) (possibly with a different choice of c).
In order to show (6.16) we note that since suppv ⊂ τ0, we have (Phv, χ) =

0 for any χ ∈ Sh with suppχ ⊂ Dk−1 = Dk ∪ Rk for k ≥ 1. In particular, we
may choose χ̃ ∈ Sh such that χ̃ = Phv in Dk, χ̃ = 0 in Ω \ Dk−1. For the
triangles of Rk, χ̃ coincides with Phv at one or two vertices and vanishes at
the remaining two or one vertices. Then

0 = (Phv, χ̃) = ‖Phv‖2
L2(Dk) +

∫

Rk

Phv χ̃ dx,

and hence
‖Phv‖2

L2(Dk) ≤ ‖Phv‖L2(Rk)‖χ̃‖L2(Rk).

By the definition of χ̃ it is now easy to see that there exists a κ > 0 such that,
for each triangle τ of Rk, ‖χ̃‖L2(τ) ≤ κ‖Phv‖L2(τ). Hence the corresponding
inequality is valid with τ replaced by Rk, and we may conclude that (6.16)
holds.

We may now finish the proof of the lemma by showing the maximum-norm
stability estimate (6.15). Let τ0 be a triangle where Phv attains its maximum
value and set vj = v on τj and 0 otherwise. We then have v =

∑
j vj and
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‖Phv‖L∞
= ‖Phv‖L∞(τ0) ≤

∑

j

‖Phvj‖L∞(τ0).

Using the local inverse estimate

(6.17) ‖χ‖L∞(τ0) ≤ Ch−1‖χ‖L2(τ0),

together with (6.14) we have

‖Phvj‖L∞(τ0) ≤ Ch−1‖Phvj‖L2(τ0)

≤ Ch−1e−cdist(τ0,τj)/h‖vj‖L2(τj) ≤ Ce−cdist(τ0,τj)/h‖v‖L∞
.

With Rk as above, the number of triangles of Rk is bounded by the number of
triangles of ∪l≤kRl, and by quasiuniformity this is bounded by C(kh)2h−2 =
Ck2, and hence

‖Phv‖L∞
≤ C
(∑

k

∑

τj⊂Rk

e−ck
)
‖v‖L∞

≤ C
∑

k

k2e−ck‖v‖L∞
≤ C‖v‖L∞

,

which completes the proof. ⊓⊔

We remark that Lemma 6.1 generalizes to certain nonquasiuniform fami-
lies of triangulations, see [59]. We shall not go into the details of this.

We note that the stability of Ph shows that Phv is an optimal order
approximation to v in maximum-norm. In fact, using the estimate (1.43) for
the interpolant we have, for v ∈ Ẇ 2

∞ (we denote Ẇ s
p = W s

p ∩ H1
0 ,

‖Phv − v‖L∞ = ‖(Ph − I)(v − Ihv)‖L∞ ≤ C‖Ihv − v‖L∞ ≤ Ch2‖v‖W 2
∞

.

Before we can finish the proof of Theorem 6.1 we need three addi-
tional technical lemmas. The first of these is related to the so-called super-
approximation property of Nitsche and Schatz (cf. [185]). Note that for an
O(h) error estimate for ∇Phu we normally need u ∈ Ḣ2 = H2 ∩ H1

0 .

Lemma 6.2 There is a C such that, with ω = ωx
h defined in (6.10),

‖∇(ω2χ − Ph(ω2χ))‖ ≤ Ch(‖χ‖ + ‖ω∇χ‖), ∀χ ∈ Sh, x ∈ Ω.

Proof. Let ϕ = Ih(ω2χ) be the interpolant of ω2χ in Sh. With τ an arbitrary
triangle of Th we have, using Leibniz’ rule and the facts that |∇(ω2)| ≤ Cω,
Dα(ω2) = C and Dαχ = 0 in τ for |α| = 2,

‖ω2χ − ϕ‖L2(τ) + h‖∇(ω2χ − ϕ)‖L2(τ)

≤ Ch2
∑

|α|=2

‖Dα(ω2χ)‖L2(τ) ≤ Ch2(‖χ‖L2(τ) + ‖ω∇χ‖L2(τ)),

and hence, by squaring and summing over the triangles of Th, the correspond-
ing inequality for Ω. By the inverse estimate (1.12) we have, since Phϕ = ϕ,
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‖∇(ϕ − Ph(ω2χ))‖ ≤ Ch−1‖Ph(ϕ − ω2χ)‖ ≤ Ch−1‖ϕ − ω2χ‖.

We have already bounded this latter quantity and hence the desired estimate
now follows by the triangle inequality. ⊓⊔

The next lemma shows that the modified distance function in some sense
compensates for the “singularity” of the discrete delta function.

Lemma 6.3 With ωx
h and δx

h defined by (6.10) and (6.7), there is a constant
C such that

‖ωx
hδx

h‖ ≤ C, for x ∈ Ω.

Proof. Let Ωh be the domain defined by the union of the triangles of Th.
Fixing x, we write ω = ωx

h and δ = δx
h, and let Ωj = {y ∈ Ωh; 2j−1h <

|y − x| ≤ 2jh} for j ≥ 1 and Ω0 = {y ∈ Ωh; |y − x| ≤ h}. Clearly, ωx
h(y) ≤

(2j + 1)h, for y ∈ Ωj , and hence

(6.18) ‖ωδ‖ ≤ C
∑

j≥0

‖ωδ‖L2(Ωj) ≤ C
∑

j≥0

2jh‖δ‖L2(Ωj).

In order to bound ‖δ‖L2(Ωj), let supp ϕ ⊂ Ωj and let τ be the triangle
containing x. We then have, using a local inverse estimate, cf. (6.17),

(6.19) (δ, ϕ) = (δ, Phϕ) = (Phϕ)(x) ≤ ‖Phϕ‖L∞(τ) ≤ Ch−1‖Phϕ‖L2(τ).

Now, let {τl}Mj,h

l=1 be the triangles of Th which intersect Ωj , and set ϕl = ϕ
on τl and ϕl = 0 outside τl. By Lemma 6.1 we then have

‖Phϕl‖L2(τ) ≤ Ce−c2j‖ϕl‖L2(τl) ≤ Ce−c2j‖ϕ‖L2(Ωj).

Since the number Mj,h of such triangles is bounded by C22j , we find

‖Phϕ‖L2(τ) ≤
Mj,h∑

l=1

‖Phϕl‖L2(τ) ≤ C22je−c2j‖ϕ‖L2(Ωj),

and hence
‖δ‖L2(Ωj) = sup

‖ϕ‖=1

(δ, ϕ) ≤ Ch−122je−c2j

.

Inserting this into (6.18) shows

‖ωδ‖ ≤ C

∞∑

j=0

23j e−c2j ≤ C,

which completes the proof. ⊓⊔
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Recall that for functions in plane domains Ω, Sobolev’s embedding the-
orem (see, e.g., Adams and Fournier [1]) asserts that ‖v‖L∞

≤ Cε‖v‖1+ε for
any ε > 0, but this inequality does not hold for all v ∈ H1 when ε = 0. For
functions in Sh, however, we have the following substitute. For later applica-
tion we show this for more general than quasiuniform triangulations.

Lemma 6.4 Assume that the family of triangulations underlying the {Sh}
are such that hmin ≥ Chγ for some γ > 0. Then there is a C such that

‖χ‖L∞
≤ Cℓ

1/2
h ‖∇χ‖, ∀χ ∈ Sh.

Proof. By Sobolev’s embedding theorem

(6.20) ‖ϕ‖Lp
≤ Cp‖∇ϕ‖, where Cp = Cp1/2, ∀ϕ ∈ H1

0 , 2 ≤ p < ∞.

In fact, by a common proof of this result (cf., e.g., Stein [219]), Cp may be
chosen as C‖ |x|−1‖Ls(B) with 1/s = 1/p + 1/2 and B the unit ball in R

2.

Since this norm is bounded by C(2− s)−1/s = C((2 + p)/4)1/p+1/2 ≤ Cp1/2,
for large p, (6.20) follows. Applying first an inverse estimate (see Brenner and
Scott [42]), and then (6.20) to χ ∈ Sh, we find

‖χ‖L∞
≤ Ch

−2/p
min ‖χ‖Lp

≤ Ch−2γ/p‖χ‖Lp
≤ Ch−2γ/pp1/2‖∇χ‖, ∀χ ∈ Sh.

The result stated now follows by taking p = ℓh = log(1/h) for small h. ⊓⊔

We now return to the proof of Theorem 6.1, which we have reduced above
to showing (6.13). Writing Γ = Γ x

h (t) and ω = ωx
h we consider the expression

1
2

d

dt
‖ωΓ‖2 + ‖ω∇Γ‖2 = (Γt, ω

2Γ ) + (∇Γ,∇(ω2Γ )) − 2(∇Γ, ω Γ ∇ω).

By the definition of Γ we have

(6.21) (Γt, ψ) + (∇Γ,∇ψ) = 0, ∀ψ ∈ Sh,

and hence

1
2

d

dt
‖ωΓ‖2 + ‖ω∇Γ‖2 = (Γt, ω

2Γ − ψ) + (∇Γ,∇(ω2Γ − ψ))

− 2(ω∇Γ, Γ ∇ω) = I1 + I2 + I3.
(6.22)

We now choose ψ = Ph(ω2Γ ). Then I1 = 0, and by Lemma 6.2 and the
inverse estimate (1.12) we find

|I2| ≤ ‖∇Γ‖ ‖∇(ω2Γ − ψ)‖ ≤
(
Ch−1‖Γ‖

) (
Ch(‖Γ‖ + ‖ω∇Γ‖)

)

≤ C(‖Γ‖2 + ‖Γ‖ ‖ω∇Γ‖).

Further, since ∇ω is bounded, |I3| ≤ C‖Γ‖ ‖ω∇Γ‖. Altogether,
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1
2

d

dt
‖ωΓ‖2 + ‖ω∇Γ‖2 ≤ C(‖Γ‖2 + ‖Γ‖ ‖ω∇Γ‖),

so that, after a kick-back of ‖ω∇Γ‖ and integration,

(6.23) ‖ωΓ (t)‖2 +

∫ t

0

‖ω∇Γ‖2 ds ≤ ‖ωδx
h‖2 + C

∫ t

0

‖Γ‖2 ds.

In view of Lemma 6.3 it remains now to prove

(6.24)

∫ t

0

‖Γ‖2ds ≤ Cℓh.

For this purpose, we note that with Th = (−∆h)−1, Γ satisfies

ThΓt + Γ = 0, for t > 0, with Γ (0) = δx
h.

By taking inner products by 2Γ and integrating in time, we obtain

(ThΓ, Γ ) + 2

∫ t

0

‖Γ‖2 ds = (Thδx
h, δx

h) = (Thδx
h)(x).

Setting Gx
h = Thδx

h, it thus suffices to show, since (ThΓ, Γ ) ≥ 0, that

(6.25) Gx
h(x) ≤ Cℓh.

The function Gx
h may be thought of as a discrete Green’s function; we have

(∇Gx
h,∇χ) = (∇Thδx

h,∇χ) = (δx
h, χ) = χ(x), ∀χ ∈ Sh.

In particular, Gx
h(x) = ‖∇Gx

h‖2. In view of Lemma 6.4 this shows

Gx
h(x) ≤ ‖Gx

h‖L∞
≤ Cℓ

1/2
h ‖∇Gx

h‖ = Cℓ
1/2
h Gx

h(x)1/2,

and hence (6.25). This completes the proof of (6.9) and hence of Theorem
6.1. ⊓⊔

We remark for later use that Lemma 6.3, (6.23), and (6.24) also show

(6.26)

∫ t

0

‖ω∇Γ‖2 ds ≤ Cℓh, for t ≥ 0.

We shall now apply the above stability result to obtain an error estimate
for the semidiscrete solution of the inhomogeneous parabolic problem

ut − ∆u = f in Ω, for t > 0,(6.27)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω.

With the semidiscrete analogue of (6.27) formulated as

(6.28) uh,t − ∆huh = Phf, for t > 0, with uh(0) = vh,

we show the following.
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Theorem 6.2 Under the assumptions of Theorem 6.1, with vh = Rhv and
v = 0 on ∂Ω, we have for the error in the semidiscrete parabolic problem
(6.28)

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ2h

(
‖v‖W 2

∞
+

∫ t

0

‖ut‖W 2
∞

ds
)
, for t ≥ 0.

Proof. We write as before uh − u = (uh − Rhu) + (Rhu − u) = θ + ρ, where
Rh is the Ritz projection onto Sh, and obtain from (1.46)

(6.29) ‖ρ(t)‖L∞
≤ Ch2ℓh ‖u(t)‖W 2

∞
≤ Ch2ℓh

(
‖v‖W 2

∞
+

∫ t

0

‖ut‖W 2
∞

ds
)
.

Moreover, with θ(0) = 0 we have from (1.37)

(6.30) θ(t) = −
∫ t

0

Eh(t − s)Phρt(s) ds.

Applying the stability estimates for Eh(t) and Ph shown above, together with
(1.46), we find

‖Eh(t − s)Phρt(s)‖L∞
≤ Cℓh ‖(Rh − I)ut(s)‖L∞

≤ Ch2ℓ2h‖ut(s)‖W 2
∞

,

which together with (6.30) completes the proof. ⊓⊔
We remark that, by the stability result of Theorem 6.1, the same er-

ror bound as in Theorem 6.2 holds for any vh such that ‖vh − Rhv‖L∞
≤

Ch2ℓh‖v‖W 2
∞

.

We now show a smoothing property of Eh(t) in L∞, cf. Lemma 3.9 for
the corresponding L2-result.

Theorem 6.3 Under the assumptions of Theorem 6.1 we have

(6.31) ‖E′
h(t)vh‖L∞

≤ Ct−1ℓh‖vh‖L∞
, for vh ∈ Sh, t > 0.

Proof. Using (6.8), the proof of this result is first reduced, in the same way as
in Theorem 6.1, to showing that the discrete fundamental solution Γ = Γ x

h (t)
satisfies t‖Γt(t)‖L1

≤ Cℓh, which in turn follows from the L2-norm estimate

t‖ωΓt(t)‖ ≤ Cℓ
1/2
h , where ω = ωx

h is the discrete distance function from
(6.10). For the latter inequality we differentiate (6.21) to see that Γ may be
replaced by Γt in (6.22). After multiplication by t2 we obtain, for any ψ ∈ Sh,
the identity

1
2

d

dt
(t2‖ωΓt‖2) + t2‖ω∇Γt‖2 = t2

(
(Γtt, ω

2Γt − ψ)

+ (∇Γt,∇(ω2Γt − ψ)) − 2(ω∇Γt,∇ω Γt)
)

+ t‖ωΓt‖2.

The proof of the theorem then follows the lines of the proof of Theorem 6.1.
Since we shall later derive the corresponding result without the factor ℓh, we
shall not carry out the details. ⊓⊔
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We shall now look at the stability problem from another angle, namely
by use of the theory of analytic semigroups.

We consider thus an abstract initial value problem of the form

(6.32) u′ + Au = 0 for t > 0, with u(0) = v,

in a complex Banach space B with norm ‖ · ‖. We now assume that A is a
closed, densely defined linear operator, with a resolvent set ρ(A) such that

(6.33) ρ(A) ⊃ Σδ = {z ∈ C : δ ≤ | arg z| ≤ π}, with δ ∈ (0, 1
2π),

and such that the resolvent, R(z;A) = (zI − A)−1, satisfies,

(6.34) ‖R(z;A)‖ ≤ M |z|−1, for z ∈ Σδ, with M ≥ 1.

Here and below ‖ · ‖ is also used to denote the operator norm for bounded
linear operators in B. We remark that since 0 ∈ ρ(A) it follows easily that
z ∈ ρ(A) for |z| < 1/M0 where M0 = ‖A−1‖, and that ‖R(z;A)‖ ≤ 2M0 for
|z| ≤ 1/(2M0), say. Hence the bound in (6.34) could have been replaced by
M1(1 + |z|)−1.

The theory of semigroups shows that under these assumptions −A is the
infinitesimal generator of a uniformly bounded strongly continuous semigroup
E(t) = e−tA, t ≥ 0, which is the solution operator of (6.32). Moreover, the
solution of (6.32) may be represented as

(6.35) u(t) = E(t)v =
1

2πi

∫

Γ

e−ztR(z;A)v dz,

where Γ = {z : | arg z| = ψ, ψ ∈ (δ, 1
2π)}, with Im z decreasing along Γ (as

is natural since we want to think of Γ as going around the spectrum σ(A)
of A in a positive sense). Because the integrand in (6.35) is analytic in Σδ,
the curve Γ may be deformed to any other homotopic curve in Σδ which
asymptotically approaches | arg z| = ψ as |z| → ∞. The semigroup E(t) may
be extended to a semigroup E(τ) which is analytic for τ in a sector containing
the positive real axis, and is therefore referred to as an analytic semigroup. It
also has a smoothing property which is important for our purposes. All these
properties are summarized in the following theorem (cf. Pazy [194], Theorem
2.5.2).

Theorem 6.4 Let E(t) be a strongly continuous semigroup in B generated
by the densely defined linear operator −A. Then the following conditions are
equivalent:

(i) There are constants M ≥ 1 and δ ∈ (0, 1
2π) such that

‖R(z;A)‖ ≤ M |z|−1, for z ∈ Σδ \ {0}.

(ii) There is an ε > 0 such that E(t) may be extended to a uniformly bounded
analytic semigroup E(τ) in the sector {τ ; | arg τ | < ε}.
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(iii) There is a constant K ≥ 1 such that

‖E(t)‖ + t‖E′(t)‖ ≤ K, for t > 0.

If B is a Hilbert space and A selfadjoint and positive definite, then the
spectrum σ(A) = C \ ρ(A) of A lies on the positive real axis and, with δ
arbitrary in (0, 1

2π),

‖R(z;A)‖ = sup
λ∈σ(A)

|z − λ|−1 ≤ (sin δ)−1 |z|−1, for z ∈ Σδ.

Thus A generates an analytic semigroup in B.
For another example, let B be the complex-valued Hilbert space L2 =

L2(Ω), with Ω a bounded domain in R
d with smooth boundary, and let A

be a second order, not necessarily selfadjoint, partial differential operator of
the form

(6.36) Au = −
d∑

j,k=1

∂

∂xj
(ajk

∂u

∂xk
) +

d∑

j=1

bj
∂u

∂xj
+ c0u,

with smooth, possibly complex-valued, coefficients in Ω̄, and D(A) = H2 ∩
H1

0 . Assume that A is strongly elliptic so that, for the associated bilinear
form,

(6.37) Re A(u, u) ≥ c‖u‖2
1, ∀u ∈ H1

0 , with c > 0.

In this case (6.33) and (6.34) hold, now for δ ∈ (0, 1
2π) sufficiently close to

1
2π. In fact, with f ∈ L2 and z a given complex number, the complex-valued
function u = uz = R(z;A)f is the solution of the Dirichlet problem

(6.38) (zI − A)u = f in Ω, with u = 0 on ∂Ω,

and the resolvent estimate to be shown may be expressed as

(6.39) ‖u‖ ≤ M |z|−1‖f‖, for z ∈ Σδ, z �= 0.

But, multiplying (6.38) by −ū and integrating over Ω, we have

A(u, u) − z‖u‖2 = −(f, u).

Taking real parts and using (6.37) we find

(6.40) c‖u‖2
1 − Re z ‖u‖2 ≤ ‖f‖ ‖u‖,

and, similarly, by taking imaginary parts and using (6.40),

| Im z| ‖u‖2 ≤ ‖f‖ ‖u‖ + C‖u‖2
1 ≤ (C1‖f‖ + C2 Re z ‖u‖)‖u‖.
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Hence
(| Im z| − C2 Re z)‖u‖ ≤ C1‖f‖.

Considering separately the cases Re z ≤ 0 and 0 < Re z ≤ ε| Im z| with ε
small enough, this shows (6.39) for δ sufficiently small. Thus −A generates
an analytic semigroup in L2(Ω).

We remark that if Ah : Sh → Sh is the discrete version of the operator A
in (6.36) in a finite element space Sh ⊂ H1

0 , defined by

(Ahψ, χ) = A(ψ, χ), ∀ ψ, χ ∈ Sh,

then −Ah also generates an analytic semigroup Eh(t) on Sh ⊂ L2, and the
constants M and δ in the resolvent estimate in (i), with A replaced by Ah,
are independent of h. In fact, the above proof of (6.39) remains valid for
uh = R(z;Ah)f, when f ∈ Sh, with the same constants.

Of particular interest to us in this chapter is the case when A = −∆ and
B is associated with the maximum-norm. We first recall that the Laplacian
generates a strongly continuous and analytic contraction semigroup E(t) in
Lp, thus with

(6.41) ‖E(t)v‖Lp
+ t‖E′(t)v‖Lp

≤ C‖v‖Lp
, for t > 0, v ∈ Lp, 2 ≤ p < ∞.

For p = ∞ the situation is more delicate. Instead of L∞ it is then often
natural to work in the subspace C = C(Ω̄) of continuous functions in Ω̄, again
normed with ‖ · ‖L∞

, or sometimes in C0 which consists of the functions in C
which vanish on ∂Ω.

It is a special case of a result from Stewart [220] that, if D(A) = C2(Ω̄)∩C0,
then, for any δ ∈ (0, 1

2π),

(6.42) ‖R(z;A)v‖L∞
≤ M(1 + |z|)−1‖v‖L∞

, for z ∈ Σδ, v ∈ C.

If we consider A as an operator in C it is not densely defined, and the solution
operator is not strongly continuous at t = 0 since E(t)v = 0 on ∂Ω for t > 0,
which is normally assumed in semigroup theory. However, in [220], A is shown
to generate an analytic contraction semigroup E(t) in B = C0, so that in
particular

(6.43) ‖E(t)v‖L∞
+ t‖E′(t)v‖L∞

≤ C‖v‖L∞
, for t > 0, v ∈ C0.

Note that in this case Av ∈ C0 when v ∈ D(A). Using the resolvent estimate
(6.42) we may extend the definition of E(t) by (6.35) also to v ∈ C, without
loosing the stability and smoothing properties of (6.43). In fact, the solution
operator may be further extended to L∞, with the stability and smoothness
properties retained. To see this, for v ∈ L∞, since then also v ∈ L2 we may
consider E(t)v to be the result of the solution operator in L2, which is known
to be smooth for t > 0. Then also (6.41) holds, and since this estimate is
uniform in p, we may let p → ∞ to see that (6.43) holds also for v ∈ L∞.
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To interpret the above theory in our present finite element context, we
note that Theorem 6.4 implies that our stability and smoothing estimates of
Theorems 6.1 and 6.3 together are equivalent to a bound for the resolvent
R(z;Ah). To study this equivalence in more detail, we now investigate more
precisely than above how the constants δ and M in condition (i) depend on
the constant K in (iii).

Lemma 6.5 Let E(t) = e−At be an analytic semigroup in a Banach space
B. Then there are constants C and c independent of K such that if condition
(iii) of Theorem 6.4 is valid, then condition (i) holds with M = CK2, δ =
1
2π − c/K2.

Proof. We first show that (iii) implies that there is a positive ν such that
E(t) may be extended to the sector {τ ; | arg τ | ≤ γ = ν/K} ⊂ C, with
‖E(τ)‖ ≤ 2K. In fact, using E(n)(t) = E′(t/n)n and nn ≤ n!en, we find by
(iii) that

‖E(n)(t)‖ ≤ ‖E′(t/n)‖n ≤
(Kn

t

)n ≤
(Ke

t

)n
n!, for n ≥ 1,

so that we may define

E(τ) = E(t) +

∞∑

n=1

E(n)(t)

n!
(τ − t)n,

with uniform convergence in B, for |τ − t| ≤ µt/(Ke), with any µ < 1. Thus
E(τ) is analytic for | arg τ | ≤ arcsin(µ/(Ke)) and, if µ ≤ K/(1+K), we have

‖E(τ)‖ ≤ K +

∞∑

n=1

µn = K +
µ

1 − µ
≤ 2K.

It follows that E(τ) is analytic for | arg τ | ≤ arcsin(1/((K + 1)e)) and hence
for | arg τ | ≤ ν/K, with ν = infK≥1(K arcsin(1/((K + 1)e))).

Recalling that

(6.44) R(z;A) = −
∫ ∞

0

eztE(t) dt, for Re z < 0,

we begin by showing (i) for Re z ≤ 0. Setting z = x + iy we first note that
(6.44) and (iii) immediately yield

(6.45) ‖R(z;A)‖ ≤
∫ ∞

0

ext‖E(t)‖ dt ≤ K

|x| ≤
K2

|x| , when x < 0.

By the analyticity of E(τ), we may shift the path of integration from the
positive t-axis to arg τ = ±γ, with γ = ν/K, and obtain, with arg τ = γ for
y > 0, still with x ≤ 0, since sin γ ≥ c/K,
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(6.46) ‖R(z;A)‖ ≤ 2K

∫ ∞

0

eρ(x cos γ−y sin γ) dρ ≤ 2K

y sin γ
≤ CK2

|y| .

Hence, by (6.45) and (6.46),

‖R(z;A)‖ ≤ CK2

max(|x|, |y|) ≤ 2CK2

|z| ,

and the same bound is obtained for y < 0 by taking arg τ = −γ, so that (i)
is shown for Re z ≤ 0.

For δ ≤ | arg z| ≤ 1
2π we have by Taylor expansion around iy that

R(z;A) =

∞∑

n=0

R(iy;A)n+1(−x)n.

This series converges uniformly for |x| ‖R(i y;A)‖ ≤ κ < 1, and so, by (6.46)
applied to z = iy, and if CK2|x|/|y| ≤ κ < 1, we have for these z

‖R(z;A)‖ ≤
∞∑

n=0

∣∣∣
CK2

y

∣∣∣
n+1

|x|n ≤ CK2

|y|
1

1 − κ
.

This means that ρ(A) ⊃ {z; |x| ≤ κ(CK2)−1|y|} and, together with the
result already obtained for Re z ≤ 0, that ρ(A) ⊃ Σδ where δ = 1

2π −
arctan(κ/(CK2)). This completes the proof. ⊓⊔

A direct application of Lemma 6.5 to the semidiscrete solution operator
Eh(t) = e−tAh , using the stability and smoothing properties in Theorems 6.1
and 6.3 shows that

(6.47) ‖R(z;Ah)‖L∞
≤ Cℓ2h|z|−1, for z ∈ Σδh

, where δh = 1
2π − cℓ−2

h .

On the other hand, by Theorem 6.4, this estimate shows a stability and
smoothing estimate. To make the dependence of the resulting estimates esti-
mates on h more precise, we show the following lemma. Here

(6.48) ℓ(t) = max(1, log(1/t)).

Lemma 6.6 Let E(t) be an analytic semigroup in a Banach space B. There
is a constant C independent of M and δ such that if condition (i) of Theorem
6.4 holds, then

‖E(t)‖ ≤ CMℓ(cos δ) and t ‖E′(t)‖ ≤ CM/ cos δ, for t > 0.

Proof. Since R(z;A) is analytic in Σδ we may shift the integral in (6.35) to

Γ̃t = Γt ∪ Γ+
t ∪ Γ−

t , where

Γ 0
t = {t−1eiϕ; δ ≤ |ϕ| ≤ π} and Γ±

t = {r e±iδ; t−1 ≤ r < ∞}.
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Then

∥∥ 1

2πi

∫

Γ±

t

e−ztR(z;A) dz
∥∥ ≤ 1

2π

∫ ∞

t−1

e−rt cos δMr−1 dr

=
M

2π

∫ ∞

cos δ

e−s ds

s
≤ CMℓ(cos δ).

Further

∥∥ 1

2πi

∫

Γ 0
t

e−ztR(z;A) dz
∥∥ ≤ 1

π

∫ π

δ

e− cos ϕMdϕ ≤ eM,

which completes the proof of the first inequality in the lemma. For the second
inequality we take Γ = ∂Σδ to obtain

t ‖E′(t)‖ =
∥∥∥

t

2πi

∫

∂Σδ

z e−ztR(z;A) dz
∥∥∥ ≤ t

π

∫ ∞

0

Me−rt cos δ dr ≤ CM

cos δ
. ⊓⊔

We note, in particular, that if (i) is valid with δ ∈ (0, 1
2π) fixed, then K

may be chosen proportional to M .
By Lemma 6.6 we now see that since cos δh = cos( 1

2π − cℓ−2
h ) ≥ cℓ−2

h , the
resolvent estimate (6.47) implies the stability and smoothing estimates

‖Eh(t)‖L∞
≤ Cℓ2h log ℓh and t‖E′

h(t)‖ ≤ Cℓ4h, for t > 0,

which are weaker than the original estimates of Theorems 6.1 and 6.3.

Thus, by Theorem 6.4, instead of showing the stability and smoothing
estimates directly, one may prove a resolvent estimate, and to illustrate this
we now show the following resolvent estimate for the discrete analogue Ah =
−∆h in Sh of A = −∆, equipped with the maximum-norm. The proof by
energy arguments will use the same components as that of Theorem 6.1.

Theorem 6.5 For any δ ∈ (0, 1
2π) there exists a constant C = Cδ such that

(6.49) ‖R(z;Ah)‖L∞
≤ Cℓh(1 + |z|)−1, for z ∈ Σδ.

Proof. For x ∈ Ωh fixed and δ ∈ (0, 1
2π), we will use the adjoint discrete

Green’s function

(6.50) Gx
h(y, z̄) = (R(z̄;Ah)δx

h)(y), for z ∈ Σδ,

where δx
h is the discrete delta-function defined in (6.7). We then have

(6.51) (R(z;Ah)χ)(x) =
(
χ,Gx

h(·, z̄)), ∀χ ∈ Sh, z ∈ Σδ.

Since the sector Σδ is symmetric around the real axis it therefore suffices to
show that, for any x ∈ Ωh and δ ∈ (0, π/2), we have
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(6.52) ‖Gx
h(·, z)‖L1

≤ Cℓh|z|−1, for z ∈ Σδ.

For brevity we write G for Gx
h. As in the proof of Theorem 6.1 we use the

weight function ω(y) = ωx
h(y) in (6.10). By analogy to (6.11) and (6.13) it

now suffices to show

(6.53) ‖ωG‖ ≤ Cℓ
1/2
h (1 + |z|)−1, ∀x ∈ Ω, z ∈ Σδ.

For this we consider the expression

−z‖ωG‖2 + ‖ω∇G‖2 = −z(G,ω2G) + (∇G,∇(ω2G)) − 2(∇G,ω∇ω G),

and note that G satisfies

(6.54) −z(G,χ) + (∇G,∇χ) = −(δx
h, χ), ∀χ ∈ Sh.

Choosing χ = Ph(ω2G) and subtracting the resulting expression from the
preceding one we have

−z‖ωG‖2 + ‖ω∇G‖2 = F,(6.55)

where

F = (∇G,∇(ω2G−Ph(ω2G))) + (δx
h, ω2G)− 2(∇G,ω∇ω G) = F1 + F2 + F3.

Since δ ≤ | arg z| ≤ π, this equation is of the form

eiαa + b = f, with a, b > 0, 0 ≤ |α| ≤ π − δ,

and by multiplying by e−iα/2 and taking real parts we then have

a + b ≤ (cos(α/2))−1|f | ≤ (sin(δ/2))−1|f | = Cδ|f |.

From (6.55) we therefore conclude

(6.56) |z| ‖ωG‖2 + ‖ω∇G‖2 ≤ Cδ|F |, for z ∈ Σδ.

By Lemma 6.2 and using the easily shown inverse inequality h‖ω∇χ‖ ≤
C‖ωχ‖, and the fact that h ≤ ω, we find for the first term in F

|F1| ≤ Ch‖∇G‖(‖G‖ + ‖ω∇G‖) ≤ C(‖G‖2 + ‖G‖ ‖ω∇G‖).

Further, by Lemma 6.3,

|F2| ≤ ‖ωδx
h‖ ‖ωG‖ ≤ C‖ωG‖ ≤ ε|z|‖ωG‖2 + Cε|z|−1,

and since ∇ω is bounded

|F3| ≤ C‖G‖ ‖ω∇G‖.
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Thus, from (6.56), after kicking back |z|‖ωG‖2 and ‖ω∇G‖2, we have

(6.57) |z| ‖ωG‖2 + ‖ω∇G‖2 ≤ C(‖G‖2 + |z|−1).

To bound ‖G‖2 we note that, by (6.54),

(6.58) −z‖G‖2 + ‖∇G‖2 = −(δx
h, G) = Ḡ(x),

and hence, as in (6.56) and using Lemma 6.4,

|z| ‖G‖2 + ‖∇G‖2 ≤ |Ḡ(x)| ≤ Cℓ
1/2
h ‖∇G‖ ≤ 1

2‖∇G‖2 + Cℓh,

or

(6.59) |z| ‖G‖2 + ‖∇G‖2 ≤ Cℓh, for z ∈ Σδ, x ∈ Ω.

Together with (6.57) this shows

‖ωG‖ ≤ Cℓ
1/2
h |z|−1,

which completes the proof of (6.53) for |z| ≥ 1. Since also, using (6.59) in
the third step,

‖ωG‖ ≤ C‖G‖ ≤ C‖∇G‖ ≤ Cℓ
1/2
h ≤ Cℓ

1/2
h (1 + |z|)−1, for z ∈ Σδ, |z| ≤ 1,

the proof is complete. ⊓⊔

Our next purpose is to improve the above result by showing that the log-
arithmic factor ℓh in the resolvent estimate of Theorem 6.5 may be removed.
The proof of this is more delicate than that of Theorem 6.5, and will require
some refined estimates for the Ritz and L2-projections, and some technical
estimates for the resolvent of the Laplacian with precise regularity properties.
We shall not give complete proofs of all the auxiliary results.

We first discuss some properties of the Ritz and L2-projection onto Sh

that we shall need. We recall from Chapter 1 the almost stability property
in maximum-norm,

(6.60) ‖Rhv‖L∞
≤ Cℓh‖v‖L∞

, for v ∈ L∞.

An essential component in our analysis below is the fact that Rh is stable in
W 1

∞, without a logarithmic factor, or, more precisely,

(6.61) ‖Rhv‖W 1
∞

≤ C‖v‖W 1
∞(Ωh) + Ch‖v‖W 1

∞(Ω\Ωh) ≤ C‖v‖W 1
∞

, v ∈ Ẇ 1
∞.

where Ωh is the polygonal domain defined by the triangulation Th of Ω. This
was shown in [201] in the case of a convex polygonal domain in the plane; for
a proof for a domain with smooth boundary in R

d, see [20].
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Also the L2−projection Ph is bounded in Ẇ 1
∞, and

(6.62) ‖Phv‖W 1
∞

≤ C‖v‖W 1
∞(Ωh), for v ∈ Ẇ 1

∞ = W 1
∞ ∩ H1

0 .

In fact, using the maximum-norm stability of Ph, together with an inverse
inequality, we have

‖Phv‖W 1
∞

≤ ‖Ihv‖W 1
∞

+ ‖Ph(v − Ih)v‖W 1
∞

≤ C‖v‖W 1
∞

+ Ch−1‖Ihv − v‖L∞
≤ C‖v‖W 1

∞
.

Applying (6.61) to Ihv − v we find, with 0 < α < 1,

‖Rhv − v‖W 1
∞(Ωh) ≤ ‖Rh(v − Ihv)‖W 1

∞(Ωh) + ‖Ihv − v‖W 1
∞(Ωh)

≤ C‖Ihv − v‖W 1
∞(Ωh) + Ch‖v‖W 1

∞(Ω\Ωh) ≤ Chα‖v‖W 1+α
∞

,

and using the fact that Phv −Rhv = Ph(v −Rhv) it follows from (6.62) that

(6.63) ‖(Ph − Rh)v‖W 1
∞

≤ Chα‖v‖W 1+α
∞

, for v ∈ Ẇ 1+α
∞ , 0 < α < 1.

We now quote some resolvent estimates for the operator A from [220]
which we shall need below. The first estimate contains (6.42) for j = 0.

Lemma 6.7 For any δ ∈ (0, 1
2π), there exists a constant C such that, for

z ∈ Σδ,

‖R(z;A)v‖W j
∞

≤ C(1 + |z|)−1+j/2‖v‖L∞
, for j = 0, 1, v ∈ C,(6.64)

‖AR(z;A)v‖L∞
≤ C(1 + |z|)−1/2‖v‖W 1

∞
, for v ∈ Ẇ 1

∞.(6.65)

and

(6.66) ‖R(z;A)v‖W 1+α
∞

≤ C(1 + |z|)−1+α/2‖v‖W 1
∞

, v ∈ Ẇ∞1 .

Proof. The basic result is (6.64) which essentially is shown in [220], and
which contains the central result (6.42) for j = 0. The remaining estimate
are technical consequence of this result; for details, see [20].

We can now state and prove our logarithm free resolvent estimate for the
discrete Laplacian.

Theorem 6.6 Let Sh satisfy the assumptions of Theorem 6.1. Then for any
δ ∈ (0, 1

2π) there exists a constant C = Cδ such that

(6.67) ‖R(z;Ah)‖L∞
≤ C(1 + |z|)−1, for z ∈ Σδ.

Proof. In the first part of the proof we show the desired bound for |z| ≤ κh−2,
with κ small enough, by using resolvent estimates for the continuous problem
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together with projections onto Sh. In the second part of the proof we then
use a modification of the proof of Theorem 6.5 to show (6.67) for |z| ≥ κh−2.

Our starting point for the first part of the proof is the identity

(6.68) R(z;Ah)χ = PhR(z;A)χ + AhR(z;Ah)(Rh − Ph)R(z;A)χ, χ ∈ Sh,

The first term on the right is bounded at once as desired by the stability of
Ph and (6.42).

To bound the second term on the right in (6.68) we shall first show that
there exists κ > 0 such that, for any δ ∈ (0, 1

2π) and χ ∈ Sh,

(6.69) ‖AhR(z;Ah)χ‖L∞
≤ C(1+|z|)−1/2‖χ‖W 1

∞
, for z ∈ Σδ, |z| ≤ κh−2.

If this has been done we may conclude, using also the stability in Ẇ 1
∞ of Ph

and Rh, and (6.64) with j = 1, that the second term in bounded by

(6.70) C(1 + |z|)−1/2‖R(z;A)χ‖W 1
∞

≤ C(1 + |z|)−1‖χ‖L∞
, for z ∈ Σδ,

which completes the proof.
To show (6.69) we now write, for z ∈ Σδ,

(6.71) AhR(z;Ah)χ = PhAR(z;A)χ − z AhR(z;Ah)(Rh − Ph)R(z;A)χ.

Here, by the stability of Ph and by (6.65),

(6.72) ‖PhAR(z;A)χ‖L∞
≤ C(1 + |z|)−1/2 ‖χ‖W 1

∞
for z ∈ Σδ.

Using the operator norm

|||Bh||| = sup
χ∈Sh

(‖Bhχ‖L∞
/‖χ‖W 1

∞
),

the last term in (6.71) is bounded by

(6.73) |z| |||AhR(z;Ah)||| ‖(Rh − Ph)R(z;A)χ‖W 1
∞

.

For the last factor we have by (6.63) and (6.66), with α = 1/2,

‖(Rh − Ph)R(z;A)χ‖W 1
∞

≤ Ch1/2‖R(z;A)χ‖
W

3/2
∞

≤ Ch1/2(1 + |z|)−3/4‖χ‖W 1
∞

.

We therefore infer from (6.71) and (6.72) that for z ∈ Σδ,

|||AhR(z;Ah)||| ≤ C(1 + |z|)−1/2 + C1h
1/2(1 + |z|)1/4|||AhR(z;Ah)|||.

It follows that, if C1h
1/2(1 + |z|)1/4 ≤ 1/2, we have

|||AhR(z;Ah)||| ≤ C(1 + |z|)−1/2, z ∈ Σδ.
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This bounds the expression in (6.73) by

C|z|(1 + |z|)−1/2h1/2(1 + |z|)−3/4‖χ‖W 1
∞

,≤ C(1 + |z|)−1/2‖χ‖W 1
∞

,

which thus shows (6.69) for |z| ≤ κh−2, for h and κ small enough.

We now turn to the case z ∈ Σδ, |z| ≥ κh−2, which we shall treat with the
technique of the proof of Theorem 6.5. We shall show that with G = Gx

h(·, z)
defined in (6.50), we have for each δ ∈ (0, π/2) and κ > 0,

(6.74) ‖ω2G‖ ≤ Ch|z|−1, for z ∈ Σδ, |z| ≥ κh−2, x ∈ Ω.

Once this has been shown it follows from ‖ω−2‖ ≤ Ch−1 that

‖G‖L1
≤ C‖ω−2‖ · ‖ω2G‖ ≤ C(Ch−1) (Ch|z|−1) = C|z|−1.

Since |z| ≥ c(1+ |z|) for |z| ≥ κh−2 and h small, this implies (6.67) by (6.51).
This time the energy argument uses the weight ω2 rather than ω and we

now study the expression

−z‖ω2G‖2 + ‖ω2∇G‖2 = −z(G,ω4G) + (∇G,∇(ω4G)) − 4(∇G,ω3∇ω G).

Subtracting (6.54) with χ = Ph(ω4G) we obtain

−z‖ω2G‖2 + ‖ω2∇G‖2 = F := (∇G,∇(ω4G − Ph(ω4G)))

+ (δx
h, ω4G) − 4(∇G,ω3∇ω G) = F1 + F2 + F3,(6.75)

and we conclude this time, in the same way as earlier in (6.56),

(6.76) |z| ‖ω2G‖2 + ‖ω2∇G‖2 ≤ Cδ|F |, for z ∈ Σδ.

In the same way as in Lemma 6.2, and using the easily shown inverse
inequality h‖ω2∇χ‖ ≤ C‖ω2χ‖, and the fact that h ≤ ω, we have

‖ω−1∇(ω4G − Ph(ω4G))‖ ≤ Ch
(
‖ωG‖ + ‖ω2∇G‖

)
≤ C‖ω2G‖,

and hence
|F1| ≤ C‖ω∇G‖ ‖ω2G‖.

Further, as in Lemma 6.3, we may show ‖ω2δx
h‖ ≤ Ch, and hence

|F2| ≤ ‖ω2δx
h‖ ‖ω2G‖ ≤ Ch ‖ω2G‖,

and, since ∇ω is bounded,

|F3| ≤ C‖ω∇G‖ ‖ω2G‖.

Thus, from (6.76),

(6.77) |z| ‖ω2G‖ ≤ C(‖ω∇G‖ + h).
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By an inverse estimate and obvious estimates we next find that

‖ω∇G‖ ≤ Ch−1‖ω G‖ ≤ Ch−1‖ω2G‖1/2‖G‖1/2

≤ ε|z| ‖ω2G‖ + Cε|z|−1h−2‖G‖ ≤ ε|z| ‖ω2G‖ + Cε‖G‖,

where in the last step we have used |z| ≥ κh−2. From (6.58) we have, again
as in (6.56),

|z| ‖G‖ ≤ C‖δx
h‖ ≤ Ch−1.

where the latter inequality follows from (6.19). Hence, from (6.77),

|z| ‖ω2G‖ ≤ C(‖G‖ + h) ≤ C(h−1|z|−1 + h) ≤ Ch.

This completes the proof of (6.74) and hence of the theorem. ⊓⊔

Since the bound for the resolvent in Theorem 6.6 does not contain any
logarithmic factor, the following logarithm free stability and smoothing esti-
mates follow from Theorem 6.4.

Theorem 6.7 Under the assumptions of Theorem 6.1 we have

‖Eh(t)vh‖L∞
+ t‖E′

h(t)vh‖L∞
≤ C‖vh‖L∞

, for vh ∈ Sh, t ≥ 0.

Using this result instead of the estimates of Theorems 6.1 and 6.3 we may
easily show the following improvement of Theorem 6.2.

Theorem 6.8 Under the assumptions of Theorem 6.1, with vh = Rhv, we
have, for the error in the semidiscrete parabolic problem (6.28),

‖uh(t) − u(t)‖L∞
≤ Ch2ℓh

(
‖v‖W 2

∞
+

∫ t

0

‖ut‖W 2
∞

ds
)
, for t ≥ 0.

We shall next show some smooth and nonsmooth data maximum-norm
error estimates for the semidiscrete solution of the homogeneous parabolic
problem (6.1).

In our analysis we shall need the Agmon-Douglis-Nirenberg [2] regularity
estimate

(6.78) ‖u‖W 2
p
≤ Cp‖∆u‖Lp

, for 2 ≤ p < ∞, u ∈ Ẇ 2
p = W 2

p ∩ H1
0 .

In [2] this result is stated without precise accounting of the dependence of
the bound upon p, but this may be determined by tracing its dependence on
q = p/(p − 1) in the proof of (6.78) in [2] to the Calderòn-Zygmund lemma
[43], in which the required estimate is contained.

As a preparation we now show some bounds for the error in the Ritz
projection Rh of the exact solution of (6.1). We recall the maximum-norm
stability bound of (6.60) with a logarithmic factor ℓh.
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Lemma 6.8 With u the solution of (6.1) we have, for ρ = Rhu − u,

(6.79) ‖ρ(t)‖L∞
+ t‖ρt(t)‖L∞

≤ Ch2ℓ2h‖v‖W 2
∞

, for v ∈ Ẇ 2
∞.

Proof. We note that, with Ih the standard interpolation operator into Sh,

(6.80) ‖Ihu − u‖L∞
≤ Ch2−2/p‖u‖W 2

p
, for 2 ≤ p < ∞, u ∈ Ẇ 2

p .

This follows from the corresponding inequality for an individual triangle τ of
Th, which in turn may be obtained by transformation to a reference triangle
and application of the Bramble-Hilbert lemma, together with an obvious
estimate for u on Ω \Ωh. Since ρ = (Rh−I)u = (Rh−I)(u−Ihu) we obtain,
using (1.45),

(6.81) ‖ρ‖L∞
≤ Cℓh‖Ihu − u‖L∞

≤ Cℓhh2−2/p‖u‖W 2
p
,

and consequently, using (6.78) and (6.41),

‖ρ(t)‖L∞
≤ Ch2−2/pℓhp‖∆u(t)‖Lp

(6.82)

≤ Ch2−2/pℓhp‖∆v‖Lp
≤ Ch2−2/pℓhp‖∆v‖L∞

.

Choosing p = ℓh this shows the estimate stated for ρ(t). To bound ρt(t) we
use the analogue of (6.82) from t/2 to t and then (6.41) to obtain

‖ρt(t)‖L∞
≤ Ch2−2/pℓhp‖∆ut(t/2)‖Lp

≤ Ch2−2/pℓhpt−1‖∆v‖Lp
,

and finally take p = ℓh. ⊓⊔
We are now ready for a smooth data error estimate.

Theorem 6.9 Under our present assumptions, we have for the solutions of
(6.3) and (6.1), with v ∈ Ẇ 2

∞ and vh = Rhv,

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ2h‖v‖W 2

∞
, for t ≥ 0.

Proof. Proceeding as in the proof of Theorem 6.2, ρ(t) is bounded by Lemma
6.8. To estimate θ we write (6.30) as

θ(t) = −
(∫ t/2

0

+

∫ t

t/2

)
Eh(t − s)Phρt(s) ds = I + II.

Here, by Theorem 6.7, Lemma 6.1 and (6.79),

‖II‖L∞
≤ C

∫ t

t/2

‖ρt‖L∞
ds ≤ Ch2ℓ2h‖v‖W 2

∞
.

For I we integrate by parts to obtain

I = −[Eh(t − s)Phρ(s)]
t/2
0 −

∫ t/2

0

E′
h(t − s)Phρ(s) ds,

and both terms are bounded as desired as above. ⊓⊔
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For our nonsmooth data error estimate we shall need the following error
bounds for the L2 and Ritz projections.

Lemma 6.9 With u the solution of (6.1) we have, for η = (Ph − I)u,

(6.83) t‖η(t)‖L∞
≤ Ch2ℓh‖v‖L∞

,

and, for ρ = (Rh − I)u and ρ̃(t) =
∫ t

0
ρ(s) ds,

(6.84) ‖ρ̃(t)‖L∞
+ t‖ρ(t)‖L∞

+ t2‖ρt(t)‖L∞
≤ Ch2ℓ2h‖v‖L∞

.

Proof. Using (6.82) together with (6.41 shows, since ∆E(t) = E′(t),

‖ρ(t)‖L∞
≤ Ch2−2/pℓhp‖E′(t/2)v‖Lp

≤ Ch2−2/pℓhp t−1‖v‖Lp
,

which with p = ℓh gives the bound for ρ(t) in (6.84). The proofs of (6.83) and
the bound for ρt(t) are analogous, with one factor ℓh less in (6.83) because
Ph is bounded in L∞. To bound ρ̃(t), finally, we first show

(6.85) ‖(Th − T )f‖L∞
≤ Ch2ℓ2h‖f‖L∞

, with T = A−1, Th = RhT.

For this we use the stability of Ph in L∞ and (6.82) to obtain

‖(Th − PhT )f‖L∞
= ‖Ph(Rh − I)Tf‖L∞

≤ Ch2−2/pℓhp ‖f‖L∞
,

where we have used the fact that ∆Tf = −ATf = −f . Further, by (6.80),
and (6.78),

‖(Ph − I)Tf‖L∞
≤ Ch2−2/p‖Tf‖W 2

p
≤ Ch2−2/pp ‖f‖L∞

.

With p = ℓh these estimates together show (6.85). We now note

ρ̃(t) = (Th − T )A

∫ t

0

u(s) ds = −(Th − T )

∫ t

0

ut(s) ds

= −(Th − T )(u(t) − v),

(6.86)

so that (6.85) shows

‖ρ̃(t)‖L∞
≤ Ch2ℓ2h‖u(t) − v‖L∞

≤ Ch2ℓ2h‖v‖L∞
. ⊓⊔

We are now ready for our nonsmooth data error bound.

Theorem 6.10 Under the assumptions of Theorem 6.1, we have for the er-
ror in the solution of (6.3), with vh = Phv,

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ2ht−1‖v‖L∞

, for t > 0.
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Proof. We write this time uh −u = (uh −Phu)+ (Phu−u). By (6.83) it only
remains to bound ζ = uh − Phu ∈ Sh. We find

ζt + Ahζ = Ah(Rh − Ph)u = −AhPhρ, for t > 0.

Since ζ(0) = 0, we obtain by integration

ζ(t) =

∫ t

0

Eh(t − s)AhPhρ(s) ds = −
∫ t

0

E′
h(t − s)Phρ(s) ds.

Thus, with the obvious definitions of Ij , IIj , j = 1, 2, since t = s + (t − s),

tζ(t) = −
(∫ t/2

0

+

∫ t

t/2

)
E′

h(t − s) s Phρ(s) ds

−
(∫ t/2

0

+

∫ t

t/2

)
(t − s)E′

h(t − s)Phρ(s) ds = I1 + II1 + I2 + II2.

Here, using Lemma 6.3 and (6.84),

‖I1‖L∞
≤ C

∫ t/2

0

(t − s)−1s ‖ρ(s)‖L∞
ds ≤ Ch2ℓ2h‖v‖L∞

.

Further, after integration by parts we have

(6.87) II1 = [Eh(t − s) s Phρ(s)]tt/2 −
∫ t

t/2

Eh(t − s)Ph(sρt(s) + ρ(s)) ds,

and thus ‖II1‖L∞
≤ Ch2ℓ2h‖v‖L∞

by Theorem 6.1, (6.84) and (6.84). For I2

we integrate by parts to obtain, with ρ̃ = (Rh − I)ũ,

I2 = − (t/2)E′
h(t/2)Phρ̃(t/2)

−
∫ t/2

0

(E′
h(t − s) + (t − s)E′′

h(t − s))Phρ̃(s) ds,
(6.88)

from which we find, by Theorem 6.3, applied twice to bound E′′
h(t) =

(E′
h(t/2))2, and (6.84), that ‖I2‖L∞

≤ Ch2ℓ2h‖v‖L∞
. For II2, finally, we

have, using Theorem 6.3 and (6.84),

‖II2‖L∞
≤ C

∫ t

t/2

‖ρ(s)‖L∞
ds ≤ Ch2ℓ2h‖v‖L∞

.

Together our estimates complete the proof. ⊓⊔

As we shall now see, it is possible to reduce the regularity assumptions
even further than in Theorem 6.10 and still have an essentially O(h2) error es-
timate in the semidiscrete homogeneous problem for positive time, requiring
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only that the initial data are in L1. For this we need again some techni-
cal preparations. Note first that Phv ∈ Sh is defined even for v ∈ L1 by
(Phv, χ) = (v, χ), ∀χ ∈ Sh, and that Ph is stable in L1 by duality, since
it is stable in the maximum-norm. Also, E(t) may be extended to L1, with
‖E(t)v‖L1

≤ ‖v‖L1
, by duality. The next theorem is a discrete analogue of

the inequality

(6.89) ‖E(t)v‖L∞
≤ Ct−1‖v‖L1

, for t > 0.

To show this inequality, one may use the Gagliardo-Nirenberg inequality

(6.90) ‖u‖L∞
≤ C‖Au‖1/2‖u‖1/2, for u ∈ Ḣ2,

to conclude

‖E(t)v‖L∞
≤ C‖AE(t)v‖1/2‖E(t)v‖1/2 ≤ Ct−1/2‖v‖.

By duality this also yields

‖E(t)v‖ ≤ Ct−1/2‖v‖L1
.

and hence, by application of both of these inequalities,

‖E(t)v‖L∞
≤ Ct−1/2‖E(t/2)v‖ ≤ Ct−1‖v‖L1

.

Theorem 6.11 We have for the solution operator of (6.3)

‖Eh(t)vh‖L∞
≤ Ct−1‖vh‖L1

, for t > 0.

Proof. This follows exactly as (6.89) from the discrete analogue of (6.90),

(6.91) ‖χ‖L∞
≤ C‖Ahχ‖1/2‖χ‖1/2, ∀χ ∈ Sh.

To show this, we first derive the equivalent inequality for Th = A−1
h ,

(6.92) ‖Thχ‖L∞
≤ C‖χ‖1/2‖Thχ‖1/2, ∀χ ∈ Sh.

For this we write
Thχ = PhTχ + (Th − PhT )χ.

Here, by application of (6.90) to v = Tu, since Ph is bounded in L∞,

‖PhTχ‖L∞
≤ C‖χ‖1/2‖Tχ‖1/2 ≤ C‖χ‖1/2

(
‖Thχ‖1/2 + ‖(T − Th)χ‖1/2

)
,

where, by the inverse estimate ‖Ahχ‖ ≤ Ch−2‖χ‖,

‖(T − Th)χ‖ ≤ Ch2‖χ‖ ≤ C‖Thχ‖.

This completes the proof of (6.92) and thus of the theorem. ⊓⊔
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We also need the following analogue of Lemma 6.9.

Lemma 6.10 With the notation of Lemma 6.9 we have

t2‖η(t)‖L∞
≤ Ch2ℓh‖v‖L1

,(6.93)

t2‖ρ(t)‖L∞
+ t3‖ρt(t)‖L∞

+ ‖ρ̃(t)‖L1
≤ Ch2ℓ2h‖v‖L1

.(6.94)

Proof. The first three inequalities follow easily by using t/2 as an intermediate
time level from the corresponding estimates in Lemma 6.9, combined with
(6.89). By duality it follows that the analogue of (6.85) holds also in L1 and
therefore by (6.86), since E(t) is stable in L1,

‖ρ̃(t)‖L1
= ‖(Th − T )(u(t) − v)‖L1

≤ Ch2ℓ2h‖v‖L1
. ⊓⊔

We are now ready for our error bound when v is only in L1.

Theorem 6.12 Under the assumptions of Theorem 6.1, we have for the so-
lutions of (6.3) and (6.1), with vh = Phv,

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ2ht−2‖v‖L1

for t > 0.

Proof. As in the proof of Theorem 6.10, we split the error into ζ = uh−Phu ∈
Sh and η = Phu−u where the latter term now is bounded by (6.93). To bound
t2ζ(t) we now write, with obvious notation,

t2ζ(t) = −
(∫ t/2

0

+

∫ t

t/2

)
(s2 + 2s(t − s) + (t − s)2)E′

h(t − s)Phρ(s) ds

=

3∑

j=1

(Ij + IIj).

Here ‖I1‖L∞
≤ Ch2ℓ2h‖v‖L1

by straightforward application of Theorem 6.3
and (6.94). We have

I2 + II2 = 2

∫ t

0

(t − s)E′
h(t − s)sPhρ(s) ds.

Combining Theorems 6.3 and 6.11 we have

‖E′
h(t)vh‖L∞

≤ Ct−1‖Eh(t/2)vh‖L∞
≤ Ct−2‖vh‖L1

,

and by interpolation between this result and that of Theorem 6.3 we have

‖E′
h(t − s)Phv‖L∞

≤ C(t − s)−3/2‖v‖L2
.

Further,

‖ρ(s)‖L2
≤ Ch2‖u(s)‖H2 ≤ Ch2s−1‖u(s/2)‖L2

≤ Ch2s−3/2‖v‖L1
,
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where the last inequality follows using the standard fundamental solution for
Cauchy’s problem. Thus

‖I2 + II2‖L∞
≤ Ch2

∫ t

0

(t − s)−1/2s−1/2 ds ‖v‖L1
= Ch2‖v‖L1

.

Similarly

‖II3‖L∞
≤ Ch2

∫ t

t/2

(t − s)1/2s−3/2 ds ‖v‖L1
≤ Ch2‖v‖L1

.

For II1 we have, with the obvious modification of (6.87),

‖II1‖L∞
= ‖
∫ t

t/2

E′
h(t − s) s2 Phρ(s) ds‖L∞

≤ Ch2ℓ2h‖v‖L1
.

For I3, finally, we integrate by parts as in (6.88) to obtain

I3 = −(t2/4)E′
h(t/2)Phρ̃(t/2)

−
∫ t/2

0

(
2(t − s)E′

h(t − s) + (t − s)2E′′
h(t − s)

)
Phρ̃(s) ds,

whence ‖I3‖L∞
≤ Ch2ℓ2h‖v‖L1

, by Theorems 6.3 and 6.11, and (6.94). The
proof is now complete. ⊓⊔

The above analysis in the case of piecewise linear finite elements in two
space dimensions is from Schatz, Thomée and Wahlbin [209]. Using similar
techniques in one space dimension and with piecewise polynomials of arbi-
trary degree, an analogue of (6.1) was shown in Thomée and Wahlbin [232]
with the bound including an additional factor of ℓ2h.

For piecewise polynomials of degree at least 3 and in 1, 2, and 3 space
dimensions, Nitsche and Wheeler [186] showed that Eh(t)Phv is an almost
best approximation of E(t)v in the maximum-norm in a space-time domain,
which implies maximum-norm stability in these cases, without a logarithmic
factor, cf. also Nitsche [183] where logarithm-free error estimates were derived
for r ≥ 2 and d arbitrary. For Neumann boundary conditions it was shown
in Schatz, Thomée and Wahlbin [210] that the restrictions in dimension and
degree in the Nitsche-Wheeler result are not needed in this case and also that
the corresponding smoothing estimates hold, so that the relevant bounds are
valid for r ≥ 2, and d ≥ 2, without logarithmic factors. These conclusions
were carried over the Dirichlet boundary conditions in Thomée and Wahlbin
[233].

The alternative approach taken in the latter part of this chapter, building
on the resolvent estimate (6.67) was developed in one dimension in Crouzeix,
Larsson and Thomée [61]; the idea of using resolvent estimates as a basis
for stability analysis had been exploited earlier in one space dimension in
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Wahlbin [241]. The result of Theorem 6.6 was shown in d dimensions in
Bakaev, Thomée and Wahlbin [20].

The assumption that we have used consistently in the above analysis that
the families of triangulations Th are quasiuniform is not a very desirable
feature, but is required in the proof we have given. As was mentioned in
connection with Lemma 6.1, the stability of the L2-projection Ph was shown
in Crouzeix and Thomée [59] also for certain classes of nonquasiuniform tri-
angulations. The techniques used in the proof of this generalization is being
applied in Bakaev, Crouzeix and Thomée [19], in which a resolvent estimate

for Ah is derived, with a logarithmic factor ℓ
1/2
h , for similarly nonquasiuniform

triangulations.
For further maximum-norm error analyses, cf. Dobrowolski [71], [72],

where also nonlinear situations are treated, Rannacher [200], and H. Chen
[50]. For completeness we also quote Wheeler [245], [239] and Bramble,
Schatz, Thomée and Wahlbin [37] where maximum-norm error bounds are
derived from L2-estimates for the parabolic problem when maximum-norm
estimates are known for the stationary problem, as exemplified in Chapter 1.
We remark that in our nonsmooth data error estimates we have always as-
sumed that Phv is computed exactly; for the effect of numerical quadrature,
see Wahlbin [240]. Finally, we quote the maximum-norm estimates by Fujii
[102] for the lumped mass method which will be discussed in Chapter 13.

General references to semigroups of operators in Banach space are Hille
and Phillips [124], Dunford and Schwartz [82], Yosida [248], and, particularly
with reference to partial differential equations, Pazy [194] and Arendt [5].





7. Single Step Fully Discrete Schemes

for the Homogeneous Equation

In this chapter we consider single step fully discrete methods for the ini-
tial boundary value problem for the homogeneous heat equation, and show
analogues of our previous stability and error estimates in the spatially semi-
discrete case for both smooth and nonsmooth data. Our approach is to first
study the discretization with respect to time of an abstract parabolic equation
in a Hilbert space setting by using rational approximations of the exponential,
which allows the standard Euler and Crank-Nicolson procedures as special
cases, and then to apply the results obtained to the spatially discrete problem
investigated in the preceding chapters. The analysis uses eigenfunction ex-
pansions related to the elliptic operator occurring in the parabolic equation,
which we assume positive definite.

We consider thus the initial boundary value problem for the homogeneous
heat equation,

ut = ∆u in Ω, for t > 0,(7.1)

u = 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω,

where Ω is a bounded domain in R
d with smooth boundary ∂Ω. We assume

as in Chapters 2 and 3 that we are given a family of subspaces Sh of L2 =
L2(Ω) and a corresponding family of operators Th : L2 → Sh, approximating
T = (−∆)−1, with the properties

(i) Th is selfadjoint, positive semidefinite on L2, and positive definite on Sh.

(ii) There is a positive integer r ≥ 2 such that

‖(Th − T )f‖ ≤ Chs‖f‖s−2, for 2 ≤ s ≤ r, f ∈ Hs−2.

The spatially semidiscrete problem is then to find uh : [0,∞) → Sh such
that

(7.2) uh,t = ∆huh for t > 0, with uh(0) = vh,

where ∆h = −T−1
h : Sh → Sh, is the discrete Laplacian. As earlier this prob-

lem may be thought of as a homogeneous linear system of ordinary differential
equations. To define a fully discrete method we now want to discretize this
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system with respect to the time variable. For this purpose we introduce a time
step k and look for approximations Un

h in Sh of un = u(tn) where tn = nk. In
this chapter we will consider single step methods, i.e., methods which define
Un+1

h in terms of Un
h only.

In order to make the discussion of the time discretization more clear we
shall first separate it from the spatial discretization, and consider an evolution
problem in a Hilbert space setting. Let thus H be a separable Hilbert space
with norm ‖·‖, and assume that A is a linear, selfadjoint, positive definite, not
necessarily bounded operator with a compact inverse, defined in D(A) ⊂ H,
and consider the initial value problem

(7.3) u′ + Au = 0 for t > 0, with u(0) = v.

Included as applications are then both the case H = L2, with A = −∆ (where
D(A) = H2 ∩ H1

0 ), and H = Sh (equipped with the L2 inner product), with
A = −∆h,D(A) = Sh. We shall normally think of H as a real Hilbert space
in this chapter, but extensions to the complex case are obvious.

Since A−1 is compact, A has eigenvalues {λj}N
j=1 and a corresponding

basis of orthonormal eigenfunctions {ϕj}N
j=1 (with N ≤ ∞), and we may

write the solution operator of (7.3) as

(7.4) u(t) = E(t)v =

N∑

j=1

e−λjt(v, ϕj)ϕj .

For an arbitrary function g(λ), defined on the spectrum σ(A) = {λj}N
j=1

of A, we set

(7.5) g(A)v =

N∑

j=1

g(λj)(v, ϕj)ϕj , for v ∈ H,

which is consistent with the standard eigenfunction expansion of Av, say.
Note that by Parseval’s relation we have for the operator norm of g(A)

(7.6) ‖g(A)‖ = sup
j

|g(λj)| = sup
λ∈σ(A)

|g(λ)|.

As we have indicated already in Chapter 1, we may view the solution
operator E(t) of (7.3) as represented in (7.4) as the exponential e−tA, and it
then becomes natural to define a single step discrete method by approxima-
tion of u(tn+1) = E(k)u(tn), using a rational function r(λ) approximating
e−λ, so that Un is defined for n ≥ 0 recursively by

(7.7) Un+1 = EkUn for n ≥ 0, where Ek = r(kA), with U0 = v,

where the rational function r(λ) is defined on σ(kA).
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To define the accuracy of this method we consider the scalar problem

(7.8) u′ + au = 0 for t > 0, with u(0) = 1.

The corresponding discrete solution is then defined by Un+1 = r(ka)Un, and
we say that the scheme (7.7) is accurate of order q if the exact solution of
(7.8) satisfies this relation with an error of order O(kq+1). Since the exact
solution is u(t) = e−at, this may be expressed as r(ka) = e−ka + O(kq+1), or

(7.9) r(λ) = e−λ + O(λq+1), as λ → 0.

In addition to accuracy conditions, r(λ) will be assumed to satisfy certain
boundedness conditions on the positive real axis.

Using the spectral representation (7.5) it follows that

Un = En
k v =

N∑

j=1

r(kλj)
n(v, ϕj)ϕj .

We say that the operator Ek defined in (7.7) is stable in H if

‖En
k ‖ ≤ C, for n ≥ 1.

By (7.6) this is equivalent to |r(kλ)n| ≤ C for n ≥ 1 and λ ∈ σ(A), and this
in turn holds if and only if

(7.10) sup
λ∈σ(kA)

|r(λ)| ≤ 1;

in this case Parseval’s relation immediately shows that

‖Un‖2 ≤
N∑

j=1

|(v, ϕj)|2 = ‖v‖2.

Condition (7.10) will be satisfied by the schemes studied below.

We illustrate our definitions by two familiar examples of time stepping
schemes for the approximate solution of (7.1). In these we apply methods of
the form (7.7) to the semidiscrete problem (7.2), with H = Sh ⊂ H1

0 and
A = Ah = −∆h defined by the standard Galerkin method, so that

(7.11) −(∆hψ, χ) = (∇ψ,∇χ), ∀ψ, χ ∈ Sh.

Our two examples are then provided by the backward Euler scheme

(7.12) (Un+1
h , χ) + k(∇Un+1

h ,∇χ) = (Un
h , χ), ∀χ ∈ Sh, n ≥ 0,

and the Crank-Nicolson scheme
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(7.13) (Un+1
h , χ) + 1

2k(∇Un+1
h ,∇χ) = (Un

h , χ) − 1
2k(∇Un

h ,∇χ),

for χ ∈ Sh, n ≥ 0. Written in operator form, (7.12) may be expressed

(I − k∆h)Un+1
h = Un

h or Un+1
h = (I − k∆h)−1Un

h ,

and similarly, for (7.13),

Un+1
h = (I − 1

2k∆h)−1(I + 1
2k∆h)Un

h .

With A = −∆h these are both of the form (7.7) with

r(λ) =
1

1 + λ
and r(λ) =

1 − 1
2λ

1 + 1
2λ

,

respectively. Since in both cases |r(λ)| ≤ 1 when λ ≥ 0, and thus, in partic-
ular, on σ(kA) = σ(−k∆h), they satisfy condition (7.10).

For the abstract problem (7.3) the corresponding schemes are

Un+1 = (I + kA)−1Un, and Un+1 = (I + 1
2kA)−1(I − 1

2kA)Un.

Note that the rational functions r(kA) employed here may also be expressed
using (7.5).

We begin our error analysis for our time stepping scheme (7.7) with an
estimate in the Hilbert space norm in the case that the initial data v are
smooth in the sense that v ∈ D(Aq). In our analysis we shall use the spaces
Ḣs = D(As/2) defined by the norms

|v|s = (Asv, v)1/2 = ‖As/2v‖ =
( N∑

j=1

λs
j(v, ϕj)

2
)1/2

.

They are generalizations to the present context of the spaces Ḣs(Ω) intro-
duced in Chapter 3, where H = L2(Ω) and A = −∆.

Theorem 7.1 Assume that the discretization scheme is accurate of order q
and stable in H, so that (7.9) and (7.10) hold. Then we have for the solutions
of (7.7) and (7.3)

‖Un − u(tn)‖ ≤ Ckq|v|2q, for tn ≥ 0.

Proof. Introducing the function Fn(λ) = r(λ)n − e−nλ and recalling the def-
inition (7.5), we may write

(7.14) Un − u(tn) = r(kA)nv − e−nkAv = Fn(kA)v.

The result of Theorem 7.1 may then be expressed as
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‖Fn(kA)v‖ ≤ Ckq|v|2q, for tn ≥ 0,

or, in terms of the operator norm in H,

‖A−qFn(kA)‖ ≤ Ckq, for tn ≥ 0.

In view of (7.6) this may be written as |λ−qFn(λ)| ≤ C for λ ∈ σ(kA), and
this in turn will thus follow from

(7.15) |Fn(λ)| ≤ Cλq, for λ ∈ σ(kA),

which we will now prove.
By (7.9) we have for λ0 small enough that

|r(λ) − e−λ| ≤ Cλq+1, for 0 ≤ λ ≤ λ0.

We also find from this that, with λ0 possibly further restricted,

(7.16) |r(λ)| ≤ e−cλ, for 0 ≤ λ ≤ λ0, with 0 < c < 1.

Hence, with this λ0,

|Fn(λ)| = |(r(λ) − e−λ)

n−1∑

j=0

r(λ)n−1−je−jλ|

≤ Cnλq+1e−c(n−1)λ ≤ Cλq, for 0 ≤ λ ≤ λ0.

(7.17)

By stability we also have

|Fn(λ)| ≤ |r(λ)n| + e−nλ ≤ 2 ≤ Cλq, for λ ≥ λ0, λ ∈ σ(kA).

Together these estimates show (7.15), and thus complete the proof. ⊓⊔

We now turn to the case that the initial data v are nonsmooth in the
sense that they are only known to belong to H and not to D(As) for any
s > 0. Our error estimates will then require further properties of the rational
function r(λ), and we therefore introduce the following classification of the
discretizations in time. First, the rational function r(λ) approximating e−λ

will be said to be of type I, II, III, or IV, respectively, if

I: |r(λ)| < 1, for 0 < λ < α, with α > 0;
II: |r(λ)| < 1, for λ > 0;

III: |r(λ)| < 1, for λ > 0, and |r(∞)| < 1;
IV: |r(λ)| < 1, for λ > 0, and r(∞) = 0.

Note that these conditions are successively more restrictive.
For the purpose of application of our results to the case that the equation

(7.3) represents the spatially discrete problem (7.2) and thus A = Ah is a
bounded operator depending on the parameter h, we classify schemes of types
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I and II further by saying that the scheme is of type I′ or II′, respectively, if,
with λmax denoting the largest eigenvalue of A,

I′: r(λ) is of type I, and kλmax ≤ α0, for some α0 with 0 < α0 < α,
II′: r(λ) is of type II, and kλmax ≤ α1, for some α1 with 0 < α1 < ∞.

A scheme of type II, III or IV will thus simply be one for which r(λ) is of
type II, III or IV, respectively, with no restrictions on the relation between
k and λmax.

We note in connection with schemes of types I′ and II′ satisfying (7.9) for
some q ≥ 1 that, setting λ0 = α0 and α1, respectively, we have |r(λ)| < 1
for 0 < λ ≤ λ0, and hence (7.16) holds. In particular, since kλ ≤ λ0 for
λ ∈ σ(A), we have |r(λ)| ≤ e−cλ for λ ∈ σ(kA), with 0 < c < 1. This fact
will be used repeatedly in the proofs below.

We shall briefly present some examples of schemes associated with our
four classes of rational functions I, II, III, and IV.

Examples of schemes based on rational functions of types I, II, and IV
are provided by the above diagonal, diagonal, and below diagonal entries of
the Padé table for e−λ, respectively. In fact, the general entry in this Padé
table is given by

(7.18) rµν(λ) =
nµν(λ)

dµν(λ)
, where

nµν(λ) =

ν∑

j=0

(µ + ν − j)!ν!

(µ + ν)!j!(ν − j)!
(−λ)j , dµν(λ) =

µ∑

j=0

(µ + ν − j)!µ!

(µ + ν)!j!(µ − j)!
λj .

By the definition of the Padé approximant of e−λ as the rational function
for which as many as possible of the coefficients in the Taylor series around
λ = 0 agree with those of e−λ, we have

(7.19) rµν(λ) = e−λ + O(λµ+ν+1), as λ → 0,

so that rµν(λ) approximates e−λ to order q = µ + ν. It is well known, and
obvious from (7.18), that rµν(λ) is of type II for µ = ν and type IV for µ > ν,
and clearly, by (7.19), rµν(λ) is of type I for µ < ν.

In particular, r01(λ) = 1 − λ, which gives the forward Euler scheme
Un+1 = (I − kA)Un. When A = −∆h this may be written

(7.20) (Un+1
h , χ) = (Un

h , χ) − k(∇Un
h ,∇χ), ∀χ ∈ Sh.

This rational function is of type I with α = 2. If, for instance, the inverse
assumption (1.12) holds, then

λmax = sup
χ∈Sh

‖∇χ‖2

‖χ‖2
≤ κ0h

−2,
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and hence (7.20) defines a type I′ scheme under the condition k/h2 ≤ α0/κ0,
with α0 < 2.

The subdiagonal and diagonal Padé approximants with linear denomina-
tors are

r10(λ) =
1

1 + λ
and r11(λ) =

1 − λ/2

1 + λ/2
.

They correspond to the backward Euler and Crank-Nicolson schemes dis-
cussed earlier and are of types IV and II, respectively.

As an example of a scheme of type III with r(∞) �= 0, we consider the so
called Calahan scheme defined by

(7.21) r(λ) = 1 − λ

1 + bλ
−

√
3

6

( λ

1 + bλ

)2
, with b =

1

2
(1 +

√
3

3
).

To see that this r(λ) is of type III, we note that, since r(λ) is a decreasing
function on (0,∞), it suffices to show that r(∞) > −1. But this holds because

r(∞) = 1 − 1

b
−

√
3

6

1

b2
= 1 −

√
3 > −1.

A simple calculation shows that r(λ) − e−λ = O(λ4) as λ → 0, so that the
scheme is accurate of order q = 3. One advantage with this scheme is that
the denominator is the square of a linear function. In this case the equation
which has to be solved at each time step is of the form (I + bkA)2U = W ,
and this may be done in two steps, each of the same form (I + bkA)X = Y .
In the finite dimensional case, when A is positive definite this means that
the two systems have the same real-valued positive definite matrix. This is
in contrast to, e.g., the method defined by the Padé approximant r22(λ), for
which the quadratic denominator has two complex conjugate zeros and thus
requires complex arithmetic.

We are now ready for the following nonsmooth data error estimate:

Theorem 7.2 Assume that the discretization scheme is accurate of order q
and of type I ′, II ′, or III. Then we have, for the solutions of (7.7) and
(7.3),

‖Un − u(tn)‖ ≤ Ckqt−q
n ‖v‖, for tn > 0.

In case III the constant C is independent of A, and in cases I ′ and II ′ it
depends only on the parameters α0 and α1, respectively.

Proof. With the notation of the proof of Theorem 7.1 we need to show that,
in operator norm, ‖Fn(kA)‖ ≤ Ckqt−q

n for tn > 0, i.e., that

(7.22) |Fn(λ)| ≤ Ckqt−q
n = Cn−q, for λ ∈ σ(kA), n ≥ 1.

Recall that for schemes of type I′ and II′, (7.16) holds with λ0 = α0 and
α1, respectively, and note that for schemes of type III, (7.16) is valid for any
λ0 > 0. Hence we have, using (7.17),
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|Fn(λ)| ≤ Cn−q(nλ)q+1e−cnλ ≤ Cn−q, for 0 ≤ λ ≤ λ0.

In cases I′ and II′, this completes the proof of (7.22) since then kλmax ≤
λ0. For type III schemes we also need to consider λ large. We have, for
λ ≥ λ0 = 1, say (recall that (7.16) now holds with λ0 an arbitrary pos-
itive number), e−nλ ≤ e−n ≤ Cn−q. Further, since |r(∞)| < 1 we have
supλ≥1 |r(λ)| = e−c, with c > 0, so that supλ≥1 |r(λ)n| ≤ e−cn ≤ Cn−q, and
hence supλ≥1 |Fn(λ)| ≤ Cn−q. This completes the proof. ⊓⊔

In the same way as in the spatially semidiscrete case, cf. Theorem 3.5,
one may formulate a general result which expresses the relation between the
regularity of data, the order of convergence, and the singularity of the error
bound, and which includes both the smooth data and the nonsmooth data
error estimates of Theorems 7.1 and 7.2.

Theorem 7.3 Under the assumptions of Theorem 7.2 we have

‖Un − u(tn)‖ ≤ Cklt−(l−s)
n |v|2s, for v ∈ Ḣ2s, 0 ≤ s ≤ l ≤ q.

Proof. We note that since Fn(λ) is bounded on σ(kA), (7.15) and (7.22) hold
with q replaced by l. Hence

|F (λ)| ≤ C(λl)s/l(n−l)1−s/l = Cλsn−(l−s), for λ ∈ σ(kA), n ≥ 1,

from which the result follows as above. ⊓⊔

Although Theorem 7.2 does not cover schemes of type II without restric-
tions on λmax, it was discovered by Luskin and Rannacher [166] that a way
of securing the estimate of Theorem 7.2 in the case of the diagonal Padé
schemes is to start with a few steps of a corresponding subdiagonal scheme.
We shall demonstrate this for the Crank-Nicolson scheme, starting with two
steps of the backward Euler scheme, thus defining Un by

Un+1 = r1(kA)Un, with r1(λ) =
1 − λ/2

1 + λ/2
, for n ≥ 2,

Un+1 = r0(kA)Un, with r0(λ) =
1

1 + λ
, n = 0, 1, U0 = v.

(7.23)

We then have the following result:

Theorem 7.4 We have, for the solutions of (7.23) and (7.3),

‖Un − u(tn)‖ ≤ Ck2t−2
n ‖v‖, for tn > 0.

Proof. In the same way as in the proof of Theorem 7.2 it suffices to show (for
n = 1 the estimate stated is obvious)

|F̃n(λ)| = |r0(λ)2 r1(λ)n−2 − e−nλ| ≤ Cn−2, for λ > 0, n ≥ 2,

and since both terms in F̃2(λ) are bounded, we may consider n > 2.
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For large λ, λ ≥ λ0, say, we have, with c suitable,

|r1(λ)| =
1 − 2/λ

1 + 2/λ
≤ e−c/λ.

Hence, for these λ,

|r0(λ)2 r1(λ)n−2| ≤ Cλ−2e−c(n−2)/λ

≤ C(n − 2)−2((n − 2)/λ)2e−c(n−2)/λ ≤ Cn−2.

It follows that

|F̃n(λ)| ≤ Cn−2 + e−λ0n ≤ Cn−2, for λ ≥ λ0.

To consider λ ≤ λ0, we write

F̃n(λ) = r0(λ)2(r1(λ)n−2 − e−(n−2)λ) + (r0(λ)2 − e−2λ)e−(n−2)λ.

By the argument of the proof of Theorem 7.2 we have, for λ ≤ λ0,

|r1(λ)n−2 − e−(n−2)λ| ≤ C(n − 2)−2 ≤ Cn−2,

and |r0(λ)2 − e−2λ| ≤ Cλ2, so that

|F̃n(λ)| ≤ Cn−2 + Cλ2e−nλ ≤ Cn−2, for λ ≤ λ0.

Together these estimates complete the proof. ⊓⊔

Since the error bound in Theorem 7.2 is large for small t it appears natural
to try to obtain a more uniform error bound by taking smaller time steps
in the beginning of the computation. We shall analyze such a procedure for
the backward Euler method. The method was briefly discussed in Chapter 1,
using the energy method.

Let thus 0 = t0 < t1 < · · · < tn < · · · be a partition of the positive
time axis and set Jn = (tn−1, tn) and kn = tn − tn−1. We shall consider the
approximation Un of the solution of (7.3) at t = tn defined by

(7.24) ∂̄nUn + AUn = 0 for n ≥ 1, with U0 = v,

where ∂̄nUn = (Un −Un−1)/kn. We begin with the following error estimate:

Theorem 7.5 We have, for the solutions of (7.24) and (7.3),

‖Un − u(tn)‖ ≤
n∑

j=1

kj

∫

Jj

‖utt‖ dt, for tn ≥ 0.
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Proof. The solution may be represented as

Un = Ekn
Un−1, for n ≥ 1, with Ek = (I + kA)−1, U0 = v,

or, in concise form,

Un = En,1v, where En,j = Ekn
Ekn−1

· · ·Ekj
for j ≤ n.

The error ηn = Un − un then satisfies

(7.25) ∂̄nηn + Aηn = ωn := −∂̄nun − Aun = un
t − ∂̄nun.

Hence, we have

(7.26) ηn = Ekn
ηn−1 + knEkn

ωn,

or, by repeated application, since η0 = 0,

(7.27) ηn =

n∑

j=1

kjEn,jω
j , for n ≥ 1.

As before, ‖Ek‖ ≤ 1, so that ‖En,j‖ ≤ 1, and thus

‖ηn‖ ≤
n∑

j=1

kj‖ωj‖.

Since, cf. (1.52),

‖ωj‖ = ‖ut(tj) − ∂̄ju(tj)‖ ≤
∫

Jj

‖utt‖ dt,

the proof is complete. ⊓⊔

We shall now present an alternative error bound to that in Theorem 7.5,
in which the sum over j is replaced by a maximum and where only the first
order derivative of u with respect to time enters. We shall return in Chapter
12 to error estimates of this type for fully discrete methods, obtained by
discretization in time of the spatially discrete problem, and applicable also
to the inhomogeneous equation.

Theorem 7.6 We have, for the solutions of (7.24) and (7.3),

‖Un − u(tn)‖ ≤ (1 + log
tn
kn

)max
j≤n

∫

Jj

‖ut‖ dt, for tn > 0.
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Proof. We write (7.27) in the form

ηn =

n∑

j=1

kjAEn,j A−1ωj .

Our result will follow from

(7.28)

n∑

j=1

kj‖AEn,j‖ ≤ 1 + log
tn
kn

and

(7.29) ‖A−1ωj‖ ≤
∫

Jj

‖ut‖ dt.

To show (7.28), we note that, by spectral representation,

‖AEn,j‖ ≤ max
λ≥0

λ

(1 + knλ) · · · (1 + kjλ)
≤ 1

kj + · · · + kn
=

1

tn − tj−1
.

Hence

n∑

j=1

kj‖AEn,j‖ ≤
n∑

j=1

kj

tn − tj−1
≤ 1 +

n−1∑

j=1

∫

Jj

dt

tn − t
= 1 + log

tn
kn

,

which shows (7.28). We have from (7.25)

ωj = − 1

kj

∫

Jj

ut dt − Auj = A
( 1

kj

∫

Jj

u dt − uj
)

= A
1

kj

∫

Jj

(u(t) − u(tj)) dt = A
1

kj

∫

Jj

∫ t

tj

ut(s) ds dt,

from which (7.29) follows at once. The proof is now complete. ⊓⊔

Since, for most practical choices of the time steps, the logarithmic factor
is of moderate size, one may use the result of Theorem 7.6, provided the
behavior of ut is known, to bound the error essentially uniformly in time by
choosing the kj such that

∫
Jj

‖ut‖ dt is kept uniformly small. This may be

accomplished by choosing kj such that kj maxJj
‖ut‖ is kept uniformly small.

For example, assume that v ∈ D(A1/2). Then the standard spectral argu-
ment, cf. Lemma 3.2, shows

‖ut(t)‖ ≤ Ct−1/2‖A1/2v‖ = C0t
−1/2,

and hence
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∫

Jj

‖ut‖ dt ≤
{

2C0k
1/2
1 , for j = 1,

C0kjt
−1/2
j−1 , for j > 1.

With δ a small positive number, this suggests choosing k1 = δ2/(2C0)
2 and

kj = δt
1/2
j−1/C0 for j > 1, for then

∫
Jj

‖ut‖ dt ≤ δ for j ≥ 1, and since we

easily find tn/kn ≤ 1 + C0δ
−1t

1/2
n−1, the error will therefore then be bounded

by δ(1 + log(1 + C0δ
−1t1/2)) for tn ≤ t.

We now return to the spatially semidiscrete problem (7.2), which we now
write as

uh,t + Ahuh = 0, for t > 0, with uh(0) = vh,

with Ah = −∆h = T−1
h : Sh → Sh, where Th satisfies assumptions (i) and

(ii). We consider fully discrete schemes defined by application of our above
time stepping procedure (7.7) to this semidiscrete equation. This defines the
fully discrete approximation Un ∈ Sh of u(tn) recursively by

(7.30) Un+1
h = Ekh Un

h , for n ≥ 0, where Ekh = r(kAh), U0 = vh.

Assuming that r(λ) = α0

∏
j(λ + βj)/

∏
j(λ + γj), the recursion formula

in (7.30) may be written

∏

j

(kAh + γj)U
n+1 = α0

∏

j

(kAh + βj)U
n.

Hence, in order to determine Un+1
h from Un

h one needs to solve a sequence of
equations of the form

(7.31) (α − kβ∆h)W = (γ − kδ∆h)V,

for W , with V given. Note that even when the rational function r(λ) has real
coefficients, the βj and γj , and hence also the α, β, γ, δ and the V and W ,
may be complex-valued (Ahψ may be thought of as being defined for complex
ψ by linearity).

For example, consider the standard Galerkin method, so that Sh ⊂ H1
0 (Ω)

and Th is defined by (3.10). In this case (7.31) can be expressed as

α(W,χ) + βk(∇W,∇χ) = γ(V, χ) + δk(∇V,∇χ), ∀χ ∈ Sh.

If {Φj}Nh
j=1 is a basis for Sh and B = ((Φj , Φk)) and A = ((∇Φj ,∇Φk)) are

the corresponding mass and stiffness matrices, and if ξ and η denote the
vectors of coefficients of V and W with respect to {Φj}Nh

j=1, then the latter
equation may also be written in matrix form as (αB + βA)η = (γB + δA)ξ.
The backward Euler method (7.12) and the Crank-Nicolson method (7.13)
are both of this form.

In the case of Nitsche’s method discussed in Chapter 2, Ah is defined on
Sh, which is now a subset of H1(Ω), by
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(Ahψ, χ) = Nγ(ψ, χ), ∀ψ, χ ∈ Sh,

and the backward Euler method, e.g., takes the form

(Un+1
h , χ) + kNγ(Un+1

h , χ) = (Un, χ), ∀χ ∈ Sh, n ≥ 0.

As our first error estimate in the fully discrete case we now show the
following nonsmooth data result, where the norm is again that in L2.

Theorem 7.7 Let the time discretization scheme be accurate of order q and
of type I ′, II ′, or III, and assume that (i) and (ii) hold, and that vh = Phv.
Then we have for the error in the fully discrete scheme (7.30)

‖Un
h − u(tn)‖ ≤ C(hrt−r/2

n + kqt−q
n )‖v‖, for tn = nk > 0.

Proof. By Theorem 7.2, applied to the semidiscrete equation (7.2), we have

‖Un
h − uh(tn)‖ ≤ Ckqt−q

n ‖Phv‖ ≤ Ckqt−q
n ‖v‖, for tn > 0.

Further, by Theorem 3.2,

‖uh(t) − u(t)‖ ≤ Chrt−r/2‖v‖, for t > 0.

The result stated now follows by the triangle inequality. ⊓⊔

We shall now turn to error estimates which hold uniformly down to t = 0.
In this case, in order to obtain optimal order results, smoothness has to be
required from the initial data. To express this we shall again use the spaces
Ḣs = Ḣs(Ω) with norms | · |s introduced in Chapter 3, consisting of functions
u in Hs(Ω) with Aju = 0 on ∂Ω for j < s/2. We recall from Theorem 7.1
that, without spatial discretization and with A = −∆, the requirement when
the scheme is accurate of order q and stable in L2 for a O(kq) error bound is
that the initial data v are in Ḣ2q.

Our result in the smooth data case is then the following:

Theorem 7.8 Let the time discretization scheme be of type I ′ or II, and
assume that (i) and (ii) hold, that v ∈ Ḣmax(r,2q)(Ω), and that ‖vh − v‖ ≤
Chr|v|r. Then we have for the error in the fully discrete scheme (7.30)

‖Un
h − u(tn)‖ ≤ C(hr|v|r + kq|v|2q), for tn ≥ 0.

We recall that for the semidiscrete problem (7.2), the energy method was
used to show in Theorem 3.1 the error estimate

(7.32) ‖uh(t) − u(t)‖ ≤ Chr|v|r, for t ≥ 0, v ∈ Ḣr(Ω).

A direct application of Theorem 7.1 here gives

‖Un
h − uh(tn)‖ ≤ Ckq‖Aq

hvh‖, for tn > 0,

but the bound on the right hand side now depends on h. In order to show
the estimate stated, we shall combine (7.32) with the technique used in the
proof of Theorem 7.2 and with the following easily verified identity.
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Lemma 7.1 We have, with T 0
h = I,

(7.33) v =

q−1∑

j=0

T j
h(T − Th)Aj+1v + T q

hAqv, for v ∈ Ḣ2q(Ω).

Proof. Since TA = I, the sum is telescoping, which shows the result. ⊓⊔

The following lemma will also be needed, where we again use the notation
Fn(λ) = r(λ)n − e−nλ.

Lemma 7.2 Let the discretization be of type I ′ or II. Then

‖Fn(kAh)PhT j
h‖ = ‖Fn(kAh)PhT j

h‖Sh
≤ Ckj , for 0 ≤ j ≤ q, n ≥ 0.

Proof. We have (note PhT j
h = T j

h = (−∆h)−j for j > 0, and Th = ThPh)

‖Fn(kAh)PhT j
h‖ ≤ kj sup

λ∈σ(kAh)

|λ−jFn(λ)|

and hence it suffices to show that |λ−jFn(λ)| ≤ C for λ ∈ σ(kAh). As in the
proof of Theorem 7.2, let λ0 be a positive number such that |r(λ)| < 1 for
0 < λ ≤ λ0. Then, by our assumptions, we have for such λ,

|r(λ) − e−λ| ≤ Cλj+1, 0 ≤ j ≤ q, and |r(λ)| ≤ e−cλ, with 0 < c < 1.

Hence, for λ ≤ λ0,

|λ−jFn(λ)| = |λ−j(r(λ) − e−λ)

n−1∑

l=0

r(λ)n−1−le−lλ| ≤ Cnλe−cnλ ≤ C.

For schemes of type I′ this completes the proof. For r(λ) of type II, the
desired inequality follows trivially for λ > λ0. ⊓⊔

Proof of Theorem 7.8. We first note that by the stability of the completely
discrete scheme, it is no restriction of generality to assume that vh = Phv.
For, by our assumptions,

‖En
kh(vh − Phv)‖ ≤ ‖vh − v‖ + ‖Phv − v‖ ≤ Chr|v|r.

Assuming thus vh = Phv we may write Un − uh(tn) = Fn(kAh)Phv. We now
note that if we set

vk =
∑

kλl≤1

(v, ϕl)ϕl,

where ϕl and λl are the eigenfunctions and eigenvalues of the differential
operator A, with vanishing boundary values, then vk ∈ Ḣs(Ω) for each s ≥ 0.
Further, by the definition of the norm in Ḣs(Ω), we find easily
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‖v − vk‖ ≤ kq|v|2q,(7.34)

|vk|2q ≤ |v|2q,(7.35)

|vk|r+2j ≤ k−j |v|r, for j = 0, . . . , q − 1.(7.36)

Applying now the identity (7.33) to vk and setting for brevity Fn =
Fn(kAh)Ph, we may write

Fnvk =

q−1∑

j=0

FnT j
h(T − Th)Aj+1vk + FnT q

hAqvk.

Here, by Lemma 7.2 and (7.35),

‖FnT q
hAqvk‖ ≤ Ckq‖Aqvk‖ = Ckq|vk|2q ≤ Ckq|v|2q.

Further, using also property (ii) of Th and (7.36), we obtain

‖FnT j
h(T − Th)Aj+1vk‖ ≤ Ckj‖(T − Th)Aj+1vk‖

≤ Ckjhr‖Aj+1vk‖r−2 ≤ Ckjhr|vk|r+2j ≤ Chr|v|r, for 0 ≤ j ≤ q − 1.

Together these estimates imply

‖Fnvk‖ ≤ C(hr|v|r + kq|v|2q).

Since obviously, by stability and (7.34),

‖Fn(v − vk)‖ ≤ 2‖v − vk‖ ≤ Ckq|v|2q,

we conclude that

‖Un
h − uh(tn)‖ = ‖Fnv‖ ≤ C(hr|v|r + kq|v|2q).

In view of the estimate (7.32) for the semidiscrete problem this completes
the proof. ⊓⊔

So far we have never had reason to use the property of a scheme to be of
type IV. We shall close this chapter by proving, for later use, a smoothing
property of time discretization schemes, including such schemes of type IV,
which can be thought of as a discrete analogue of the property defining an
analytic semigroup (cf. Lemma 3.2). We formulate this result in the Hilbert
space framework.

Lemma 7.3 Let A be a positive definite operator in a Hilbert space H as in
the beginning of this chapter, and let the discretization scheme (7.7) for the
initial value problem (7.3) be accurate of order q ≥ 1 and of type I ′, II ′, or
IV. Then, for each j ≥ 0,

‖AjEn
k v‖ ≤ Ct−j

n ‖v‖, for tn ≥ tj , v ∈ H.
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Proof. We have by (7.6) that ‖AjEn
k ‖ = supλ∈σ(A) |λjr(kλ)n|. Considering

first schemes of types I′ and II′ we recall from above that in these cases
|r(kλ)| ≤ e−ckλ, for λ ∈ σ(A), with 0 < c < 1. Therefore, since tn = nk,

|λjr(kλ)n| ≤ λje−cnkλ ≤ Ct−j
n , for λ ∈ σ(A),

which proves the desired estimate, in fact for tn > 0.
For rational functions of type IV we shall show below that

(7.37) |r(λ)| ≤ 1

1 + cλ
, for λ ≥ 0, with c > 0.

Assuming this we have now

‖AjEn
k ‖ ≤ k−j sup

λ≥0
|λjr(λ)n| ≤ k−j sup

λ≥0

λj

(1 + cλ)n
.

For 0 ≤ λ ≤ 1, say, we have

λj

(1 + cλ)n
≤ λje−c1nλ ≤ Cn−j , with c1 > 0,

whereas, for λ ≥ 1 and n ≥ j,

λj

(1 + cλ)n
≤
( λ

1 + cλ

)j 1

(1 + c)n−j
≤ Cn−j .

Together these inequalities complete the proof.
It remains to show (7.37). For λ ≤ λ0, with λ0 sufficiently small, this

is clear from (7.16). On the other hand, since r(∞) = 0, the degree of the
numerator of r(λ) is less than that of its denominator. Hence for c > 0
sufficiently small, we have limλ→∞ |(1+cλ)r(λ)| < 1, so that, for some λ1 > 0,
we have (1 + cλ)|r(λ)| < 1, for λ > λ1. Finally, since |r(λ)| < 1 for λ > 0, we
may choose c > 0 so small that (1 + cλ)|r(λ)| < 1, for λ0 ≤ λ ≤ λ1. This
completes the proof. ⊓⊔

The presentation in this chapter originates in Baker, Bramble, and
Thomée [21] where fully discrete schemes were considered directly without
first stydying the abstract time dependent differential equation. For more in-
formation about rational approximations of e−λ of the types discussed here
and suitable for the solution of stiff ordinary differential equations, see, e.g.,
Hairer and Wanner [113].

The results above generalize directly to parabolic equations of the form
ut +Au = 0 where the elliptic operator A is selfadjoint, positive definite, and
time independent. Nonselfadjoint operators have been analyzed in LeRoux
[152], [153], where both smooth and nonsmooth data are considered, using
the Dunford-Taylor spectral representation; in [152] the operator is allowed
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to depend on t. For such methods, see also Suzuki [222], Fujita and Suzuki
[104] and references therein; our next chapter is devoted to this approach.
The case of time-dependent operators has also been studied by energy argu-
ments in, e.g., Huang and Thomée [127], Luskin and Rannacher [166], [167],
Sammon [206] and Karakashian [133]. In the selfadjoint time dependent case
a combination of spectral and energy arguments has been used in Bramble
and Sammon [35].

Conditions II–IV for the rational function are related to the concept of
A(0)-stability which we will return to in the next chapter as a special case of
A(θ)-stability.





8. Single Step Fully Discrete Schemes

for the Inhomogeneous Equation

In this chapter we shall continue our study of single step fully discrete meth-
ods and turn now to the approximation of the inhomogeneous heat equation.
Following the approach of Chapter 7 we shall first consider discretization
in time of an ordinary differential equation in a Hilbert space setting, and
then apply our results to the spatially discrete equation. In view of the work
in Chapter 7 for the homogeneous equation with given initial data, we now
restrict ourselves to the case that the initial data vanish.

We consider thus first the abstract initial value problem

(8.1) u′ + Au = f, for t > 0, with u(0) = 0,

in a Hilbert space H, where A is a linear, selfadjoint, positive definite, not
necessarily bounded operator with a compact inverse T , defined on D(A) ⊂
H. As before, we could have H = L2(Ω) and A = −∆, or H = Sh and
A = Ah = −∆h.

Generalizing from the case of the homogeneous equation, we consider now
a time stepping scheme of the form

Un+1 = EkUn + k(Qkf)(tn), for n ≥ 0, with U0 = 0,

where Ekv = r(kA)v, Qkf(t) =
m∑

i=1

pi(kA)f(t + τik).
(8.2)

Here, with k the time step and tn = nk, r(λ) and {pi(λ)}m
i=1 are rational

functions which are bounded on the spectrum of kA, uniformly in k, and
{τi}m

i=1 are distinct real numbers, which for simplicity we assume in [0, 1].
We shall begin by discussing the accuracy of this discretization. For this

purpose we consider the simple scalar ordinary differential equation problem

(8.3) u′ + au = f, for t > 0, with u(0) = 0,

where a > 0, and its discrete analogue which now reduces to

(8.4) Un+1 = r(ka)Un + k

m∑

i=1

pi(ka)f(tn + τik), for n ≥ 0, U0 = 0.
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We shall say that the time discretization scheme (8.2) is accurate of order q if
the solution of (8.3) satisfies (8.4) with an error which is O(kq+1), as k → 0,
for any choice of a and f . We have the following:

Lemma 8.1 The time discretization scheme (8.2) is accurate of order q if
and only if

(j) r(λ) = e−λ + O(λq+1), as λ → 0,

and, for 0 ≤ l ≤ q,

(jj)

m∑

i=1

τ l
ipi(λ) =

l!

(−λ)l+1

(
e−λ −

l∑

j=0

(−λ)j

j!

)
+ O(λq−l), as λ → 0,

or, equivalently,

(jj′)
m∑

i=1

τ l
ipi(λ) =

∫ 1

0

sle−λ(1−s)ds + O(λq−l), as λ → 0.

Proof. We begin by showing the necessity of (j) and (jj), (jj′). The exact
solution of (8.3) satisfies

u(tn+1) = e−kau(tn) + k

∫ 1

0

e−ka(1−s)f(tn + sk) ds.

Choosing f = 0 we have, if the scheme is of order q,

u(tn+1) = e−kau(tn) = r(ka)u(tn) + O(kq+1), as k → 0,

or r(ka) = e−ka + O(kq+1) as k → 0, for each a > 0, showing (j).
It remains to show that (jj) and (jj′) follow from

∫ 1

0

e−ka(1−s)f(tn + sk) ds =
m∑

i=1

pi(ka)f(tn + τik) + O(kq), as k → 0.

Developing f(tn +τik) in a Taylor series around tn we find, since f (l)(tn), l =
0, . . . , q, as well as ka, are arbitrary,

∫ 1

0

sle−ka(1−s)ds =

m∑

i=1

τ l
ipi(ka) + O(kq−l), as k → 0,

which yields (jj)′. Since an elementary calculation shows that

1

l!

∫ 1

0

sle−λ(1−s)ds =
1

(−λ)l+1

∞∑

j=l+1

(−λ)j

j!
,

we find that (jj) and (jj′) are equivalent.
The sufficiency of the conditions follows by reversing the above arguments.

⊓⊔
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From a computational point of view it would be convenient to choose the
rational functions pi(λ) such that their denominators are all the same as that
of r(λ), for, if with n(λ), ni(λ), and d(λ) polynomials, we have

r(λ) =
n(λ)

d(λ)
, and pi(λ) =

ni(λ)

d(λ)
, for i = 1, . . . , m,

then the scheme (8.2) may be written simply as

d(kA)Un+1 = n(kA)Un + k

m∑

i=1

ni(kA)f(tn + τik).

One way of achieving this, as well as the conditions of Lemma 8.1, is to first
choose r(λ) such that (j) holds, then to select {τi}m

i=1 as m = q distinct real
numbers in [0, 1], and finally to solve the system

(8.5)

q∑

i=1

τ l
ipi(λ) =

l!

(−λ)l+1

(
r(λ) −

l∑

j=0

(−λ)j

j!

)
, l = 0, . . . , q − 1,

for {pi(λ)}q
i=1. Since the matrix of the coefficients on the left is of Vander-

monde’s type, and thus nonsingular, this results in rational functions pi(λ)
which are linear combinations of those on the right hand side of (8.5). In
particular, the only singularities of the right hand sides of (8.5), and hence of
the pi(λ), are those of r(λ), and the pi(λ) thus have the same denominators
as r(λ). If r(λ) is bounded for large λ, then the right hand sides of (8.5) are
small for large λ, and hence the numerator of pi(λ) is of lower degree than
its denominator. Note that the condition (j) together with (8.5) implies that
(jj) holds. This is evident for 0 ≤ l ≤ q − 1, and for l = q condition (jj) reads

(8.6)
m∑

i=1

τ q
i pi(λ) =

q!

(−λ)q+1

∞∑

j=q+1

(−λ)j

j!
+ O(1) = O(1), as λ → 0.

Since by (j) each right hand side in (8.5) is bounded for small λ, this also
holds for the pi(λ), which shows (8.6).

Choosing q = m = 2, τ1 = 0, τ2 = 1, r(λ) = (1 − 1
2λ)/(1 + 1

2λ), this
procedure gives the Crank-Nicolson type scheme

(8.7) (I + 1
2kA)Un+1 = (I − 1

2kA)Un + 1
2 (f(tn+1) + f(tn)),

For certain schemes, the number m of quadrature points could be less
than q. An example of this is provided by the Crank-Nicolson scheme

(8.8) (I + 1
2kA)Un+1 = (I − 1

2kA)Un + kf(tn + 1
2k),

for which q = 2, m = 1, τ1 = 1
2 , r(λ) = (1− 1

2λ)/(1 + 1
2λ), The relations (j)

and (jj) here reduce to
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1 − 1
2λ

1 + 1
2λ

= e−λ + O(λ3),

and

1

1 + 1
2λ

= − 1

λ
(e−λ − 1) + O(λ2),

1
2

1

1 + 1
2λ

=
1

λ2
(e−λ − 1 + λ) + O(λ),

1
4

1

1 + 1
2λ

= − 2

λ3
(e−λ − 1 + λ − 1

2λ2) + O(1),

respectively, as λ → 0.
A frequently employed family of schemes which fits into our framework is

the Runge-Kutta methods. For the linear equation (8.1) such a method takes
the form

Un+1 = Un + k
m∑

j=1

bj(−AUnj + f(tn + τjk)),

where the intermediate Unj are determined from the linear system

Uni = Un + k
m∑

j=1

gij(−AUnj + f(tn + τjk)), i = 1, . . . , m.

Here the quadrature points τj are distinct numbers in [0, 1] and the coeffi-
cients gij and bj are associated with the quadrature formulas

(8.9)

∫ 1

0

ϕdt ≈
m∑

j=1

bjϕ(τj),

∫ τi

0

ϕdt ≈
m∑

j=1

gijϕ(τj), i = 1, . . . , m.

The method is implicit unless the matrix G = (gij) is strictly lower trian-
gular. We shall assume that G has no eigenvalues in (−∞, 0], so that, in
particular the method is implicit and σ(λ) = (I + λG)−1 exists for λ ≥ 0.
After elimination of the Uni, i = 1, . . . , m, these equations take the form (8.2)
where

(8.10) (p1(λ), · · · , pm(λ)) = (b1, · · · , bm)σ(λ), r(λ) = 1 − λ

m∑

j=1

bjpj(λ).

It is known that such a method is accurate of order q if the quadrature for-
mulas in (8.9) are exact for polynomials of degree q−1 and q−2, respectively.

We shall return to a discussion of the choice of the discretization scheme
later in this chapter.

Our purpose is now to analyze the error in the fully discrete method (8.2)
for the inhomogeneous abstract equation (8.1).
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We shall assume that Ek is stable in H, so that |r(λ)| ≤ 1 for λ ∈ σ(kA)
cf. (7.10); this condition is satisfied for all operators Ek (or discretization
schemes for the corresponding homogeneous equation) of types I′ and II of
our previous classification.

In our first result we shall prove that if the scheme is accurate of or-
der q, then the error in the time discretization of (8.1) is O(kq), pro-
vided certain assumptions on the data are satisfied. We employ again the
spaces Ḣs = D(As/2) introduced in Chapter 7 and the corresponding norm
|v|s = (Asv, v)1/2 = ‖As/2v‖. We shall often use the notation f (l) for (d/dt)lf
in the sequel.

Theorem 8.1 Assume that the time discretization scheme in (8.2) is accu-
rate of order q and that Ek is of type I ′ or II. Then, if f (l)(t) ∈ Ḣ2p−2l for
l < q, when t ≥ 0, we have for the solutions of (8.2) and (8.1), when tn ≥ 0,

(8.11) ‖Un − u(tn)‖ ≤ Ckq
(
tn

q−1∑

l=0

sup
s≤tn

|f (l)(s)|2q−2l +

∫ tn

0

‖f (q)‖ ds
)
.

Proof. We have at once from (8.2) that

Un = k
n−1∑

j=0

En−1−j
k Qkf(tj).

Setting as usual E(t) = e−tA we may write for the solution of (8.1)

u(tn) =

∫ tn

0

E(tn − s)f(s) ds = k

n−1∑

j=0

E(tn−1−j)Ikf(tj),

where Ikg(t) =

∫ 1

0

E(k − sk)g(t + sk) ds.

With this notation, the error en = Un − u(tn) may be represented as

en = k

n−1∑

j=0

(
En−1−j

k Qkf(tj) − E(tn−1−j)Ikf(tj)
)

= k

n−1∑

j=0

(En−1−j
k − E(tn−1−j))Ikf(tj)

+ k

n−1∑

j=0

En−1−j
k (Qk − Ik)f(tj) = en

1 + en
2 .

(8.12)

Using Theorem 7.3 to bound the error operator for the homogeneous
equation we have, since E(k − sk) commutes with En

k − E(tn),
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‖en
1‖ ≤ k

n−1∑

j=0

∫ 1

0

‖(En−1−j
k − E(tn−1−j))f(tj + sk)‖ ds

≤ Ckq+1
n−1∑

j=0

∫ 1

0

|f(tj + sk)|2q ds = Ckq

∫ tn

0

|f |2q ds,

(8.13)

which is bounded by the right hand side of (8.11).
In order to estimate en

2 , we write

Ikf(tj) =

∫ 1

0

E(k − sk)f(tj + sk) ds

=

q−1∑

l=0

kl

l!

∫ 1

0

E(k − sk)sl ds f (l)(tj) + Rq,1f(tj),

and

Qkf(tj) =

m∑

i=1

pi(kA)f(tj + τik)

=

q−1∑

l=0

kl

l!
(

m∑

i=1

τ l
ipi(kA))f (l)(tj) + Rq,2f(tj),

where

Rq,1f(tj) =

∫ 1

0

E(k − sk)
(∫ tj+sk

tj

(tj + sk − τ)q−1

(q − 1)!
f (q)(τ)dτ

)
ds,

Rq,2f(tj) =

m∑

i=1

pi(kA)

∫ tj+τik

tj

(tj + τik − s)q−1

(q − 1)!
f (q)(s) ds.

We conclude thus that

(8.14) (Qk − Ik)f(tj) =

q−1∑

l=0

kl

l!
bl(kA)f (l)(tj) + Rqf(tj),

where

bl(λ) =

m∑

i=1

τ l
ipi(λ) −

∫ 1

0

sle−(1−s)λ ds,

and where Rqf = Rq,1f + Rq,2f satisfies

(8.15) ‖Rqf(tj)‖ ≤ Ckq−1

∫ tj+1

tj

‖f (q)‖ ds.

By (jj′) we have bl(λ) = O(λq−l), as λ → 0, and hence |bl(λ)| ≤ Cλq−l on
σ(kA) so that
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(8.16) ‖klbl(kA)v‖ ≤ kq sup
λ∈σ(kA)

|λl−qbl(λ)| ‖Aq−lv‖ ≤ Ckq|v|2q−2l.

Together with (8.14) and (8.15) this shows

‖(Qk − Ik)f(tj)‖ ≤ Ckq

q−1∑

l=0

|f (l)(tj)|2q−2l + Ckq−1

∫ tj+1

tj

‖f (q)‖ ds,

so that

‖en
2‖ ≤ Ckq

(
tn

q−1∑

l=0

sup
s≤tn

|f (l)(s)|2q−2l +

∫ tn

0

‖f (q)‖ ds
)
.

The proof of the theorem is now complete. ⊓⊔

We observe that in the above analysis, in order to obtain optimal order
convergence, f (l)(t) was required to belong to Ḣ2q−2l for t ≥ 0. In the case
A = −∆ this means, in particular, that in addition to smoothness, f and
its derivatives with respect to time are required to satisfy certain boundary
conditions on ∂Ω for t ≥ 0. This is unsatisfactory in that, except at t = 0,
such boundary conditions are not needed to ensure existence and smoothness
of the exact solution of (8.1). In an attempt to reduce these assumptions we
shall first note that if the operator Ek = r(kA) has the stronger smoothing
property of schemes of types I′, II′ and IV (cf. Lemma 7.3), then the above
regularity requirements may be considerably weakened, except in a short
interval preceding the point t at which the error estimate is sought.

Theorem 8.2 Assume that the time discretization scheme in (8.2) is accu-
rate of order q and that Ek = r(kA) is of type I ′, II ′ or IV. Then there is
a C > 0 such that, if 0 < δ ≤ tn ≤ t̄ and f (l)(t) ∈ Ḣ2q−2l for l < q and
tn − δ ≤ t ≤ tn , we have

‖Un − u(tn)‖ ≤Ckq
( q−1∑

l=0

(
‖f (l)(0)‖

+ sup
tn−δ≤s≤tn

|f (l)(s)|2q−2l

)
+

∫ tn

0

‖f (q)‖ ds
)
.

(8.17)

Proof. In order to estimate en = Un−u(tn), we choose ϕ ∈ C∞(R) such that
ϕ(t) = 1 for t ≥ −δ/2, ϕ(t) = 0 for t ≤ −δ, and write, with tn the point at
which we want to estimate the error,

f(t) = f(t)ϕ(t − tn) + f(t)(1 − ϕ(t − tn)) = f1(t) + f2(t),

so that f1(t) = 0 for t ≤ tn − δ and f2(t) = 0 for t ≥ tn − δ/2. The
solutions of (8.2) and (8.1) are then obtained by linearity from the solutions
corresponding to f1 and f2. By the proof of Theorem 8.1 the contribution
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to the error from f1 is bounded by the right hand side of (8.11), with f(t)
replaced by f(t)ϕ(t− tn), which is bounded by the right hand side of (8.17).

In order to bound the contribution from f2 it suffices then to show (8.17)
in the case that f vanishes for t ≥ tn − δ/2. As in the proof of Theorem 8.1,
we write Un −u(tn) = en = en

1 + en
2 , with en

1 and en
2 defined by (8.12). Using

now the nonsmooth data estimate of Theorem 7.2 in (8.13) we obtain, since
tn−1−j ≥ δ/2 > 0, for all nonvanishing terms of en

1 , that

‖en
1‖ ≤ Ck

n−1∑

j=0

∫ 1

0

kq‖f(tj + sk)‖ ds ≤ Ckq

∫ tn

0

‖f‖ ds.

For en
2 we have with the above notation

‖en
2‖ ≤ k

n−1∑

j=0

‖En−1−j
k (Qk − Ik)f(tj)‖

≤ Ck

n−1∑

j=0

q−1∑

l=0

kl‖En−1−j
k bl(kA)f (l)(tj)‖ + Ck

n−1∑

j=0

‖Rqf(tj)‖.

Lemma 7.3 shows that for tn−1−j ≥ cδ > 0 and any p

‖En−1−j
k v‖ = ‖En−1−j

k ApT pv‖ ≤ C‖T pv‖.

Hence, since bl(λ) = O(λq−l) for small λ,

kl‖En−1−j
k bl(kA)v‖ ≤ Ckq‖(kA)−(q−l)bl(kA)v‖ ≤ Ckq‖v‖,

so that, using also the above estimate (8.15) for Rqf(tj), since tn ≤ t̄,

‖en
2‖ ≤ Ck

n−1∑

j=0

q−1∑

l=0

kq‖f (l)(tj)‖ + Ckq

∫ tn

0

‖f (q)‖ ds

≤ Ckq
( q−1∑

l=0

‖f (l)(0)‖ +

∫ tn

0

‖f (q)‖ds
)
.

This completes the proof. ⊓⊔
Our next purpose is to reduce our assumptions even further on the behav-

ior of f (l)(t) on ∂Ω, for t > 0, by a more careful analysis of the error and by
imposing additional conditions on the time discretization in (8.2). We shall
begin with a slight reformulation of the conditions for accuracy and set

γl(λ) =
l!

(−λ)l+1

(
r(λ) −

l∑

j=0

(−λ)j

j!

)
−

m∑

i=1

τ l
ipi(λ), for l = 0, . . . , q − 1,

γq(λ) =
q!

(−λ)q+1

(
r(λ) −

q∑

j=0

(−λ)j

j!

)
.



8. Schemes for the Inhomogeneous Equation 137

With this notation it follows easily from Lemma 8.1 that (8.2) is accurate of
order q if and only if

(8.18) γl(λ) = O(λq−l), as λ → 0, for l = 0, . . . , q.

Note that γq(λ) = O(1) as λ → 0 is equivalent with (j). We shall say that
the time discretization scheme (8.2) is strictly accurate of order q0, where
q0 ≤ q, if

(8.19) γl(λ) = 0, for l = 0, . . . , q0 − 1.

The conditions (8.5) which were used above in the construction of particular
schemes of order q may then be expressed by saying that these schemes
are also strictly accurate of order q. In particular, the second order Crank-
Nicolson schemes (8.7) and (8.8) are both strictly accurate of order 2.

In our next result we shall show an error estimate for schemes satisfying
(8.19) and in which no artificial boundary conditions are imposed for t >
0. This time we shall prefer to express our result in terms of the solution
rather than the data, and remark that it is appropriate to assume that u
and its derivatives with respect to time are in Ḣ2 = D(A) but not in Ḣs for
s ≥ 3; in the application to A = −∆ this corresponds to saying that u and
its derivatives in time may be assumed to vanish on ∂Ω, but that further
boundary conditions are unnatural.

Theorem 8.3 Assume that the scheme (8.2) is both accurate and strictly
accurate of order q and that Ek = r(kA) is stable in H. Then we have under
the appropriate regularity assumptions, for tn ≥ 0,

‖Un − u(tn)‖ ≤ Ckq
(
tn sup

s≤tn

|u(q)(s)|2 +

∫ tn

0

‖u(q+1)‖ ds
)
.

Proof. The error en = Un − u(tn) satisfies

(8.20) en+1 = Eken + ϕn, for n ≥ 0, with e0 = 0,

where

ϕn = −u(tn+1) + Eku(tn) + kQkf(tn)

= −u(tn+1) + r(kA)u(tn) + k

m∑

i=1

pi(kA)(u′ + Au)(tn + τik).

Taylor expansions with respect to k give

ϕn = −
q∑

l=0

kl

l!
u(l)(tn) + k

m∑

i=1

pi(kA)

q−1∑

l=0

(τik)l

l!
(u(l+1) + Au(l))(tn)

+ r(kA)u(tn) −
∫ tn+1

tn

(tn+1 − s)q

q!
u(q+1)(s) ds

+ k

m∑

i=1

pi(kA)

∫ tn+τik

tn

(tn + τik − s)q−1

(q − 1)!
(u(q+1) + Au(q))(s) ds,
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or

ϕn = −
q∑

l=0

kl

l!
hl(kA)u(l)(tn) + Rn

1 + Rn
2 ,

where we have set

hl(λ) = 1 − l
m∑

i=1

τ l−1
i pi(λ) − λ

m∑

i=1

τ l
ipi(λ), for 1 ≤ l ≤ q − 1,

h0(λ) = 1 − r(λ) − λ

m∑

i=1

pi(λ), hp(λ) = 1 + q

m∑

i=1

τ q−1
i pi(λ).

We have at once

‖Rn
1 ‖ + ‖Rn

2 ‖ ≤ Ckq

∫ tn+1

tn

(‖u(q+1)‖ + ‖Au(q)‖) ds.

A simple calculation shows that, with γ−1(λ) = 0,

(8.21) hl(λ) = lγl−1(λ) + λγl(λ), for l = 0, . . . , q,

and since the scheme is strictly accurate of order q, we have thus that
hl(kA) = 0 for l < q. In the expression for ϕn it remains only to estimate
the term with l = q. We have hq(λ) = −λγq(λ), and hence, since γq(kA) is
bounded,

‖kqhq(kA)u(q)(tn)‖ ≤ kq+1‖γq(kA)Au(q)‖ ≤ Ckq+1|u(q)(tn)|2.

Altogether, we have thus

‖ϕn‖ ≤ Ckq+1 sup
tn≤s≤tn+1

|u(q)(s)|2 + Ckq

∫ tn+1

tn

‖u(q+1)‖ ds,

and hence, using the stability of Ek in (8.20),

‖en‖ ≤
n−1∑

j=0

‖ϕj‖ ≤ Ckq
(
tn sup

s≤tn

|u(q)(s)|2 +

∫ tn

0

‖u(q+1)‖ ds
)
.

This completes the proof of the theorem. ⊓⊔

If the scheme is accurate of order q we have by (8.21) and (8.18) that
hl(λ) = O(λq−l+1) as λ → 0, for l = 0, . . . , q. However, if it is not strictly
accurate of order q so that hl(λ) �= 0 for some l < q, then this will bring an
additional term to the truncation error ϕn of the form

−kl

l!
hl(kA)u(l)(tn) = −kl+1

l!
h̃l(kA)Au(l)(tn), with h̃l(λ) = hl(λ)/λ.
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Since h̃l(λ) = O(λq−l) for small λ, we conclude as in (8.16) that if u(l) belongs
to the appropriate spaces Ḣs, then

‖kl

l!
hl(kA)u(l)(tn)‖ ≤ Ckq+1|u(l)(tn)|2q+2−2l.

After summation the contribution to the total error will still be of the correct
order O(kq) but, as in Theorem 8.1, undesirable boundary conditions will
have been imposed. If these are not satisfied, a reduction of the order of
convergence has to be expected.

In our next result we shall see, however, that if the scheme is strictly
accurate of order q−1, and an additional condition is satisfied, then an opti-
mal order error estimate holds without any assumption of artificial boundary
conditions.

Theorem 8.4 Assume that the scheme (8.2) is accurate of order q and
strictly accurate of order q − 1, that Ek = r(kA) is stable in H, and that
κ(λ) = hq−1(λ)/(λ(1 − r(λ))) is bounded on σ(kA), uniformly in k. Then,
under the appropriate regularity assumptions,

‖Un − u(tn)‖ ≤Ckq
(

sup
s≤tn

|u(q−1)(s)|2

+ tn sup
s≤tn

|u(q)(s)|2 +

∫ tn

0

‖u(q+1)‖ ds
)
, for tn ≥ 0.

Proof. It follows from the above that the contribution to the global error of
the additional term is, with h̃q−1(λ) = hq−1(λ)/λ,

Sn = −
n−1∑

j=0

En−1−j
k

kq

(q − 1)!
h̃q−1(kA)Au(q−1)(tj).

By the definition of κ(λ) we have h̃q−1(kA) = κ(kA)(I − Ek), and hence

− (q − 1)!Sn = kqκ(kA)

n−1∑

j=0

En−1−j
k (I − Ek)Au(q−1)(tj)

= kqκ(kA)
(
Au(q−1)(tn−1) −

n−1∑

j=1

En−j
k

∫ tj

tj−1

Au(q) ds − En
k Au(q−1)(0)

)
.

We conclude

‖Sn‖ ≤ Ckq
(

sup
s≤tn

|u(q−1)(s)|2 + tn sup
s≤tn

|u(q)(s)|2
)
,

which, together with the estimate of Theorem 8.3, shows our claim. ⊓⊔
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It is clear that using the technique of the proof of Theorem 8.2 above, the
regularity assumptions imposed in the latter two theorems may be further
reduced for t ≤ tn−δ, with δ > 0, provided Ek has the appropriate smoothing
properties. We shall not insist on the details.

We shall now return to the discussion of the accuracy conditions for the
time discretization. Recall from Lemma 8.1 and the subsequent discussion
that (8.2) is accurate of order q if and only if (j) holds together with

γl(λ) =
l!

(−λ)l+1

(
r(λ)−

l∑

j=0

(−λ)j

j!

)
−

m∑

i=1

τ l
ipi(λ) = O(λq−l),

as λ → 0, for l = 0, . . . , q − 1.

(8.22)

For the case that the number m of quadrature points is less than q we shall
give an alternative characterization of a scheme of order q which may be used
to construct such schemes.

Lemma 8.2 Let m < q. Then the time discretization scheme in (8.2) is
accurate of order q if and only if (j) holds together with

(jj′′′) γl(λ) = O(λq−l), as λ → 0, for l = 0, . . . , m − 1,

and, with ω(τ) =
∏m

i=1(τ − τi),

(jjj)

∫ 1

0

ω(τ)τ jdτ = 0, for j = 0, . . . , q − m − 1.

Proof. We first note that (jjj) is equivalent to the existence of b1, . . . , bm such
that

(jjj′)

∫ 1

0

ϕ(τ)dτ =
m∑

i=1

biϕ(τi), ∀ϕ ∈ Πq−1.

In fact, it follows by (jjj) that the integrand in (jjj′) may be replaced by its
Lagrange interpolation polynomial, which shows (jjj′). The converse is trivial.

To show the necessity of (jjj), it thus suffices to show (jjj′) for ϕ = τ l, l =
0, . . . , q − 1. But using the definition of γl(λ), we have by (j) and (jj′′) that

γl(0) =
1

l + 1
−

m∑

i=1

τ l
ipi(0) = 0, for l = 0, . . . , q − 1,

so that with bi = pi(0),

∫ 1

0

τ ldτ =
1

l + 1
=

m∑

i=1

biτ
l
i , for l = 0, . . . , q − 1.
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We now turn to the sufficiency of the conditions, and it suffices then to
show that (j), (jj′′′) and (jjj) imply

(8.23) γl(λ) = O(λq−l), as λ → 0, for l = m, . . . , q − 1.

We have by integration by parts and by (j),

(−λ)l+1

l!

∫ 1

0

e−λ(1−τ)τ l dτ = r(λ) −
l∑

j=0

(−λ)j

j!
+ O(λq+1), as λ → 0,

and hence

γl(λ) =

∫ 1

0

e−λ(1−τ)τ ldτ −
m∑

i=1

τ l
ipi(λ) + O(λq−l), as λ → 0.

For ω(τ) as above we write ω(τ) =
∑m

j=0 αjτ
j . Then, since ω(τi) = 0, we

obtain by expanding the integral and using (jjj), for l = 0, . . . , q − m − 1, as
λ → 0,

m∑

j=0

αjγj+l(λ) =

∫ 1

0

e−λ(1−τ)τ lω(τ)dτ + O(λq−m−l) = O(λq−m−l).

Since αm = 1, we may conclude the proof of (8.23) by successively setting
l = 0, 1, . . . , q − m − 1 in this formula, and using (jj′′′). ⊓⊔

Applying the lemma we may now construct, for any given q and m with
q/2 ≤ m ≤ q, a scheme which is accurate of order q and strictly accurate
of order m: We start with a r(λ) such that (j) holds (and with the desired
stability properties), then select the distinct numbers {τi}m

i=1 ⊂ [0, 1] so that
(jjj) is satisfied, and finally determine the rational functions {pi(λ)}m

i=1 from

(8.24)
m∑

i=1

τ l
ipi(λ) =

l!

(−λ)l+1

(
r(λ) −

l∑

j=0

(−λ)j

j!

)
, l = 0, . . . , m − 1.

Note that the matrix of this system is nonsingular since the τi are distinct,
and that the pi(λ) will have the same denominators as r(λ). Note also that
the condition q ≤ 2m is necessary for the existence of {τi}m

i=1 so that (jjj)
holds; for q = 2m the points are uniquely determined as the Gaussian points
of order m in [0, 1].

For example, let r(λ) denote the fourth order diagonal Padé approximant
of e−λ,

r(λ) =
1 − 1

2λ + 1
12λ2

1 + 1
2λ + 1

12λ2
= e−λ + O(λ5), as λ → 0,
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so that q = 4. Choose now m = 2 and τ1,2 = 1
2 ∓

√
3

6 , the Gaussian points of
order 2. The system (8.24) then reduces to

p1(λ) + p2(λ) = − 1
λ (r(λ) − 1),

(
1
2 −

√
3

6

)
p1(λ) +

(
1
2 +

√
3

6

)
p2(λ) = 1

λ2 (r(λ) − 1 + λ),

which results in the scheme

(I + 1
2kA + 1

12k2A2)Un+1 = (I − 1
2kA + 1

12k2A2)Un

+ 1
2k
((

I −
√

3
6 kA

)
f
(
tn + (1

2 −
√

3
6 )k
)

+
(
I +

√
3

6 kA
)
f
(
tn + (1

2 +
√

3
6 )k
))

.

We have here

γ2(λ) = − 2

λ3

(1 − 1
2λ + 1

12λ2

1 + 1
2λ + 1

12λ2
− 1 + λ − 1

2λ2
)

− 1
2 ( 1

2 −
√

3
6 )2

1 −
√

3
6 λ

1 + 1
2λ + 1

12λ2
− 1

2 ( 1
2 +

√
3

6 )2
1 +

√
3

6 λ

1 + 1
2λ + 1

12λ2
= 0,

so that the scheme is actually strictly accurate of order 3. Since

κ(λ) =
h3(λ)

λ(1 − r(λ))
=

h3(λ)

λ2
(1 + 1

2λ + 1
12λ2)

=
γ3(λ)

λ
(1 + 1

2λ + 1
12λ2) = O(1), as λ → 0,

this function is bounded for λ ≥ 0, and thus Theorem 8.4 applies.
With the same r(λ), we may prefer to choose instead the three quadrature

points τ1 = 0, τ2 = 1
2 , τ3 = 1. We then have

∫ 1

0

ω(τ) dτ =

∫ 1

0

τ(τ − 1
2 )(τ − 1) dτ = 0,

so that (jjj) holds since q − m − 1 = 0. We now solve the system

p1(λ) + p2(λ) + p3(λ) = − 1

λ
(r(λ) − 1) =

1

1 + 1
2λ + 1

12λ2
,

1
2p2(λ) + p3(λ) =

1

λ2
(r(λ) − 1 + λ) =

1
2 + 1

12λ

1 + 1
2λ + 1

12λ2
,

1
4p2(λ) + p3(λ) = − 2

λ3
(r(λ) − 1 + λ − 1

2λ2) =
1
3 + 1

12λ

1 + 1
2λ + 1

12λ2
,

to obtain the scheme

(I + 1
2kA + 1

12k2A2)Un+1 = (I − 1
2kA + 1

12k2A2)Un

+ k
(
( 1
6 − 1

12kA)f(tn) + 2
3f(tn + 1

2k) + (1
6 + 1

12kA)f(tn+1)
)
,
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which is then strictly accurate of order at least 3. Since a simple calculation
shows that

γ3(λ) =
6

λ4
(r(λ) − 1 + λ − 1

2λ2 + 1
6λ3) − 1

8p2(λ) − p3(λ) = 0,

the scheme is, in fact, strictly accurate of order 4, and Theorem 8.3 applies.

We shall now apply our results to the analysis if fully discrete approxima-
tions of the model parabolic partial differential equation, and consider thus,
with Ω a bounded domain in R

d with smooth boundary, the problem

ut − ∆u = f in Ω, t > 0,(8.25)

u = 0 on ∂Ω, t > 0, with u(·, 0) = 0 in Ω.

Assuming as earlier that we are given a pair of families {Sh} and {Th},
satisfying the properties (i) and (ii) of Chapter 2, and setting Ah = −∆h =
T−1

h on Sh, the fully discrete schemes will be obtained by applying our time
stepping procedures analyzed above to the semidiscrete analogue of (8.25),
i.e.,

(8.26) uh,t + Ahuh = fh := Phf, for t > 0, with uh(0) = 0,

where Ph is the L2−projection onto Sh. Our fully discrete analogue is thus
obtained by replacing A and f by −∆h and Phf in (8.2) so that

(8.27) Un+1
h = EkhUn

h + k(QkhPhf)(tn), for n ≥ 0, with U0 = 0,

where

Ekhv = r(kAh)v and Qkhf(t) =

m∑

i=1

pi(kAh)Phf(t + τik).

Our purpose now is thus to derive error estimates for (8.27) in L2 which
extend to the present case those obtained above for the abstract problem
(8.2). We begin with a fully discrete version of Theorem 8.1. The spaces
Ḣs = Ḣs(Ω) are defined as earlier using A = −∆; we note that s may be
negative.

Theorem 8.5 Assume that the time discretization scheme (8.2) is accurate
of order q and that Ekh is of type I ′ or II. Let Un

h and u be the solutions of

(8.27) and (8.25), respectively. Then, if f (l)(t) ∈ Ḣmax(r,2q)−2l(Ω) for l < q,
when t ≥ 0, we have, for tn ≥ 0,

‖Un
h − u(tn)‖ ≤ Chrtn

q−1∑

l=0

sup
s≤tn

|f (l)(s)|r−2l

+ Ckq
(
tn

q−1∑

l=0

sup
s≤tn

|f (l)(s)|2q−2l +

∫ tn

0

‖f (q)‖ ds
)
.

(8.28)
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Proof. We first bound the error in the spatially semidiscrete solution. Writing
Fh(t) = Eh(t)Ph − E(t) as in Chapter 3, we have by Theorem 3.1,

‖uh(tn) − u(tn)‖ ≤
∫ tn

0

‖Fh(t − s)f(s)‖ ds ≤ Chr

∫ tn

0

|f(s)|r ds,

which is bounded by the right hand side of (8.28). In order to bound the
remaining part or the error, Un − uh(tn), we proceed as in the proof of
Theorem 8.1, with A replaced by Ah = −∆h, adding subscripts h to indicate
the dependence on h. In particular, the analogue of (8.12) holds for Un −
uh(tn) = en

h = en
1,h + en

2,h and fh = Phf . Applying Theorem 7.8 to the terms
in en

1,h we obtain then

‖en
1,h‖ ≤ C

(
hr

∫ tn

0

|f |r ds + kq

∫ tn

0

|f |2q ds
)
,

which is bounded as claimed. For en
2,h, we note that, by (8.14),

(8.29) (Qkh − Ikh)fh(tj) =

q−1∑

l=0

kl

l!
bl(kAh)f

(l)
h (tj) + Rqfh(tj),

where Rqfh(tj) is bounded as in (8.15). For the purpose of dealing with the
term involving bl(kAh), we shall show that since bl(λ) = O(λq−l) as λ → 0,
we have for v ∈ Ḣmax(r,2q)−2l(Ω)

(8.30) ‖klbl(kAh)Phv‖ ≤ Chr|v|r−2l + Ckq|v|2q−2l.

Assuming this we have

‖klbl(kAh)f
(l)
h (tj)‖ ≤ Chr|f (l)(tj)|r−2l + Ckq|f (l)(tj)|2q−2l.

Hence by (8.29)

‖(Qkh − Ikh)Phf(tj)‖ ≤ Chr

q−1∑

l=0

|f (l)(tj)|r−2l

+ Ckq

q−1∑

l=0

|f (l)(tj)|2q−2l + Ckq−1

∫ tj+1

tj

‖f (q)‖ ds,

so that

‖en
2‖ ≤Ck

n−1∑

j=0

‖(Qkh − Ikh)fh(tj)‖ ≤ Chrtn

q−1∑

l=0

sup
s≤tn

|f (l)(s)|r−2l

+ Ckq
(
tn

q−1∑

l=0

sup
s≤tn

|f (l)(s)|2q−2l +

∫ tn

0

‖f (q)‖ ds
)
,

which completes the proof.
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It remains to show (8.30). Let {ϕj}∞j=1 and {λj}∞j=1 be the eigenfunctions
and eigenvalues of A = −∆ and set vk =

∑
kλj≤1(v, ϕj)ϕj , so that (cf. the

proof of Theorem 7.8)

‖v − vk‖ ≤ Ckq−l|v|2q−2l, |vk|2q−2l ≤ C|v|2q−2l,

|vk|r+2p ≤ Ck−p−l|v|r−2l, for 0 ≤ p ≤ q − l − 1.

Recalling the identity (7.33), we have

vk =

q−l−1∑

p=0

T p
h (T − Th)Ap+1vk + T q−l

h Aq−lvk.

Setting now Bl,kh = klbl(kAh)Ph : L2(Ω) → Sh, we have

‖Bl,khT p
hv‖ = kl‖bl(kAh)A−p

h Phv‖

≤ kp+l sup
λ∈σ(kAh)

|λ−pbl(λ)| ‖v‖ ≤ Ckp+l‖v‖, for 0 ≤ p ≤ q − l.

Hence, in particular,

‖Bl,khT q−l
h Aq−lvk‖ ≤ Ckq‖Aq−lvk‖ ≤ Ckq|v|2q−2l,

and, for 0 ≤ p ≤ q − l − 1,

‖Bl,khT p
h (T − Th)Ap+1vk‖ ≤ Ckp+l‖(T − Th)Ap+1vk‖

≤ Chrkp+l|vk|r+2p ≤ Chr|v|r−2l.

Finally,
‖Bl,kh(v − vk)‖ ≤ Ckl‖v − vk‖ ≤ Ckq|v|2q−2l.

Together these estimates show (8.30). ⊓⊔

We proceed with a fully discrete variant of Theorem 8.3.

Theorem 8.6 Assume that the scheme (8.27) is both accurate and strictly
accurate of order q and that |r(λ)| ≤ 1 on σ(kAh) so that Ekh = r(kAh) is
stable in L2. Then, for the solutions of (8.27) and (8.25), we have, under the
appropriate regularity assumptions, for tn ≥ 0,

‖Un
h − u(tn)‖ ≤Chrtn sup

s≤tn

‖ut(s)‖r

+ Ckq
(
tn sup

s≤tn

|u(q)(s)|2 +

∫ tn

0

|u(q+1)|2 ds
)
.
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Proof. With the standard decomposition of the error we have for ρn =
Rhu(tn) − u(tn), since u(0) = 0,

‖ρn‖ ≤ Chr‖u(tn)‖r ≤ Chrtn sup
s≤tn

‖ut(s)‖r,

and it remains to consider θn = Un − Rhu(tn). We note that wh = Rhu
satisfies the semidiscrete equation

wh,t + Ahwh = Rhut + PhAu = Ph(f + ρt) =: gh,

and introduce the solution of the corresponding fully discrete scheme

Wn+1 = EkhWn + k(Qkhgh)(tn), for n ≥ 0, with W 0 = 0.

To estimate Wn − wh(tn) we may now use Theorem 8.3 to obtain

‖Wn − wh(tn)‖ ≤ Ckq
(
tn sup

s≤tn

‖Ahw
(q)
h (s)‖ +

∫ tn

0

‖w(q+1)
h ‖ ds

)
.

Since Ahwh = AhRhu = PhAu, and Rh = ThA is bounded from Ḣ2(Ω) to
L2, this is bounded as desired.

It remains to consider Zn = Un − Wn, which satisfies

Zn+1 = EkhZn + k(QkhPhρt)(tn), for n ≥ 0, with Z0 = 0.

Using the stability of Ekh and the boundedness of Qkh, we obtain

‖Zn‖ ≤ k
n−1∑

j=0

‖(QkhPhρt)(tj)‖ ≤ Chrtn sup
s≤tn

‖ut(s)‖r.

Together, our estimates show the theorem. ⊓⊔
We close with a fully discrete version of Theorem 8.4.

Theorem 8.7 Assume that the scheme (8.27) is accurate of order q and
strictly accurate or order q − 1, that |r(λ)| ≤ 1 on σ(kAh) so that Ekh =
r(kAh) is stable in L2, and that, in addition, σ(λ) = hq−1(λ)/(λ(1 − r(λ)))
is bounded on σ(kAh), uniformly in k and h. Then, for the solutions of (8.27)
and (8.25), we have, under the appropriate regularity assumptions, for tn ≥ 0,

‖Un
h − u(tn)‖ ≤ Chrtn sup

s≤tn

‖ut(s)‖r

+ Ckq
(
|u(q−1)(0)|2 + tn sup

s≤tn

|u(q)(0)|2 +

∫ tn

0

|u(q+1)|2 ds
)
.

Proof. With the notation of the proof of Theorem 8.6, we now use Theo-
rem 8.4 instead of Theorem 8.3 to bound Wn − wh(tn), which produces the
additional term

Ckq‖Ahw
(q−1)
h (0)‖ = Ckq‖PhAu(q−1)(0)‖ ≤ Ckq|u(q−1)(0)|2. ⊓⊔
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A large portion of this chapter is adapted from Brenner, Crouzeix and
Thomée [40]. For work on Runge-Kutta type methods, see also Crouzeix
[53], Lubich and Ostermann [161], [162] and Ostermann and Roche [189]; in
the latter references particular attention is paid to the order of convergence
in cases that the order of strict accuracy is lower than the order of accuracy,
and it is shown that fractional order of convergence can then occur.

Error estimates that are optimal in L2(H
1
0 )∩H1/2(L2) space-time norms

have been obtained for some simple time stepping methods by Baiocchi and
F. Brezzi [15] in the case of vanishing initial data v and by Tomarelli [235]
for nonvanishing v and the backward Euler method.





9. Single Step Methods and Rational

Approximations of Semigroups

In this chapter we shall again study single step time stepping methods for
a homogeneous parabolic equation in an abstract setting. This time we will
use the semigroup approach and represent the time stepping operator as a
Dunford-Taylor integral in the complex plane, which will allow us to treat
more general elliptic operators than in the previous chapter. For the purpose
of including also application to maximum-norm estimates with respect to a
spatial variable, which will be given at the end of the chapter, the analysis
will take place in a Banach space framework.

We consider thus, as earlier in Chapter 6, an initial value problem of the
form

(9.1) u′ + Au = 0, for t > 0, with u(0) = v,

in a complex Banach space B with norm ‖ · ‖. We assume again that A is a
closed, densely defined linear operator, such that, for its resolvent set ρ(A),

(9.2) ρ(A) ⊃ Σδ = {z ∈ C; δ ≤ | arg z| ≤ π, z �= 0}∪{0}, with δ ∈ (0, 1
2π),

and such that its resolvent, R(z;A) = (zI−A)−1, satisfies, in operator norm,

(9.3) ‖R(z;A)‖ ≤ M |z|−1, for z ∈ Σδ, with M ≥ 1.

We recall that −A is then the infinitesimal generator of an analytic semi-
group

(9.4) E(t) = e−tA =
1

2πi

∫

Γ

e−ztR(z;A) dz, for t ≥ 0,

which is the solution operator of (9.1), and where, e.g., Γ = {z; | arg z| =
ψ ∈ (δ, 1

2π)}, with Im z decreasing along Γ . It also has the stability and
smoothing property

‖E(t)‖ + t‖E′(t)‖ ≤ K, for t > 0,

and, conversely, these properties imply the resolvent estimate (9.3), cf. The-
orem 6.4.
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As in Chapter 7 we shall now discuss discretization in time of the initial
value problem (9.1). Letting k denote the time step and tn = nk, and letting
r(z) be a rational function defined on the spectrum σ(kA) of kA, we define
the approximation Un of u(tn) = E(tn)v by the recursion formula

Un+1 = EkUn, for n ≥ 0, where Ek = r(kA), with U0 = v.

We may thus write Un = En
k v.

We shall begin by discussing the stability of the operators En
k . We shall

use the Dunford-Taylor spectral representation of a rational function of the
operator A when this rational function is bounded in a sector in the right
half-plane, as described in the following lemma.

Lemma 9.1 Assume that (9.2) and (9.3) hold and let r(z) be a rational
function which is bounded for | arg z| ≤ ψ, |z| ≥ ε > 0, where ψ ∈ (δ, 1

2π),
and for |z| ≥ R. Then, if ε > 0 is so small that {z; |z| ≤ ε} ⊂ ρ(A), we have

r(A) = r(∞)I +
1

2πi

∫

γε∪Γ R
ε ∪γR

r(z)R(z;A) dz,

where ΓR
ε = {z; | arg z| = ψ, ε ≤ |z| ≤ R}, γε = {z; |z| = ε, | arg z| ≤ ψ}, and

γR = {z; |z| = R,ψ ≤ | arg z| ≤ π}, and with the closed path of integration
oriented in the negative sense.

Proof. See, e.g., [82], Theorem VII.9.4. In fact, this representation holds with
r(z) replaced by any function f(z) which is analytic in a neighborhood of
{z; | arg z| ≤ ψ, |z| ≥ ε}, including at z = ∞. ⊓⊔

With 0 ≤ θ ≤ π/2 we say that the rational function r(z) is A(θ)-stable if

(9.5) |r(z)| ≤ 1, for | arg z| ≤ θ.

In particular, if this holds with θ = π/2, we say that r(z) is A-stable. If θ = 0,
(9.5) reduces to |r(λ)| ≤ 1 for λ ≥ 0 and implies the stability condition (7.10)
when A is a positive definite selfadjoint operator in a Hilbert space.

As earlier we say that r(z) approximates e−z to order q ≥ 1 if

(9.6) r(z) = e−z + O(zq+1), as z → 0;

if this is true for some q ≥ 1 we say that r(z) is consistent with e−z.
We recall from Chapter 7 that the Padé approximants rµν(z) defined in

(7.18) are accurate of order µ + ν. It is known, see, e.g., Hairer and Wanner
[113], that rµν(z) is A-stable if and only if 0 ≤ µ − ν ≤ 2, and further that
the rational function associated with the Calahan scheme defined by (7.21)
is A-stable. Other examples of A(θ)-stable methods, with θ < π/2, may be
found in [113]. We note for later reference that rµν(∞) = 0 if µ > ν, and
|rµµ(∞)| = 1.

We now derive some useful bounds for A(θ)−stable rational functions.
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Lemma 9.2 Assume that r(z) is A(θ)-stable with θ > 0 and consistent with
e−z. Then for arbitrary R > 0 and ψ ∈ (0, θ) there are c, C > 0 and ε ∈ (0, 1)
such that

(9.7) |r(z)| ≤
{

eC|z|, for |z| ≤ ε,
e−c|z|, for |z| ≤ R, | arg z| ≤ ψ.

Further, if |r(∞)| = 1, there are m, c, C > 0, and ω ≥ 1, such that

(9.8) |r(z)| ≤
{

eC|z|−m

, for |z| ≥ ω,

e−c|z|−m

, for |z| ≥ R, | arg z| ≤ ψ.

Proof. The first estimate follows at once since r(z) = 1 + O(z) as z → 0 by
(9.6). This assumption also shows

|r(z)| ≤ e−Re z + C|z|2 ≤ e−c|z|, for |z| ≤ ε, | arg z| ≤ ψ,

since Re z ≥ cos ψ |z|. By (9.5) and the maximum-principle we have |r(z)| < 1
for | arg z| < θ, z �= 0. In particular, |r(z)| < 1 on the compact set {z; ε ≤
|z| ≤ R, | arg z| ≤ ψ}, which implies the second estimate in (9.7) for c suitably
chosen. If |r(∞)| = 1 we may write, with w = 1/z,

(9.9) r(z) = aebwm+O(wm+1), with |a| = 1, b �= 0, as w → 0,

which immediately shows the first estimate of (9.8). By A(θ)-stability we have
Re(bwm) ≤ 0 for | arg w| ≤ θ and hence Re(bwm) ≤ −c|w|m for | arg w| ≤ ψ,
which implies the second bound in (9.8). ⊓⊔

Note that if r(z) is A-stable we must have b < 0 and m = 1 in (9.9). As
an example, for the Crank-Nicolson method we have, with w = 1/z,

r(z) =
1 − 1

2z

1 + 1
2z

= −1 − 2w

1 + 2w
= −r(4w) = −e−4w+O(w2), as w → 0.

We are now ready to state the following stability result.

Theorem 9.1 Let r(z) be consistent with e−z and A(θ)-stable for some θ ∈
[δ, 1

2π]. Assume that A satisfies (9.2) and (9.3). Then there is a C = Cδ such
that

‖En
k v‖ ≤ CM‖v‖, for tn ≥ 0, v ∈ B, where Ek = r(kA).

Proof. We shall show that, in operator norm,

(9.10) ‖r(A)n‖ ≤ CM, for n ≥ 0.

We note that with A also kA satisfies (9.2) as well as (9.3) since, for z ∈ Σδ,
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‖R(z; kA)‖ = ‖k−1(zk−1I − A)−1‖ ≤ k−1M |zk−1|−1 = M |z|−1.

Hence (9.10) applied to kA yields the desired bound ‖En
k ‖ = ‖r(kA)n‖ ≤

CM for n ≥ 0. We remark that if the bound in (9.3) had been replaced by
M1(1 + |z|)−1 this argument would have failed.

To show (9.10) we use Lemma 9.1 with ψ ∈ (δ, θ). Since r(z) is analytic
at z = 0 we may replace the circular arc γε by the complementary arc γε =
{z; |z| = ε;ψ ≤ | arg z| ≤ π} ⊂ Σδ. Using ε/n instead of ε we may write

r(A)n = κnI +
1

2πi

∫

γε/n∪Γ R
ε/n

∪γR

r(z)nR(z;A) dz, where κ = r(∞).

Clearly ‖κnI‖ ≤ 1 ≤ M . To bound the integrals over the three components
of the path of integration, we first assume that |κ| < 1. We may then fix
R ≥ 1 large enough so that |r(z)| ≤ 1 for |z| ≥ R, and hence

∥∥ 1

2πi

∫

γR

r(z)nR(z;A) dz
∥∥ ≤ M

2π

∫

γR

|dz|
|z| ≤ M.

Further, with ε fixed as in Lemma 9.2,

∥∥ 1

2πi

∫

γε/n

r(z)nR(z;A) dz
∥∥ ≤ M

2π

∫

γε/n

eCn|z| |dz|
|z| ≤ CM

and

(9.11)
∥∥ 1

2πi

∫

Γ R
ε/n

r(z)nR(z;A) dz
∥∥ ≤ M

π

∫ ∞

ε/n

e−cnρ dρ

ρ
≤ CM,

which completes the proof in this case.
In the case |κ| = 1 we choose R = ω in (9.8) and use the analyticity of

the integrand to exchange the arc γR = γω in the above representation for
r(A)n by Γωn

ω ∪ γωn , where ωn = n1/mω. Here, by (9.8),

∥∥ 1

2πi

∫

γωn

r(z)nR(z;A) dz
∥∥ ≤ M

2π

∫

γωn

eCω−m |dz|
|z| ≤ CM

and

∥∥ 1

2πi

∫

Γ ωn
ω

r(z)nR(z;A) dz
∥∥ ≤ M

π

∫ ωn

ω

e−cnρ−m dρ

ρ

=
M

πm

∫ nω−m

ω−m

e−cρ dρ

ρ
≤ CM.

Together these estimates complete the proof. ⊓⊔

For our error estimates we shall apply the following spectral representation
of the semigroup.
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Lemma 9.3 Assume that (9.2) and (9.3) hold, let ψ ∈ (δ, 1
2π), and let j be

any integer. Then we have for ε > 0 sufficiently small

AjE(t) =
1

2πi

∫

γε∪Γε

e−ztzjR(z;A) dz,

where γε = {z; |z| = ε, | arg z| ≤ ψ} and Γε = {z; | arg z| = ψ, |z| ≥ ε}, and
where Im z is decreasing along γε ∪ Γε. When j ≥ 0, we may take ε = 0.

Proof. For j = 0 this follows at once from (9.4). Since

AR(z;A) = zR(z;A) − I, A−1R(z;A) = z−1R(z;A) + z−1A−1,

and
∫

γε∪Γε
e−ztzj dz = 0 for any j, the result for positive and negative j

then easily follows by induction. When j ≥ 0 the integrand is continuous at
z = 0 so that we may let ε tend to 0. Note that since e−zt has an essential
singularity at z = ∞, the Dunford-Taylor representation of Lemma 9.1, with
r(z) replaced by e−zt, does not apply. ⊓⊔

We now show a simple consequence of (9.5) and (9.6).

Lemma 9.4 Assume that r(z) is A(θ)-stable and approximates e−z to order
q. Then for any ψ ∈ (0, θ) and R > 0 there are positive numbers C and c
such that for |z| ≤ R, | arg z| ≤ ψ, and n ≥ 1,

(9.12) |r(z)n − e−nz| ≤ Cn|z|q+1e−cn|z|.

Proof. We first note that

|r(z) − e−z| ≤ C|z|q+1, for |z| ≤ R, | arg z| ≤ ψ.

By (9.6) this holds when |z| is small and therefore, in view of (9.5), for
|z| ≤ R. We next observe that, if c ≤ cos ψ, then

|e−z| = e−Re z ≤ e−c|z|, for | arg z| ≤ ψ.

Using also Lemma 9.2 we hence obtain, for the z under consideration,

|r(z)n − e−nz| = |(r(z) − e−z)
n−1∑

j=0

r(z)je−(n−1−j)z| ≤ C|z|q+1ne−(n−1)c|z|,

which proves the lemma. ⊓⊔

We begin our error estimates with the following estimate for smooth data.

Theorem 9.2 Assume that A satisfies (9.2) and (9.3), and that r(z) is ac-
curate of order q and A(θ)-stable with θ ∈ (δ, 1

2π]. Then there is a constant
C such that

‖Un − u(tn)‖ ≤ CMkq‖Aqv‖, for tn ≥ 0, if v ∈ D(Aq).
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Proof. With Fn(z) = r(z)n − e−nz we show that

‖Fn(A)A−q‖ = ‖(r(A)n − e−nA)A−q‖ ≤ CM.

As in the proof of Theorem 9.1 this then also holds with A replaced by kA,
and thus shows the result stated. By Lemma 9.1 we have

r(A)nA−q =
1

2πi

∫

γε∪Γ R
ε ∪γR

r(z)nz−qR(z;A) dz,

and here, since the integrand is of order O(|z|−q−1) for large z, we may let
R tend to ∞. Using also Lemma 9.3 we therefore have

Fn(A)A−q =
1

2πi

∫

γε∪Γε

Fn(z)z−qR(z;A) dz.

By Lemma 9.4 we see that Fn(z)z−q = O(z) as z → 0, and thus the integrand
is bounded, so that we may let ε → 0. It follows that

‖Fn(A)A−q‖ ≤ CM

∫ ∞

0

(
|Fn(ρeiψ)| + |Fn(ρe−iψ)|

) dρ

ρq+1
.

Since r(z)n and e−tz are bounded on Γ0 we find

∫ ∞

1

|Fn(ρe±iψ)| dρ

ρq+1
≤ C

∫ ∞

1

dρ

ρq+1
≤ C,

and, using (9.12),

(9.13)

∫ 1

0

|Fn(ρe±iψ)| dρ

ρq+1
≤ Cn

∫ 1

0

e−cnρ dρ ≤ C.

Together these estimates complete the proof. ⊓⊔

We now turn to an estimate for initial data which do not satisfy any regu-
larity assumption in addition to v ∈ B. We then need to require additionally
that |r(∞)| < 1, which will secure a certain smoothing property for the dis-
crete solution operator En

k (cf. Theorem 7.2, schemes of type III). We will
begin with the following lemma about the behavior of r(z)n for large z.

Lemma 9.5 Assume that the rational function r(z) is A(θ)-stable with θ ≤
1
2π, and that |r(∞)| < 1. Then for any ψ ∈ (0, θ) and R > 0 there are positive
C and c such that, with κ = r(∞),

|r(z)n − κn| ≤ C|z|−1e−cn, for |z| ≥ R, | arg z| ≤ ψ, n ≥ 1.

Proof. Since r(z) − κ vanishes at ∞ and |r(z)| < 1 for | arg z| ≤ ψ, z �= 0,

|r(z) − κ| ≤ C|z|−1 and |r(z)| ≤ e−c, for |z| ≥ R, | arg z| ≤ ψ.
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Hence, for these z,

|r(z)n − κn| = |(r(z) − κ)

n−1∑

j=0

r(z)jκn−1−j | ≤ C|z|−1ne−cn ≤ C|z|−1e−cn,

which shows our claim. ⊓⊔

Theorem 9.3 In addition to the assumptions of Theorem 9.2, let |r(∞)| <
1. Then there is a constant C such that

‖Un − u(tn)‖ ≤ CMkqt−q
n ‖v‖, for tn > 0, v ∈ B.

Proof. With Fn(z) as above we now need to show

‖Fn(A)‖ ≤ CMn−q.

With κ = r(∞), we set F̃n(z) = Fn(z) − κnz/(1 + z). Since |κ| < 1 and
‖A(I + A)−1‖ ≤ 2M , we have

‖κnA(I + A)−1‖ ≤ 2M |κ|n ≤ CMn−q,

and it remains to show the same bound for the operator norm of F̃n(A). Since
r(z)n − κnz/(1 + z) vanishes at z = ∞, we may use Lemmas 9.1 and 9.3 to
see that with Γ = {z; | arg z| = ψ}, ψ ∈ (δ, θ),

F̃n(A) =
1

2πi

∫

Γ

F̃n(z)R(z;A) dz.

Since F̃n(z) = (r(z)n − κn) + κn/(1 + z) − e−nz, Lemma 9.5 shows

∫ ∞

1

|F̃n(ρe±iψ)|dρ

ρ
≤
∫ ∞

1

(
(Ce−cn + |κ|n)ρ−2 + e−cnρρ−1

)
dρ ≤ Cn−q.

Using also Lemma 9.4 and |z/(1 + z)| ≤ 1 for Re z ≥ 0 we have

∫ 1

0

|F̃n(ρe±iψ)|dρ

ρ
≤
∫ 1

0

|Fn(ρe±iψ)|dρ

ρ
+ |κ|n

≤ Cn

∫ ∞

0

ρqe−cnρ dρ + |κ|n ≤ Cn−q.

(9.14)

Together these estimates complete the proof. ⊓⊔

The above approach may also be used to study single step methods for
the inhomogeneous equation

(9.15) u′ + Au = f, for t > 0, with u(0) = v,
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in our Banach space framework. We illustrate this by considering the Crank-
Nicolson scheme

(9.16) ∂̄Un + AÛn = f(tn−1/2), for n ≥ 1, with U0 = v,

where Ûn = 1
2 (Un + Un−1, or

Un = EkUn−1 + Qkf(tn−1/2), with Ek = r(kA), Qk = p1(kA),

where

(9.17) r(z) = (1 − 1
2z)/(1 + 1

2z), p1(z) = 1/(1 + 1
2z).

Since

Un = En
k v + k

n−1∑

j=0

En−j−1
k Qkf(tj+1/2),

we find at once from Theorem 9.1 the stability estimate

(9.18) ‖Un‖ ≤ CM
(
‖v‖ + k

n−1∑

j=0

‖f(tj+1/2)‖
)
.

We now show the following error estimate.

Theorem 9.4 Let Un and u be the solutions of (9.16) and (9.15). Then

‖Un − u(tn)‖ ≤ CMk2

∫ tn

0

(‖uttt‖ + ‖Autt‖) dτ, for n ≥ 0.

Proof. Setting en = Un − u(tn) we have

∂̄en + Aên = −ωn, for n ≥ 1, with e0 = 0,

where

ωn = (∂̄u(tn) − ut(tn−1/2)) − A(u(tn−1/2) − 1
2 (u(tn) + u(tn−1)),

and hence,

en = Eken−1 − Qkωn, for n ≥ 1, with e0 = 0.

By iteration, using the stability estimate (9.18), and treating the terms in ωn

as in the proof of Theorem 1.6, leading to (1.57), we conclude

‖en‖ ≤ CMk

n∑

j=1

‖ωj‖ ≤ CMk2

∫ tn

0

(‖uttt‖ + ‖Autt‖) dτ,

which completes the proof. ⊓⊔
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The above results concerning time discretization of the abstract differen-
tial equation (9.1) may be applied to analyze fully discrete schemes for par-
abolic partial differential equations. We shall exemplify this by deriving maxi-
mum-norm error estimates for fully discrete methods for the homogeneous
heat equation in two spatial variables, using piecewise linear approximation
functions in space on quasiuniform triangulations of the spatial domain.

The problem we consider is thus, with A = −∆,

ut + Au = 0 in Ω, for t > 0,(9.19)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω,

where Ω is a convex domain in R
2 with smooth boundary ∂Ω, with the

spatially discrete analogue defined by

(9.20) uh,t + Ahuh = 0, for t > 0, with uh(0) = vh,

where Ah = −∆h, with ∆h the discrete Laplacian from (1.33).
We recall from Theorem 6.6 that for any δ ∈ (0, 1

2π) we have, uniformly
in h,

(9.21) ‖R(z;Ah)‖L∞
≤ C|z|−1, for z ∈ Σδ, z �= 0,

and that hence the solution operator Eh(t) = e−Aht of (9.19), the analytic
semigroup on Sh generated by −Ah, satisfies, uniformly in h,

(9.22) ‖Eh(t)‖L∞
+ t ‖E′

h(t)‖L∞
≤ C, for t > 0.

Assume now that r(z) is a rational function consistent with e−z, that
is A(θ)-stable for some θ ∈ (0, 1

2π]. The fully discrete method obtained by
discretization of (9.20) in time is then defined by

(9.23) Un
h = En

khvh, where Ekh = r(kAh).

We begin with a maximum-norm stability result.

Theorem 9.5 Assume that r(z) is consistent with e−z and A(θ)-stable for
some θ ∈ (0, 1

2π], and let Un
h be defined by (9.23). Then we have, uniformly

in h,

(9.24) ‖Un
h ‖L∞

≤ C‖vh‖L∞
, for n ≥ 0.

Proof. This follows using the resolvent estimate of (9.21) for a δ ∈ (0, θ),
together with the stability result of Theorem 9.1. ⊓⊔

In the same way as in Chapter 7 we begin our error analysis with a
nonsmooth data error estimate.



158 9. Rational Approximations of Semigroups

Theorem 9.6 Let Un
h and u be defined by (9.23) and (9.19), with vh = Phv,

and assume that r(z) is accurate of order q and A(θ)-stable with θ ∈ (0, 1
2π],

and that |r(∞)| < 1. Then we have, with C independent of h and k, for
v ∈ L∞,

‖Un
h − u(tn)‖L∞

≤ C
(
h2ℓ2ht−1

n + kqt−q
n

)
‖v‖L∞

, for tn > 0.

Proof. Let uh(t) = Eh(t)Phv be the solution of (9.20) with vh = Phv. By
(9.21) and our above argument we may apply Theorem 9.3 to obtain

‖Un
h − uh(tn)‖L∞

= ‖(En
kh − Eh(tn))Phv‖L∞

≤ Ckqt−q
n ‖Phv‖L∞

.

Using the stability of Ph in L∞ (Lemma 6.1) together with the estimate for
uh − u of Theorem 6.10, this completes the proof. ⊓⊔

We now turn to a smooth data error estimate. Here |r(∞)| < 1 is not
needed. Note that for v ∈ D(Aq) we require Ajv = 0 on ∂Ω for 0 ≤ j < q.

Theorem 9.7 Let Un
h and u be defined by (9.23) and (9.19), and assume

that r(z) is accurate of order q and A(θ)-stable with θ ∈ (0, 1
2π]. Then if

v ∈ D(Aq) and if ‖vh − v‖L∞
≤ Ch2ℓ2h‖v‖W 2

∞
, we have

‖Un
h − u(tn)‖L∞

≤ C
(
h2ℓ2h‖v‖W 2

∞
+ kq‖Aqv‖L∞

)
, for n ≥ 0.

Proof. In view of the stability property of Theorem 9.5 it is no loss of gener-
ality to assume vh = Phv. By Theorem 6.9 we have

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ2h‖v‖W 2

∞
, for t ≥ 0.

Hence, with Fn(z) = r(z)n − e−nz and Fn = Fn(kAh), it remains to bound
Un

h − uh(tn) = FnPhv. For this purpose, we use Lemma 7.1 to write, with
T = A−1 and Th = A−1

h Ph,

(9.25) v =

q−1∑

j=0

T j
h(T − Th)Aj+1ṽk + T q

hAq ṽk + (v − ṽk),

with ṽk suitably chosen. We shall see below that this may be done so that,
with C independent of p,

kj‖Aj ṽk‖W 2
p
≤ Cp‖v‖W 2

p
, for 2 ≤ p < ∞,

‖Aq ṽk‖L∞
≤ C‖Aqv‖L∞

,

‖ṽk − v‖L∞
≤ Ckq‖Aqv‖L∞

.

(9.26)

Assuming this for a moment, we first note that by the stability properties
of Eh(t), En

kh and Ph, and by the last bound of (9.26),

‖FnPh(v − ṽk)‖L∞
≤ C‖ṽk − v‖L∞

≤ Ckq‖Aqv‖L∞
.
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For the remaining terms we apply Theorem 9.2 to Ah to obtain

(9.27) ‖FnPhw‖L∞
≤ Ckj‖Aj

hPhw‖L∞
, for 0 ≤ j ≤ q.

Note that if r(z) is accurate of order q it is also accurate of order j with
1 ≤ j ≤ q, which shows (9.27) for these j. The case j = 0 follows again
directly by the stability properties of Eh(t) and En

kh.
We recall from (6.81) that

‖(Rh − I)v‖L∞
≤ Ch2−2/pℓh‖v‖W 2

p
, for 2 ≤ p < ∞.

Setting w = T j
h(T − Th)Aj+1ṽk = T j

h(I − Rh)Aj ṽk in (9.27) and choosing
p = ℓh we therefore obtain, for 0 ≤ j ≤ q − 1,

‖FnPhT j
h(T − Th)Aj+1ṽk‖L∞

≤ Ckj‖Aj
hT j

hPh(I − Rh)Aj ṽk‖L∞

≤ Ch2−2/pℓhkj‖Aj ṽk‖W 2
p
≤ Cph2−2/pℓh‖v‖W 2

p
≤ Ch2ℓ2h‖v‖W 2

∞
.

Similarly,

‖FnPhT q
hAq ṽk‖L∞

≤ Ckq‖Aq ṽk‖L∞
≤ Ckq‖Aqv‖L∞

.

We have thus estimated all the terms in FnPhv corresponding to the
representation (9.25) in the way stated.

It remains to show that ṽk may be chosen to satisfy (9.26). In Chapter 7
a corresponding construction was based on eigenfunction expansion of v and
used Parseval’s relation, but this is not appropriate here and we take instead

ṽk = s(kA)E(k)v, with s(z) =

q∑

n=0

zn

n!
= ez + O(zq+1), as z → 0.

Note that ṽk ∈ Ḣs for any s ≥ 0 when k > 0. Since (−A)lE(k) = E(l)(k) =
(E′(k/l))l we have, using the smoothing property of E(t) in (6.41), and the
regularity estimate (6.78),

kj‖Aj ṽk‖W 2
p
≤ Cp‖(kA)js(kA)E(k)Av‖Lp

≤ Cp

q+j∑

l=j

kl‖E(l)(k)Av‖Lp
≤ Cp‖v‖W 2

p
.

Similarly we find

‖Aq ṽk‖L∞
= ‖Aqs(kA)E(k)v‖L∞

≤
q∑

l=0

kl

l!
‖E(l)(k)Aqv‖L∞

≤ C‖Aqv‖L∞
.

To bound ṽk − v, finally, we recall that, for any δ ∈ (0, 1
2π), we have
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(9.28) ‖R(z;A)‖L∞
≤ C|z|−1, for z ∈ Σδ, z �= 0.

Using Lemma 9.3 we may therefore write

ṽk − v = T q(s(kA)E(k) − 1)Aqv

=
1

2πi

∫

Γ

z−q(s(kz)e−kz − 1)R(z;A) dz Aqv,

where Γ = {z; | arg z| = ψ ∈ (δ, 1
2π)}. Hence

‖ṽk − v‖L∞
≤ Ckq

∫ ∞

0

ρ−q−1|s(ρeiψ)e−ρeiψ − 1| dρ ‖Aqv‖L∞

≤ Ckq‖Aqv‖L∞
,

where we have used the fact that the integrand is bounded on [0, 1] and
bounded by C(ρ−1e−cρ + ρ−q−1) on (1,∞). The estimates of (9.26) are now
shown, and the proof of the theorem is thus complete. ⊓⊔

We close this chapter with a maximum-norm error estimate for the fully
discrete Crank-Nicolson method for the inhomogeneous heat equation, or
(9.19) with a forcing term f on the right, with the spatially discrete analogue

(9.29) uh,t + Ahuh = Phf, for t > 0, with uh(0) = vh = Rhv,

where Ah = −∆h, with ∆h the discrete Laplacian from (1.33). The fully
discrete method under consideration is then to find Un ∈ Sh for n ≥ 0 such
that, with r(z) and p1(z) as in (9.17), and Ekh = r(kAh), Qkh = p1(kAh),

(9.30) Un
h = EkhUn−1

h + QkhPhf(tn−1/2), for n ≥ 1, U0
h = Rhv.

We have the following error estimate.

Theorem 9.8 Let Un
h be defined by (9.30) and u be the solutions of the

inhomogeneous version of (9.19). Then

‖Un
h − u(tn)‖L∞

≤ Ch2ℓh

(
‖v‖W 2

∞
+

∫ tn

0

‖ut‖W 2
∞

dτ
)

+ Ck2

∫ tn

0

(‖uttt‖L∞
+ ‖utt‖W 2

∞
) dτ.

Proof. Writing as usual Un
h − u(tn) = ρn + θn, the first term ρn = ρ(tn) is

bounded as desired by (6.29). For θn we have from (1.55),

∂̄θn + Ahθ̂n = −Phωn, for n ≥ 1, with θ0 = 0,

where
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ωn =∂̄ρn + (∂̄u(tn) − ut(tn−1/2))

− A
(
u(tn−1/2) − 1

2 (u(tn) + u(tn−1))
)

= ωn
1 + ωn

2 + ωn
3 .

In the same way as in the proof of Theorem 9.4 we find

‖θn‖L∞
≤ Ck

n∑

j=1

‖ωj‖L∞
≤ Ck

n∑

j=1

(‖ωj
1‖L∞

+ ‖ωj
2‖L∞

+ ‖ωj
3‖L∞

).

Here, using (1.51) and again (6.29), we obtain

k
n∑

j=1

‖ωj
1‖L∞

≤
n∑

j=1

∫ tj

tj−1

Ch2ℓh‖ut‖W 2
∞

dτ = Ch2ℓh

∫ tn

0

‖ut‖W 2
∞

dτ,

and the remaining sum is bounded as in the Theorem 9.4 by

Ck

n∑

j=1

(‖ωj
2‖L∞

+ ‖ωj
3‖L∞

) ≤ Ck2

∫ tn

0

(‖uttt‖L∞
+ ‖utt‖W 2

∞
) dτ.

Together these estimates complete the proof. ⊓⊔

Error estimates in Banach space of the type we have discussed above
can be found in Brenner and Thomée [41], Piskarev [195], LeRoux [152],
[153], Larsson, Thomée and Wahlbin [147], Crouzeix, Larsson, Piskarev and
Thomée [63], Ashyralyev and Sobolevskii [6], Palencia [190], [191], Bakaev
[16], [18], Fujita and Suzuki [104]; the ideas in the above proof of the gen-
eral stability result for A-stable rational functions are from [190], [191]. For
application to maximum-norm estimates, see Schatz, Thomée and Wahlbin
[209], Palencia [192] and Crouzeix, Larsson and Thomée [61].





10. Multistep Backward Difference Methods

In this chapter we shall first consider approximations at equidistant time
levels of parabolic equations in which the time derivate is replaced by a
multistep backward difference quotient of maximum order consistent with
the number of time steps involved. We show that when this order is at most
6, then the method is stable and has a smoothing property analogous to that
of single step methods of type IV. We shall use these properties to derive
both smooth and nonsmooth data error estimates. In the end of the chapter
we shall also discuss the use of two-step backward difference operators with
variable time steps.

We start by studying our parabolic problem in the Hilbert space frame-
work used in earlier chapters, and consider thus the initial value problem for
the abstract parabolic equation in a Hilbert space H given by

(10.1) u′ + Au = f(t), for t > 0, with u(0) = v,

where A is a selfadjoint positive definite operator with dense domain D(A)
in H and with a compact inverse, and where f is a function of t with values
in H.

We shall study the numerical approximation of (10.1) by a q-step back-
ward difference method: With k the time step and tn = nk, we introduce the
backward difference operator ∂̄q by

∂̄qU
n =

q∑

j=1

kj−1

j
∂̄jUn, where ∂̄Un = (Un − Un−1)/k,

and define our approximate solution Un by

∂̄qU
n + AUn = fn, for n ≥ q, where fn = f(tn),

with U0, . . . , Uq−1 given.
(10.2)

Note that we may also write, with coefficients αj independent of k,

(10.3) ∂̄qU
n = k−1

q∑

j=0

αjU
n−j .
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We observe that ∂̄q is an approximation of d/dt which is accurate of order q.
In fact, by Newton’s backward difference formula we have for u smooth

u(t) = un +

q∑

j=1

(t − tn) · · · (t − tn−j+1)

j!
∂̄jun + Rq(u; t),

where

Rq(u; t) =
(t − tn) · · · (t − tn−q)

(q + 1)!
u(q+1)(τ), with τ ∈ [tn−q, tn].

After differentiation and setting t = tn this shows

(10.4) (u′)n = u′(tn) = ∂̄qu
n +

kq

q + 1
u(q+1)(τ), with τ ∈ [tn−q, tn].

Introducing the polynomial α̃(ζ) =
∑q

j=0 αjζ
j , where the αj are the coeffi-

cients in (10.3), and the translation operator T−ku(t) = u(t−k), this relation
shows

(10.5) (u′)n = k−1α̃(T−k)un + O(kq), as k → 0.

Applying this to u(t) = et and replacing k by λ, we see that

(10.6) α̃(e−λ) = λ + O(λq+1), as λ → 0,

and one may also easily show that (10.6) implies (10.5).
For q = 1, (10.2) reduces to the backward Euler method

(Un − Un−1)/k + AUn = fn, for n ≥ 1,

and the only starting value needed is U0 = v. For q = 2, we have

(3
2Un − 2Un−1 + 1

2Un−2)/k + AUn = fn, for n ≥ 2.

Here both U0 and U1 are needed to start the procedure. In this case, it is
natural to take U0 = v and to determine U1 from one step of the backward
Euler method, i.e., ∂̄U1 + AU1 = f1. Although this equation is only first
order accurate, this will suffice to show a second order error estimate since
it is only used once. For q > 2, starting values of accuracy O(kq) can be
generated, e.g., by using the partial sums of the Taylor expansion of u(tj),
i.e., with u(l) = (d/dt)lu,

(10.7) U j =

q−1∑

l=0

(jk)l

l!
u(l)(0), for j = 0, . . . , q − 1.

Here the functions u(l)(0) can be computed from the differential equation in
terms of data, so that, e.g., u′(0) = f(0)−Av, u′′(0) = f ′(0)−A(f(0)−Av),
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etc. Note that some of the functions occurring are required to be in D(A). This
choice is only appropriate when data are smooth. Starting values suitable for
the nonsmooth data case will be discussed later.

It is known from the theory of numerical solution of stiff ordinary dif-
ferential equation (cf., e.g., Hairer and Wanner [113]) that this method is
A(θ)-stable for some θ = θq > 0 when q ≤ 6. Our analysis here begins with
the following stability result with respect to the norm ‖ · ‖ in H.

Lemma 10.1 Let q ≤ 6. Then there is a constant C, independent of the
positive definite operator A, such that for the solution of (10.2)

(10.8) ‖Un‖ ≤ C

q−1∑

j=0

‖U j‖ + Ck

n∑

j=q

‖f j‖, for n ≥ q.

The proof of this lemma is rather long and technical. Using eigenfunction
expansions of Un and fn, it will be reduced to considering the scalar case in
which H = R and the operator A corresponds to multiplication by a positive
scalar µ. With λ = kµ, the solution Un = Un(λ) then satisfies

(10.9) (α0 + λ)Un + α1U
n−1 + · · · + αqU

n−q = gn := kfn, for n ≥ q,

with U0, . . . , Uq−1 given. The technical work is contained in the following
two lemmas, the first of which shows A(0)-stability for q ≤ 6.

Lemma 10.2 Let q ≤ 6 and let P (ζ;λ) be the characteristic polynomial of
the difference equation (10.9), i.e.,

P (ζ;λ) = (α0 + λ)ζq + α1ζ
q−1 + · · · + αq = ζq(α̃(1/ζ) + λ).

Then P (ζ; 0) has a simple zero at ζ = 1 and the remaining zeros are in the
interior of the unit disk. Further, for any λ > 0, the zeros of P (ζ;λ) are in
the interior of the unit disk, and tend to 0 as λ tends to ∞.

Proof. It is obvious from (10.6) that P (1; 0) = 0, P ′
ζ(1; 0) = 1, and hence that

P (ζ; 0) has a simple zero at ζ = 1. It is further clear that all zeros tend to
0 as λ → ∞. Since the roots depend continuously on λ, it therefore suffices
to show that, except for the zero at 1 for λ = 0, there is no zero on the unit
circle for λ ≥ 0, or that α̃(eiθ) + λ �= 0 when λ ≥ 0, except when λ = 0
and θ ≡ 0(mod 2π). This can also be expressed by saying that α̃(eiθ) is never
negative and vanishes in [0, 2π) only at θ = 0. We may write

α̃(eiθ) =

q∑

j=0

αj cos jθ + i

q∑

j=1

αj sin jθ = ξ(θ) + iη(θ),

and we thus want to show that η(θ) = 0 implies ξ(θ) ≥ 0, with ξ(θ) = 0 in

[0, 2π) only for θ = 0. For each q there are polynomials ξ̃ and η̃ of degree q
and q − 1, respectively, such that
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ξ(θ) = ξ̃(cos θ), η(θ) = sin θ η̃(cos θ).

To show our claim we only have to find the finite number of θ̄ ∈ [0, 2π) for
which η(θ̄) = 0 and check that then ξ(θ̄) > 0 if θ̄ �= 0. For q = 2 this follows
easily from

ξ(θ) = 3
2 − 2 cos θ + 1

2 cos 2θ = (1 − cos θ)2,

η(θ) = −2 sin θ + 1
2 sin 2θ = sin θ(cos θ − 2).

(In this case the quadratic equation P (ζ;λ) = 0 could also be solved directly
to find ζ1,2 = (2 ± (1 − 2λ)1/2)−1 which are located as claimed.) For q =
3, 4, 5, 6 the claim is easily checked, e.g., using MATLAB. ⊓⊔

The proof can easily be extended to permit λ to be in a sector including
the positive real axis, thus showing A(θ)-stability with θ > 0. We shall not
pursue this here.

Lemma 10.3 The solution of (10.9) may be written

(10.10) Un =

n∑

j=q

βn−j(λ)gj +

q−1∑

s=0

βns(λ)Us, for n ≥ q,

where the βj(λ) and βns(λ) are defined by

β̃(ζ) =
∞∑

j=0

βj(λ)ζj := (α̃(ζ) + λ)−1, βns(λ) = −
q∑

j=q−s

βn−s−j(λ)αj .

If q ≤ 6 there are positive constants c, C, and λ0 such that

(10.11) |βj(λ)| ≤
{

Ce−cjλ, for 0 < λ ≤ λ0,
Cλ−1e−cj , for λ ≥ λ0.

Proof. For brevity we shall write βj for βj(λ) and similarly for βns. Since the
difference operator in (10.9) has constant coefficients it is clear that Un may
be represented in the form

Un =

n∑

j=q

γn−jg
j +

q−1∑

s=0

γnsU
s, for n ≥ q,

and we want to identify the coefficients in this representation with those
stated in the lemma. We begin by showing that γj = βj for j ≥ 0. For this
we choose gj = 1 for j = q, gj = 0 for j > q, and set Us = 0 for s ≤ q − 1,
which gives Un = γn−q for n ≥ q. Multiplying (10.9) by ζn and summing
over n ≥ q we obtain

(α̃(ζ) + λ)Ũ(ζ) = ζq, where Ũ(ζ) = Ũ(ζ, λ) =

∞∑

j=0

U jζj ,
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and thus Ũ(ζ) = ζqβ̃(ζ). Since Un = γn−q for n ≥ q, we also have

Ũ(ζ) =
∞∑

n=q

γn−qζ
n = ζq

∞∑

j=0

γjζ
j = ζqγ̃(ζ).

Hence β̃(ζ) = γ̃(ζ), which shows γj = βj for j ≥ 0. Note that since Un solves
a homogeneous difference equation with constant coefficients for n > q we
have |Un| ≤ Cκn for some κ > 0 and hence the series defining Ũ(ζ) converges
for ζ small.

For the γns we assume gj = 0 for j ≥ q and U j = 1 for j = s, U j = 0 for
0 ≤ j ≤ q − 1, j �= s. This time multiplication of (10.9) by ζn for n ≥ q and
summation gives

(α0 + λ)
∞∑

n=q

Unζn + α1ζ
∞∑

n=q−1

Unζn + · · · + αqζ
q

∞∑

n=0

Unζn = 0.

Since now
∞∑

n=q−j

Unζn =

{
Ũ(ζ) − ζs, if q − j > s,

Ũ(ζ), if q − j ≤ s,

we obtain

(α̃(ζ) + λ)Ũ(ζ) = ζs
(
α̃(ζ) + λ − αq−sζ

q−s − · · · − αqζ
q
)

or
Ũ(ζ) = ζs

(
1 − (αq−sζ

q−s + · · · + αqζ
q)β̃(ζ)

)
.

This time Un = γns for n ≥ q, and we have for ε small, since n − s �= 0,

γns =
1

2πi

∫

|ζ|=ε

ζ−n−1Ũ(ζ) dζ

= − 1

2πi

∫

|ζ|=ε

ζ−n−1+s(αq−sζ
q−s + · · · + αqζ

q)β̃(ζ) dζ

= −αq−sβn−q − · · · − αqβn−s−q = −
q∑

j=q−s

βn−s−jαj ,

which completes the proof of the representation (10.10).
We now turn to the estimates (10.11). We first note that with Γ a closed

curve in the complex plane which winds once around each zero of P (ζ;λ) in
the positive sense, we have

(10.12) βj = βj(λ) =
1

2πi

∫

Γ

ζj+q−1

P (ζ;λ)
dζ.

In fact, it follows by the definition of β̃(ζ) that, for ε > 0 small,
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βj =
1

2πi

∫

|ζ|=ε

ζ−j−1β̃(ζ) dζ =
1

2πi

∫

|ζ|=ε

dζ

ζj+1(α̃(ζ) + λ)
,

and hence (10.12) is derived by introducing 1/ζ as a new variable and then
deforming the resulting contour |ζ| = 1/ε.

By Lemma 10.2, the zeros of P (ζ;λ) = (α0 + λ)
∏q

l=1(ζ − ζl(λ)) are in
the interior of the unit disk, and tend to zero as λ tends to infinity. We order
these zeros so that ζl(λ) is continuous in λ for each l, and ζ1(0) = 1. Since
P (ζ1(λ);λ) = 0 we find

ζ1(λ) = 1 − P ′
λ(1; 0)

P ′
ζ(1; 0)

λ + O(λ2) = 1 − λ + O(λ2), as λ → 0,

because P ′
λ(1; 0) = P ′

ζ(1; 0) = 1 where the latter facts follow since P (ζ; 0) =
ζqα̃(1/ζ) and α̃′(1) = −1 by (10.5). As a result, there is a λ0 > 0 such that
|ζ1(λ)| ≤ 1 − λ/2 for 0 ≤ λ ≤ λ0, and such that ζ1(λ) is a simple root of
P (ζ;λ) = 0 for 0 ≤ λ ≤ λ0. The remaining roots are bounded in absolute
value by 1 − δ for some positive constant δ, independently of λ ≥ 0, and we
may assume that λ0 is so small that |ζ1(λ)| > 1 − δ/2 for 0 ≤ λ ≤ λ0.

With the factorization P (ζ;λ) = (ζ − ζ1(λ))Q(ζ, λ) we have

1

P (ζ;λ)
=

1

(ζ − ζ1(λ))Q(ζ1(λ), λ)
+

R(ζ, λ)

Q(ζ, λ)
,

where

R(ζ, λ) =
Q(ζ1(λ), λ) − Q(ζ, λ)

(ζ − ζ1(λ))Q(ζ1(λ), λ)
.

Hence we obtain from (10.12)

(10.13) βj(λ) =
ζ1(λ)j+q−1

Q(ζ1(λ), λ)
+

1

2πi

∫

Γ

ζj+q−1 R(ζ, λ)

Q(ζ, λ)
dζ,

where Γ may be taken to be the circle centered at the origin of radius 1−δ/2.
In view of the above discussion, it is easily seen that the first term is bounded
by Ce−cjλ for λ ∈ (0, λ0]. For the second term we note that for each λ,R(ζ, λ)
is a polynomial in ζ whose zeros depend continuously on λ, and therefore
bounded independent of λ in [0, λ0]. Hence |R(ζ, λ)| ≤ C for 0 ≤ λ ≤ λ0 and
|ζ| ≤ 1, which implies that the second term in (10.13) can be bounded by
Ce−δj/2. This verifies (10.11) for 0 < λ ≤ λ0.

For λ ≥ λ0 all zeros of P (·;λ) are bounded in modulus by 1− δ for some
positive δ independent of λ, and (10.11) therefore easily follows in this case,
taking Γ in (10.12) to be the circle |z| = 1 − δ/2. ⊓⊔

We are now ready for the proof of our stability result.

Proof of Lemma 10.1. By superposition it suffices to show the result when
all terms but one on the right in (10.8) vanish. The proof of the result in
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each of these situations is then reduced by eigenfunction expansion to the
scalar case (10.9) with λ = kµ, µ > 0. We may then apply the representation
(10.10) with only one term on the right present, and use the boundedness of
the |βj(λ)|, uniformly in λ, which follows from (10.11). For instance, in the
case U j = 0 for j ≤ q − 1, and f j = 0 for j �= s, q ≤ s ≤ n, we have, with
{µl}∞l=1 and {ϕl}∞l=1 the eigenvalues and eigenfunctions of A,

Un = kβn−s(kA)fs = k

∞∑

l=1

βn−s(kµl)(f
s, ϕl)ϕl,

so that
‖Un‖ ≤ k sup

λ>0
|βn−s(λ)| ‖fs‖ ≤ Ck‖fs‖.

The contributions from the discrete initial values are treated analogously. ⊓⊔
We now apply our stability lemma to derive a smooth data error estimate.

Theorem 10.1 Let q ≤ 6. Then there is a constant C, independent of the
positive definite operator A such that if Un and un are solutions of (10.2)
and (10.1), respectively, with u sufficiently smooth, we have

‖Un − un‖ ≤ C

q−1∑

j=0

‖U j − uj‖ + Ckq

∫ tn

0

‖u(q+1)‖ds.

Proof. With en = Un − un we have

(10.14) ∂̄qe
n + Aen = −τn, for n ≥ q, where τn = ∂̄qu

n − (u′)n.

Application of Lemma 10.1 to en shows

(10.15) ‖en‖ ≤ C

q−1∑

j=0

‖ej‖ + Ck

n∑

j=q

‖τ j‖, for n ≥ q.

By Taylor expansion around tj−q we write, with Q ∈ Πq,

u(t) = Q(t) + R(t), where R(t) =
1

q!

∫ t

tj−q

(t − s)qu(q+1)(s) ds,

and since ∂̄qQ−Q′ = 0 by (10.4) we have τ j = ∂̄qR
j − (R′)j . It follows that

(10.16) k‖τ j‖ ≤ C

j∑

l=j−q

‖Rl‖ + Ck‖(R′)j‖ ≤ Ckq

∫ tj

tj−q

‖u(q+1)‖ ds,

and inserted into (10.15) this shows the theorem. ⊓⊔
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Next we shall see how our stability result can be used to bound the error
in the fully discrete solution of a parabolic partial differential equation. Our
backward difference procedure will then be applied to an equation which has
first been discretized in the spatial variables.

We consider the initial boundary value problem

ut − ∆u = f in Ω, for t > 0,(10.17)

u = 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω,

where Ω is a bounded domain in R
d with smooth boundary. We shall seek

an approximate solution of (10.17) in a standard finite element space Sh ⊂
H1

0 = H1
0 (Ω) with the O(hr) approximation property (1.10). With ∆h the

discrete Laplacian defined in (1.33) and Ph the L2-projection onto Sh, the
spatially semidiscrete problem is as earlier

(10.18) uh,t − ∆huh = Phf, for t > 0, with uh(0) = vh.

This problem is of the same form as (10.1), and hence we can apply our
multistep time discretization method to define a fully discrete approximation
to the solution of (10.17). Here ‖ · ‖ and ‖ · ‖r are the norms in L2(Ω) and
Hr = Hr(Ω), respectively.

Theorem 10.2 Let q ≤ 6, and let Un ∈ Sh and u be the solutions of (10.2)
with A = −∆h and Phf instead of f , and of (10.17), respectively. Then, for
u sufficiently smooth,

‖Un − un‖ ≤ C

q−1∑

j=0

‖U j − uj‖

+ Chr
(
‖v‖r +

∫ tn

0

‖ut‖r ds
)

+ Ckq

∫ tn

0

‖u(q+1)‖ ds, for n ≥ 0.

Proof. With Rh : H1
0 → Sh the Ritz projection, we write, as often before,

en = Un −un = (Un −Rhun) + (Rhun −un) = θn + ρn. In the standard way
ρn is bounded as desired, and it remains to consider θn ∈ Sh. We have

∂̄qθ
n − ∆hθn = Phωn, for n ≥ q,

where
ωn = (Rh − I)∂̄qu

n −
(
∂̄qu

n − un
t

)
= σn + τn.

Application of Lemma 10.1 to the present context therefore shows

‖θn‖ ≤ C

q−1∑

j=0

‖θj‖ + Ck

n∑

j=q

‖σj‖ + Ck

n∑

j=q

‖τ j‖, for n ≥ q.

Here, since
∑q

j=0 αj = 0 by (10.6) we have
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k‖σn‖ ≤ Chr‖
q∑

j=0

αj(u
n − un−j)‖r ≤ Chr

∫ tn

tn−q

‖ut‖r ds,

and τn is bounded in (10.16). Together with ‖θj‖ ≤ ‖U j − uj‖ + ‖ρj‖ for
j ≤ q−1, with the obvious bounds for the ‖ρj‖, this completes the proof. ⊓⊔

For the error bound of Theorem 10.2 to be O(hr+kp) we need to prescribe
the starting values in an appropriate way. This could be done, e.g., by taking
projections onto Sh, such as Ph or Rh, of the starting values in (10.7).

We now turn to the smoothing property of the backward difference
method and begin again with the abstract Hilbert space problem (10.1).
We have the following stability result. As earlier |v|s = ‖As/2v‖.

Lemma 10.4 Let q ≤ 6 and p ≥ 0, and let Un be the solution of (10.2).
Then we have, with C independent of the positive definite operator A,

tpn‖Un‖2 + k

n∑

j=q

tpj |U j |21 ≤ C

q−1∑

j=0

(|U j |2−p + kp‖U j‖2)

+ Ck

n∑

j=q

(|f j |2−p−1 + tpj |f j |2−1), for n ≥ q.

(10.19)

Proof. We shall show that for the solution Un of (10.9) we have

np(Un)2 + λ
n∑

j=q

jp(U j)2 ≤ C

q−1∑

j=0

(λ−p + 1)(U j)2

+ C

n∑

j=q

(λ−p−1 + jpλ−1)(gj)2.

(10.20)

Setting λ = kµ, gj = kf j , and multiplying by kp, we obtain the result of the
lemma for H = R and A = µ, from which the general result follows as earlier
by eigenfunction expansion.

By linearity it suffices to consider separately the case when U j = 0 for
j ≤ q − 1, and then the case when gj = 0 for j ≥ q.

We shall appeal to Lemma 10.3 and first note that as a result of that
lemma, for βj = βj(λ) as defined there,

(10.21) np|βn| + λ

∞∑

j=0

jp|βj | ≤ C(1 + λ−p), for n ≥ 0.

In fact, for λ ≤ λ0, we have by (10.11), np|βn| ≤ Cnpe−cλn ≤ Cλ−p and

λ

∞∑

j=0

jp|βj | ≤ Cλ

∞∑

j=0

jpe−cλj ≤ Cλ−p,



172 10. Multistep Backward Difference Methods

and for λ ≥ λ0, the left-hand side of (10.21) is less than Cnpe−cn +
C
∑∞

j=0 jpe−cj , which is bounded.

For the case U j = 0 for j ≤ q − 1 we have Un =
∑n−q

j=0 βjg
n−j , for n ≥ q,

so that using the Schwarz inequality and (10.21) with p = 0 we obtain

(Un)2 ≤
n−q∑

j=0

|βj |
n−q∑

j=0

|βj |(gn−j)2 ≤ Cλ−1

n−q∑

j=0

|βj |(gn−j)2.

Hence, since np ≤ C(jp + (n − j)p), we find using (10.21)

np(Un)2 ≤Cλ−1

n−q∑

j=0

(
jp|βj |(gn−j)2 + (n − j)p|βj |(gn−j)2

)

≤ Cλ−1

n−q∑

j=0

(λ−p + (n − j)p)(gn−j)2,

(10.22)

which is the desired estimate for the first term in (10.20). For the second
term in (10.20) we obtain by summation of (10.22)

λ
N∑

n=q

np(Un)2 ≤ C
N∑

n=q

n−q∑

j=0

(
jp|βj |(gn−j)2 + |βj |(n − j)p(gn−j)2

)

≤ C

N∑

n=q

(gn)2
N−q∑

j=0

jp|βj | + C

N∑

n=q

np(gn)2
N−q∑

j=0

|βj |

≤ Cλ−1
N∑

n=q

(λ−p + np)(gn)2,

which completes the proof in the present case.
We now consider the case that gj = 0, j ≥ q, and assume first that

U1 = · · · = Uq−1 = 0, U0 = 1. Then Un = −β̃n−qαq, and hence

np(Un)2 ≤ Cnpβ2
n−q ≤ C(1 + (n − q)p)β2

n−q ≤ C(1 + λ−p).

From this we also obtain

λ
N∑

n=q

np(Un)2 ≤ Cλ
N∑

n=q

(1 + (n − q)p)|βn−q| ≤ C(1 + λ−p),

which shows (10.19). The arguments in the remaining cases that U j = δij for
j = 0, . . . , q − 1 with i = 1, . . . , q − 1 are analogous, and with this the proof
of the lemma is complete. ⊓⊔

We are now ready for the following nonsmooth data error estimate.
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Theorem 10.3 Let q ≤ 6, and let Un and u be the solutions of (10.2) and
(10.1), respectively, with f ≡ 0, and with the discrete initial values satisfying

(10.23) |U j − uj |−2q + kq‖U j − uj‖ ≤ Ckq‖v‖, for j = 0, . . . , q − 1.

Then, with C independent of the positive definite operator A,

(10.24) ‖Un − un‖ ≤ Ckqt−q
n ‖v‖, for n ≥ 1.

Proof. Since the error en = Un − un satisfies (10.14), Lemma 10.4 shows

t2q
n ‖en‖2 ≤ Ck2q‖v‖2 + Ck

n∑

j=q

(t2q
j |τ j |2−1 + |τ j |2−2q−1), for n ≥ q.

In the same way as in (10.16), we have, for l = 1, 2q + 1,

|τ j |2−l ≤ Ck2q−1

∫ tj

tj−q

|u(q+1)(t)|2−l dt, for l = 1, 2q + 1, j ≥ q.

Except in the case j = q, l = 1, it follows that

kt2q+1−l
j |τ j |2−l ≤ Ck2q

∫ tj

tj−q

t2q+1−l|u(q+1)(t)|2−l dt.

Here |u(q+1)(t)|−l ≤ C|u(t)|2q+2−l, and hence

k
n∑

j=q

(t2q
j+1|τ j+1|2−1 + |τ j |2−2q−1) ≤ Ck2q

∫ tn

0

(
t2q|u(t)|22q+1 + |u(t)|21

)
dt.

Letting {λj}∞j=1 and {ϕj}∞j=1 denote the eigensystem of A we have

∫ tn

0

(
t2q|u(t)|22q+1 + |u(t)|21

)
dt

≤
∫ ∞

0

∞∑

j=1

(t2qλ2q+1
j + λj)e

−2λjt(v, ϕj)
2 dt ≤ C

∞∑

j=1

(v, ϕj)
2 = C‖v‖2.

For the remaining term we have, since
∑q

j=0 αj = 0,

τ q = k−1

q∑

j=0

αju(tq−j) − u′(tq) = k−1

q∑

j=0

αj

∫ tq−j

0

u′ dt − u′(tq),

and hence

kt2q
q |τ q|2−1 ≤ Ck2q

(∫ tq

0

|u′|2−1 dt + k|u′(tq)|2−1

)
≤ Ck2q‖v‖2.

Together these estimates show the error bound in (10.24) for n ≥ q. For
n = 1, . . . , q − 1, it follows from (10.23) that ‖Un − un‖ is bounded, which
shows (10.24) in this case. The proof is now complete. ⊓⊔
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To satisfy (10.23) we may, e.g., choose the starting values

(10.25) U j = r(kA)jv, for j = 0, . . . , q − 1,

where r(λ) is a rational function of type IV which is accurate of order q − 1
(cf. Chapter 7). In fact, by spectral representation, we then have

|U j − uj |−2s = ‖A−s(r(kA)j − e−jkA)v‖

≤ ks sup
λ>0

|λ−s(r(λ)j − e−jλ)| ‖v‖ ≤ Cks‖v‖, for s = 0, q.

Note that this choice of U1, . . . , Uq−1 corresponds to applying a single step
operator for the first q − 1 steps, and that its accuracy only needs to be
O(kq−1) since it is only used a fixed number of times. For instance, if q = 2,
U1 may be computed by the first-order backward Euler method. We remark
that the bound for the second term in (10.23) is equivalent to ‖U j‖ ≤ C‖v‖.

In order to show an L2-norm error estimate for a fully discrete method,
we now apply our above nonsmooth data error estimate to the solution of the
semidiscrete equation (10.18). We recall that, with vh = Phv, the solution of
(10.18) satisfies

(10.26) ‖uh(t) − u(t)‖ ≤ Chrt−r/2‖v‖, for t ≥ 0.

We use |v|−2q,h = ‖(−∆h)qv‖ for a discrete analogue of |v|−2q.

Theorem 10.4 Assume q ≤ 6, and let Un and uh be the solutions of (10.2)
and (10.18), with vh = Phv. Assume that the starting procedure is such that,
for j = 0, . . . , q − 1,

|U j − uh(tj)|−2q,h + kq‖U j − uh(tj)‖ ≤ Ckq‖v‖.

Then

‖Un − u(tn)‖ ≤ C(hrt−r/2
n + kqt−q

n )‖v‖, for n ≥ q, tn ∈ J = (0, t̄].

Proof. Using the triangle inequality this follows at once by Theorem 10.3,
applied to (10.18), together with (10.26). ⊓⊔

Initial values satisfying the assumptions of the theorem may now be cho-
sen in the form (10.25) with A = −∆h and with r(λ) as discussed there.

We close this chapter with a discussion of the second order backward dif-
ference method with variable time steps for the abstract initial value problem
(10.1) in our Hilbert space framework, with norms ‖v‖ and |v|s = ‖As/2v‖.

Let 0 = t0 < t1 < · · · < tn < · · · be a partition of the time axis and
kn = tn − tn−1 the variable step-sizes. We now introduce the variable step
two step backward difference operator
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(10.27) ∂̄2U
n =

kn + kn−1

kn−1

Un − Un−1

kn
− kn

kn−1

Un − Un−2

kn + kn−1
.

This is a second order approximation of the time derivative in the sense that
it is exact for polynomials of degree 2 and, as is easily checked, we have for
smooth u

∂̄2u(tn) = u′(tn) + O(k2
n + k2

n−1), as kn, kn−1 → 0.

The approximation Un of the solution u(tn) of (10.1) is now defined by

∂̄2U
n + AUn = fn, for n ≥ 2,

∂̄U1 + AU1 = f1, and U0 = v;
(10.28)

as before, since ∂̄2 involves three time levels, two starting values are needed.
We shall first show a stability result for (10.28), which generalizes the

result of Lemma 10.1 when q = 2 and the time steps are constant. As we
shall see, our analysis will also require that the stepsize ratio γn = kn/kn−1

is bounded by the number γ∗ = (2 +
√

13)/3 ≈ 1.86. The stability result will
contain the quantity

(10.29) Γn =

n−2∑

j=2

[γj − γj+2]+, where [x]+ = max(x, 0).

We note that Γn = 0 if γn is nondecreasing (in particular when the kj are
constant), and Γn = γ2 + γ3 − γn−1 − γn ≤ 2γ∗ if γn is decreasing. For
example, if tj = (j/N)α, with α > 1, then kj = (jα − (j − 1)α)N−α and
γj = ((jα − (j − 1)α)/((j − 1)α − (j − 2)α), and one easily finds that kj

increases and γj decreases to 1 as j → ∞ (in particular γj ≤ γ∗ except for a
finite number of j). More generally, Γn is bounded if the number of changes
in monotonicity in γn is bounded.

The rather technical proof of the stability lemma will use the following
discrete form of Gronwall’s lemma.

Lemma 10.5 Assume that wn, n ≥ 0, satisfy

wn ≤ αn +

n−1∑

k=0

βkwk, for n ≥ 0,

where αn is nondecreasing and βn ≥ 0. Then wn ≤ αn exp (
∑n−1

k=0 βk).

Proof. Setting um = αn +
∑m−1

k=0 βkwk we have, for m ≤ n,

um = um−1 + βm−1wm−1 ≤ (1 + βm−1)um−1 ≤ eβm−1um−1.

Since u0 = αn the result follows. ⊓⊔
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Lemma 10.6 Let Un be the solution of (10.28), and assume γn ≤ γ∗. Then
we have, with C independent of A,

‖Un‖ ≤ CeCΓn
(
‖v‖ +

n∑

j=1

kj‖f j‖
)
, for tn ≥ 0.

Proof. With γn = kn/kn−1 we set ωn = kn−1/(kn + kn−1) = 1/(1 + γn) and
ψn = ψ(γn) = γ2

n/(1 + γn)2 = (kn/(kn + kn−1))
2. We write (10.27) as

(10.30) ∂̄2U
n =

1

ωnkn
(δ1U

n − ψnδ2U
n), where δlU

n = Un − Un−l.

For the purpose of using energy arguments we take inner products by v =
2ωnkn(Un+νδ1U

n) in the first equation of (10.28), where ν > 0 is a parameter
to be chosen below, to obtain, with A(v, w) = (Av,w),

2ωnkn(∂̄2U
n, Un + νδ1U

n) + 2ωnknA(Un, Un + νδ1U
n)

= 2ωnkn(fn, Un + νδ1U
n), for n ≥ 2.

(10.31)

We shall now carry out several technical manipulations with the terms of this
equation to finally arrive at the stability estimate claimed.

Expanding the first term on the left-hand side of (10.31) we have

(10.32) 2ωnkn(∂̄2U
n, Un + νδ1U

n) = 2(δ1U
n, Un) − 2ψn(δ2U

n, Un)

+ 2ν‖δ1U
n‖2 − 2νψn(δ2U

n, δ1U
n) = In

1 + In
2 + In

3 + In
4 .

Using the identity

2(δlU
n, Un) = δl‖Un‖2 + ‖δlU

n‖2, for l = 1, 2,

we find

In
1 = δ1‖Un‖2 + ‖δ1U

n‖2,

and

In
2 = −ψnδ2‖Un‖2 − ψn‖δ2U

n‖2.

Since δ2U
n = δ1U

n + δ1U
n−1 we have

‖δ2U
n‖2 ≤ 2‖δ1U

n‖2 + 2‖δ1U
n−1‖2,

and hence

In
2 ≥ −ψnδ2‖Un‖2 − 2ψn‖δ1U

n‖2 − 2ψn‖δ1U
n−1‖2.

In the same way, since
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2(δ1U
n, δ1U

n−1) ≤ ‖δ1U
n‖2 + ‖δ1U

n−1‖2,

we find

In
4 = −2νψn‖δ1U

n‖2 − 2νψn(δ1U
n−1, δ1U

n)

≥ −3νψn‖δ1U
n‖2 − νψn‖δ1U

n−1‖2.

Collecting terms we therefore obtain from (10.32)

2ωnkn(∂̄2U
n, Un + νδ1U

n)

≥ δ1‖Un‖2 − ψnδ2‖Un‖2 + an‖δ1U
n‖2 − bn‖δ1U

n−1‖2,

where an = 1 + 2ν − (2 + 3ν)ψn, bn = (2 + ν)ψn.

(10.33)

We proceed with the second term in (10.31). With |v|1 = A(v, v)1/2 we
have, without the factor ωnkn,

2A(Un, Un + νδ1U
n) = 2|Un|21 + 2νA(Un, δ1U

n).

Since
2A(Un, δ1U

n) = δ1|Un|21 + |δ1U
n|21 ≥ |Un|21 − |Un−1|21,

we find

2ωnknA(Un, Un+νδ1U
n) ≥ cnkn|Un|21 − dnkn−1|Un−1|21,

where cn = (2 + ν)ωn, dn = νωnγn.
(10.34)

Hence, using (10.31), (10.33) and (10.34) we thus obtain

(δ1‖Un‖2 − ψnδ2‖Un‖2) + (an‖δ1U
n‖2 − bn‖δ1U

n−1‖2)

+(cnkn|Un|21 − dnkn−1|Un−1|21) ≤ Ckn‖fn‖(‖Un‖ + ‖Un−1‖),
(10.35)

or, with obvious notation,

Jn
1 + Jn

2 + Jn
3 ≤ J̄n.

We now sum this inequality from n = 2 to N . Beginning with the left hand
side we have

N∑

n=2

Jn
1 = ‖UN‖2 − ‖U1‖2 −

N∑

n=2

ψn‖Un‖2 +

N−2∑

n=0

ψn+2‖Un‖2

= (1 − ψN )‖UN‖2 − ψN−1‖UN−1‖2 − (1 − ψ3)‖U1‖2 + ψ2‖U0‖2

−
N−2∑

n=2

(ψn − ψn+2)‖Un‖2.
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Hence, noting that ψn < 1 and replacing negative terms in the last sum
by 0,

N∑

n=2

Jn
1 ≥ (1 − ψN )‖UN‖2 − ψN−1‖UN−1‖2 − C‖U1‖2

−
N−2∑

n=2

[ψn − ψn+2]+‖Un‖2.

(10.36)

Moreover

N∑

n=2

Jn
2 =

N−1∑

n=2

(an − bn+1)‖δ1U
n‖2 + aN‖δ1U

N‖2 − b2‖δ1U
1‖2,

and

N∑

n=2

Jn
3 =

N−1∑

n=2

(cn − dn+1)kn|Un|21 + cNkN |UN |21 − d2k1|U1|21.

We shall show that if γn ≤ γ∗ for all n, then an−bn+1 ≥ 0 and cn−dn+1 ≥ 0,
which implies

(10.37)

N∑

n=2

(Jn
2 + Jn

3 ) ≥ −C(‖U1‖2 + ‖U0‖2) − Ck1|U1|21.

For the proof, assume first only that γn ≤ γ for all n. Since an and bn are
decreasing and increasing functions of ψn, and thus also of γn, we then have

an − bn+1 ≥ 1 + 2ν − (2 + 3ν)(
γ

1 + γ
)2 − (2 + ν)(

γ

1 + γ
)2

= 1 + 2ν − 4(1 + ν)(
γ

1 + γ
)2 ≥ 0, if γ ≤

√
1 + 2ν

2
√

1 + ν −
√

1 + 2ν
,

and, for similar reasons,

cn − dn+1 ≥ 2 + ν

1 + γ
− νγ

1 + γ
≥ 0, if γ ≤ 1 +

2

ν
.

Replacing these inequalities by equalities gives γ = γ∗ = (2 +
√

13)/3 and
ν = ν∗ = (1 +

√
13)/2, so that choosing ν in this way, (10.37) holds for

γn ≤ γ∗.
From (10.35), (10.36) and (10.37) we now obtain, for N ≥ 2,

(1 − ψN )‖UN‖2

≤ ψN−1‖UN−1‖2 + C(‖U0‖2 + ‖U1‖2 + k1|U1|21)

+ C

N∑

n=2

kn‖fn‖(‖Un‖ + ‖Un−1‖) +

N−2∑

n=2

[ψn − ψn+2]+‖Un‖2.

(10.38)
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Here [ψn − ψn+2]+ ≤ 2[γn − γn+2]+ since ψn = ψ(γn) with ψ increasing and
ψ′ ≤ 2. Further, for the terms in U1 it follows after multiplication of the
equation for U1 in (10.28) by U1 that

(10.39) ‖U1‖2 + ck1|U1|21 ≤ ‖U0‖2 + 2k1‖f1‖ ‖U1‖.

Since ψN ≤ ψ(γ∗) ≤ 4/9 < 1 and ψN−1/(1−ψN ) ≤ (4/9)/(1− 4/9) = 4/5 <
1, we may divide (10.38) by 1 − ψN and apply (10.39) to obtain, for N ≥ 1,

‖UN‖2 ≤ 4
5‖U

N−1‖2 + C‖U0‖2

+C

N∑

n=1

kn‖fn‖(‖Un‖ + ‖Un−1‖) + C

N−2∑

n=2

[γn − γn+2]+‖Un‖2.
(10.40)

Now let M be such that ‖UM‖ = max0≤n≤N ‖Un‖, 0 ≤ M ≤ N . Then
(10.40) holds with N replaced by M , and bounding one factor in each term
on the right by ‖UM‖ and then canceling one such factor on both sides shows

‖UM‖ ≤ C‖U0‖ + C

M∑

n=1

kn‖fn‖ + C

M−2∑

n=2

[γn − γn+2]+‖Un‖.

Since ‖UN‖ ≤ ‖UM‖ and M ≤ N , the same inequality is valid for M = N ,
and an application of Lemma 10.5 now completes the proof. ⊓⊔

We are now in a position to show the following error estimate.

Theorem 10.5 Assume that γ∗ ≤ γ ≤ γ∗, with γ∗ > 0, and let Un and u be
the solutions of (10.28) and (10.1). Then, for n ≥ 0,

‖Un − un‖ ≤ CeCΓn

(
k1

∫ t1

0

‖u′′‖ ds +
n∑

j=1

k2
j

∫ tj

tj−1

‖u′′′‖ ds
)
.

Proof. Let en = Un − un. Then we have

(∂̄2e
n, v) + A(en, v) = −(∂̄2u

n − (u′)n, v) ≡ −(τn, v), for n ≥ 2,

(∂̄e1, v) + A(e1, v) = −(∂̄u(t1) − u′(t1), v) ≡ −(τ1, v).

By Lemma 10.6 we have, since e0 = 0,

‖en‖ ≤ CeCΓn

n∑

j=1

kj‖τ j‖.

Using Taylor’s formula and (10.30) we find, for j ≥ 2,

2ωjkjτ
j =

∫ tj

tj−1

(s − tj−1)
2u′′′(s) ds − ψj

∫ tj

tj−2

(s − tj−2)
2u′′′(s) ds,
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with ωj and ψj bounded away from 0 and ∞, and for τ1 we have

k1τ
1 = −

∫ t1

0

su′′(s) ds.

Taking norms and using obvious estimates completes the proof. ⊓⊔

We remark that for constant time steps Theorem 10.5 shows

‖Un − u(tn)‖ ≤ C
(
k

∫ t1

0

‖u′′‖ ds + k2

∫ tn

0

‖u′′′‖ ds
)
,

which is of order O(k2) if u is smooth.
With the example given in the discussion of Γn after (10.29) in mind, we

note that by writing the equation in (10.28) in the form

Un + αn0knAUn = αn1U
n−1 + αn2U

n−2 + αn3knfn, for n ≥ 2,

it is easy to see that the conclusions of Lemma 10.6 and Theorem 10.5 remain
valid if the condition γn ≤ γ∗ is violated for at most a fixed finite number of
n, but γn is bounded.

Multistep methods may also be considered in a Banach space framework,
allowing the derivation of maximum-norm estimates for the concrete heat
equation. We illustrate this with an analysis of the two-step backward differ-
ence method with constant time steps.

We consider thus the initial value problem for the homogeneous equation,

(10.41) u′ + Au = 0, for t > 0, with u(0) = v,

in a complex Banach space B with norm ‖ · ‖, where A is a closed densely
defined linear operator such that, with the notation of Chapter 6, ρ(A) ⊃ Σδ

for some δ ∈ (0, 1
2π), and such that the resolvent estimate

‖R(z;A)‖ ≤ M |z|−1, for z ∈ Σδ

holds. We shall consider the two-step backward difference equation

( 3
2Un − 2Un−1 + 1

2Un−2)/k + AUn = 0, for n ≥ 2,(10.42)

U0 = v, ∂̄U1 + AU1 = 0.

Solving step by step for Un this shows that

(10.43) Un = rn(kA)v,

where rn(z) is a rational function with poles at z = − 3
2 , −1. In fact, we may

write (10.42) as a difference equation for the vector (Un, Un−1)T , viz.,
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(
Un

Un−1

)
= R(kA)

(
Un−1

Un−2

)
= R(kA)n−1

(
U1

U0

)
= R(kA)n−1S(kA)v,

where

R(z) =




2
3
2 + z

−
1
2

3
2 + z

1 0


 , S(z) =

( 1

1 + z
1

)
.

It follows that, with e1 = (1, 0) the first unit vector,

(10.44) rn(z) = e1 R(z)n−1 S(z), for n ≥ 1, with r0(z) = 1.

Note that rn(∞) = 0 even though R(∞) �= 0. With the notation from the
beginning of this chapter and (10.6) we have for the characteristic polynomial
of the second order difference equation, with ζ = ez, for small z,

(10.45) P (ez; z) = (3
2 + z)e2z − 2ez + 1

2 = e2z(α̃(e−z) + z) = O(z3).

We note that this method is A−stable: The eigenvalues of R(z) are
ζ1,2(z) = (2 ± (1 − 2z)1/2)/(3 + 2z), and satisfy |ζ1,2(z)| < 1 for all z with
Re z ≥ 0, exept at z = 0 where ζ1(0) = 1, ζ2(0) = 1

3 . For z = 1
2 the eigenvalue

is double, with ζ1,2(
1
2 ) = 1

2 , and for other z they are simple. In fact, let D be
the component of the set {z; |ζ1,2(z)| < 1} containing z = 1

2 . Then for z on
the boundary ∂D, there is an eigenvalue of the form ζ = eiθ, and hence

P (eiθ; z) = (3
2 + z)e2iθ − 2eiθ + 1

2 = 0.

For θ = 0 we must have z = 0, and for θ ∈ (0, π] (after multiplication by
e−2iθ),

Re z = −( 3
2 − 2 cos θ + 1

2 cos 2θ) = −(cos θ − 1)2 < 0.

Thus ∂D ⊂ {z : Re z < 0} ∪ {0}, which shows the A−stability. We note
that with ζ2(z) the eigenvalue with smallest modulus, we have |ζ2(z)| ≤ 1

2 ,

because 1/ζ1,2(z) = 2±
√

1 − 2z and both these values cannot have modulus
≤ 2.

We begin with the following stability result.

Theorem 10.6 There is a constant C such that for Un defined by (10.43)

‖Un‖ ≤ CM‖v‖, for n ≥ 0.

Proof. Since rn(∞) = 0 we have by Lemma 9.1, with Γ suitable,

(10.46) Un = rn(kA)v =
1

2πi

∫

Γ

rn(kz)R(z;A)v dz,

and the result therefore follows as in the proof of Theorem 9.1 from the
following lemma. ⊓⊔
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Lemma 10.7 For arbitrary R > 0 and ψ ∈ (0, 1
2π) there are ε, c, and C > 0

such that

|rn(z)| ≤
{

C eCn|z|, for |z| ≤ ε,

Ce−cn|z|, for | arg z| ≤ ψ, |z| ≤ R.

Proof. There exists a Hermitian matrix H = H(z) such that

R(z) = H(z)

(
ζ1(z) c(z)

0 ζ2(z)

)
H∗(z),

where c(z) is bounded, and thus

Rn = R(z)n = H

(
ζn
1 cn

0 ζn
2

)
H∗. where cn = c

n−1∑

j=0

ζj
1ζn−1−j

2 .

Hence, using ζ1(z) = 1 − z + O(z2) for z small, we have, for |z| ≤ ε,

|ζ1(z)|n ≤ eCn|z|, |ζ2(z)|n ≤ 2−n, and |cn(z)| ≤ C

n−1∑

j=0

ecj|z|2−j ≤ CeCn|z|.

which shows |Rn(z)| ≤ CeCn|z| for |z| ≤ ε. Since S(z) is bounded this yields
the first bound of the lemma.

For |z| ≤ ε and | arg z| ≤ ψ we have similarly

|ζ1(z)|n ≤ e−n(Re z+O(|z|2) ≤ e−cn|z|, |ζ2(z)|n ≤ 2−n,

and, since |ζ2(z)| ≤ 3
4 |ζ1(z)| for small |z|,

|cn(z)| ≤ C|ζ1(z)|n−1 ≤ C e−cn|z|.

On the compact set {z; ε ≤ |z| ≤ R, | arg z| ≤ ψ} we have |ζ1,2(z)| ≤ ρ < 1
and hence, with ρ < ρ1 < 1, |R(z)n| ≤ Cρn

1 ≤ Ce−cn|z|. Together these
estimates show the second bound of the lemma. ⊓⊔

We now show the following error estimate which covers both smooth and
nonsmooth initial data.

Theorem 10.7 We have for the solutions of (10.41) and (10.43)

‖Un − u(tn)‖ ≤ CMkjt−l
n ‖Aj−lv‖, for 0 ≤ l ≤ j ≤ 2.

Proof. We note that

Un − u(tn) = rn(kA)v − E(tn)v = Fn(kA)v, with Fn(z) = rn(z) − e−nz.

Using (10.46) and Lemma 9.3, we have, with the notation of that lemma,

Un − u(tn) =
1

2πi

∫

γε∪Γε

(rn(kz) − e−nz)R(z;A)v dz.

The result therefore easily follows by the following lemma. ⊓⊔
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Lemma 10.8 We have for any ψ ∈ (0, 1
2π), n ≥ 2,

|rn(z) − e−nz| ≤
{

C|z|2eCn|z|, for |z| ≤ ε,

C|z|2e−cn|z|, for | arg z| ≤ ψ, |z| ≤ R,

Proof. We have, with Y (z) = (e−z, 1)T ,

rn(z) − e−nz = e1

(
R(z)n−1S(z) − e−(n−1)zY (z)

)

= e1

(
R(z)n−1 − e−(n−1)zI

)
Y (z) + e1 R(z)n−1

(
S(z) − Y (z)

)

= e1

n−2∑

j=0

R(z)je−(n−2−j)z
(
R(z) − e−zI

)
Y (z) + e1 R(z)n−1

(
S(z) − Y (z)

)
.

Using (10.45) we find easily

R(z)Y (z) − e−zY (z) = O(z3) and S(z) − Y (z) = O(z2), as z → 0.

Hence

|rn(z) − e−nz| ≤ C|z|3
n−2∑

j=0

|R(z)|j |e−(n−2−j)z| + C|z|2|R(z)|n−1.

The result stated now easily follows from the estimates for |R(z)|j of the
proof of Lemma 10.7. ⊓⊔

We finally apply the above results to derive maximum-norm error esti-
mates for the second order backward difference method for the model ho-
mogeneous heat equation in two spatial variables, using piecewise linear ap-
proximation functions in space on quasiuniform triangulations of the spatial
domain. The problem we consider is thus, with A = −∆,

ut + Au = 0 in Ω, for t > 0,(10.47)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω,

where Ω is a convex domain in R
2 with smooth boundary ∂Ω, with the

spatially discrete analogue defined by

(10.48) uh,t + Ahuh = 0, for t > 0, with uh(0) = vh,

where Ah = −∆h, with ∆h the discrete Laplacian defined in (1.33).
We recall that the resolvent estimate for Ah of Theorem 6.6 holds, so

that our above abstract theory applies. With rn(z) defined in (10.44), the
fully discrete method using the second order backward difference method for
(10.48) in time then yields the solution

(10.49) Un
h = rn(kAh)vh, for n ≥ 1, with U0

h = vh

As an immediate consequence of Theorem 10.6 we then have the following
maximum-norm stability result.
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Theorem 10.8 We have for the fully discrete solution of (10.47), defined
by (10.49),

‖Un
h ‖L∞

≤ C‖vh‖L∞
, for n ≥ 0.

As in the proof of Theorem 9.6 a combination of Theorems 10.7 and 6.10
show the following nonsmooth data error estimate.

Theorem 10.9 Let Un
h and u be defined by (10.49), with vh = Phv, and

(10.47), respectively. Then, if v ∈ L∞, we have

‖Un
h − u(tn)‖L∞

≤ C
(
h2ℓ2ht−1

n + k2t−2
n

)
‖v‖L∞

, for tn > 0.

We close with a smooth data error estimate.

Theorem 10.10 Let Un
h and u be defined by (10.49) and (10.47). Then, if

v ∈ D(A2) and if ‖vh − v‖L∞
≤ Ch2ℓ2h‖v‖W 2

∞
, we have

‖Un
h − u(tn)‖L∞

≤ C
(
h2ℓ2h‖v‖W 2

∞
+ k2‖A2v‖L∞

)
, for n ≥ 0.

Proof. The proof is analogous to that of Theorem 9.7, with q = 2. The only
modification needed is that we use the error operator Fn = Fn(kAh) with
Fn(z) = rn(z) − e−nz instead of Fn(z) = rn(z) − e−nz. ⊓⊔

Our presentation of multistep methods with constant time steps is adapted
from Bramble, Pasciak, Sammon and Thomée [34]. For other work using spec-
tral techniques, see Zlàmal [251], Crouzeix and Raviart [57], Crouzeix [55],
LeRoux [152], [153] and Savaré [207]; in the latter references the results ob-
tained for time-independent operators A are generalized to variable A = A(t)
by perturbation arguments.

The analysis in the last part of the chapter on the second order back-
ward difference method with variable time steps is extracted from Becker
[23], where more general time dependent and nonselfadjoint operators A are
treated. The underlying energy argument for the two step method with con-
stant time steps was given in McLean and Thomée [170] in the case of an
integro-differential equation with a positive type memory term. Other mul-
tistep methods have been analyzed in, e.g., Crouzeix [54] and Dupont, Fair-
weather and Johnson [84].

Using spectral methods LeRoux [154] and Palencia and Garcia-Archilla
[193] study certain higher order variable stepsize multistep methods with
time independent elliptic operator and show stability results similar to those
of [23] with a more restrictive ΓN . For multistep methods with variable steps
for ordinary differential equations, see, e.g., Crouzeix and Mignot [56] and
Grigorieff [109].



11. Incomplete Iterative Solution

of the Algebraic Systems at the Time Levels

In the fully discrete methods for the solution of parabolic equations which we
have studied so far, a finite diminensional system of linear algebraic equations
has to be solved at each time level of the time stepping procedure, and our
analysis has always assumed that these systems are solved exactly. Because
in applications these systems are of high dimension, direct methods are most
often not appropriate, and iterative methods have to be used. Since the linear
system to be solved at an individual time level is a discretization of an elliptic
partial differential equation (with the step size occurring as a small parame-
ter), methods normally used for elliptic problems are natural to apply here.
In practice, only a moderate finite number of iterations can be carried out
at each time level, and it thus becomes interesting to determine how many
steps of the iterative algorithm are needed to guarantee that no loss occurs in
the order of accuracy compared to the basic procedure in which the systems
are solved exactly. For a successful iterative strategy it is also important to
make a proper choice of the starting approximation at each time step.

Our purpose in this chapter is to study these questions for a simple model
problem, under the appropriate assumptions on the iterative procedure. As
an example of an iterative method satisfying our assumptions we shall discuss
also in some detail the application of a multigrid algorithm.

As our model problem we shall take the standard backward Euler Galerkin
piecewise linear finite element method for the approximate solution of the
initial-boundary value problem

ut − ∆u = f in Ω, for t > 0,(11.1)

u = 0 on ∂Ω, for t > 0, with u(0) = v,

where Ω is a bounded domain in R
2, which we assume for simplicity in the

latter part of this chapter to be convex and polygonal. The approximate
solution is thus sought in a finite element space Sh ⊂ H1

0 = H1
0 (Ω) satisfying

our standard assumption (1.10) with r = 2.
Letting k denote the time step, tn = nk, and using the bilinear form

A(v, w) = (∇v,∇w), our approximation scheme is to find Un
h ∈ Sh, for

n ≥ 0, such that U0 = vh and

(11.2) (Un
h , χ) + k(∇Un

h ,∇χ) = (Un−1
h + kf(tn), χ), ∀χ ∈ Sh, n ≥ 1.
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With ∆h the discrete analogue of ∆ defined by (1.33), and with Ah = −∆h,
which is positive definite on Sh, the equation at tn may also be written

(11.3) (I + kAh)Un
h = bn := Un−1

h + kPhfn,

where Ph denotes the L2-projection onto Sh. This is thus the finite dimen-
sional equation to which we want to apply an iterative solution procedure.
As we know from Theorem 1.5, we have for the exact solution of (11.2)

‖Un
h − u(tn)‖ ≤ C(u)(h2 + k),

provided u is smooth enough and the discrete initial data U0
h = vh have been

appropriately chosen, for instance as the elliptic projection Rhv of v onto Sh.
The incomplete iteration backward Euler algorithm is now defined as

follows: For n ≥ 2 and Un−1
h given, instead of the exact solution of (11.3),

which we now denote Ūn
h , we define Un

h = Un,Mn

h by taking a specified number
Mn of steps of the iterative process

Un,m
h = Un,m−1

h − Bkh

(
(I + kAh)Un,m−1

h − bn
)
, for m ≥ 1,

with Un,0
h = 2Un−1

h − Un−2
h ,

(11.4)

where the operators Bkh will be chosen so that Un,m
h converges to Ūn

h as

m → ∞. We note that the starting value Un,0
h is chosen as a second order

accurate extrapolatory approximation to Ūn
h . We also note that

Un,m
h − Ūn

h = Dm
kh(Un,0

h − Ūn
h ), for m ≥ 1,

where Dkh = I − Bkh(I + kAh),

and that convergence of Un,m
h to Ūn

h is equivalent to Dm
kh → 0 as m → ∞.

Since Un
h is defined in this way only for n ≥ 2 we assume, for simplicity, that

U1
h = Ū1

h , i.e., that (11.3) is solved exactly for n = 1.
In the study of the stability and convergence properties of the method

thus defined we shall use the norm

(11.5) |χ| =
(
‖χ‖2 + kA(χ, χ)

)1/2
= ‖(I + kAh)1/2χ‖, for χ ∈ Sh,

and we shall make the assumption that the Bkh are chosen so that the iter-
ative process (11.4) has the property that, with c0 > 0 and κ < 1,

(11.6) |Un,m
h − Ūn

h | ≤ c0κ
m|Un,0

h − Ūn
h |, for m ≥ 1.

Expressed in terms of the operator norm corresponding to the norm |χ| for
χ ∈ Sh, this may be written

(11.7) |Dm
kh| ≤ c0κ

m, for m ≥ 1.
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Such estimates are typical for preconditioned conjugate gradient iterative
methods, with κ related to the condition number of the preconditioned sys-
tem. As an example we shall discuss a case of the multigrid algorithm below,
in which κ may be chosen independent of h.

We begin with the following error estimate for our fully discrete scheme
with incomplete iteration in the case that the exact solution of (11.1) is
sufficiently smooth. In this result we shall assume that the same number of
iterations are taken at each time step, i.e., that Mn is independent of n.
Later we shall discuss nonsmooth data error estimates for the homogeneous
equation; in this case Mn will depend on n.

Theorem 11.1 Assume that (11.6) holds with κ < 1. Let Un
h = Un,M

h be the
approximate solution of (11.3) defined by (11.4), with M independent of n,
and let U0

h = vh = Rhv and U1
h = Ū1

h. Then there is a δ > 0 such that, if u
is a sufficiently smooth solution of (11.1), we have

‖Un
h − u(tn)‖ ≤ Ct̄(u)(h2 + k), for tn ≤ t̄, if c0κ

M ≤ δ.

Proof. With un = u(tn) we write in the standard manner

en = Un
h − un = (Un

h − Rhun) + (Rhun − un) = θn + ρn,

and recall that ‖ρn‖ ≤ C(u)h2. To estimate θn we note that, for n ≥ 2,

∂̄θn + Ahθn = σn := (Ūn
h − Un−1

h )/k + AhŪn
h

+ (Un
h − Ūn

h )/k + Ah(Un
h − Ūn

h ) − ∂̄Rhun − AhRhun,
(11.8)

with the obvious simplification for n = 1 where Ū1
h = U1

h . Since Ūn
h is the

exact solution of (11.3) and AhRh = −Ph∆, we find, with ωn = (Un
h − Ūn

h )/k
and τn = ∂̄un − un

t ,

σn = Phfn + (I + kAh)ωn − ∂̄Rhun + Ph∆un

= Phun
t − ∂̄Rhun + (I + kAh)ωn

= (Ph − Rh)un
t − Rhτn + (I + kAh)ωn, for n ≥ 1,

(11.9)

with ω1 = 0. A standard energy argument applied to (11.8), cf. Lemma 10.4
with q = 1, p = 0, shows, since θ0 = 0,

(11.10) ‖θn‖2 ≤ Ck

n∑

j=1

|σj |2−1,h, where |χ|−1,h = ‖A−1/2
h χ‖.

Here

|(Ph − Rh)un
t − Rhτn|−1,h ≤ C

(
‖(Ph − Rh)un

t ‖ + ‖Rhτn‖
)

≤ Ct̄(u)(h2 + k), for tn ≤ t̄,
(11.11)
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and, since (1 + kλ)/λ is bounded for k bounded and λ bounded below,

|(I + kAh)ωn|−1,h ≤ C‖(I + kAh)1/2ωn‖ = C|ωn|,

so that
|σn|−1,h ≤ Ct̄(u)(h2 + k) + C|ωn|.

Since ω1 = 0, we therefore infer from (11.10) that

(11.12) ‖θn‖2 ≤ Ct̄(u)(h2 + k)2 + Ck

n∑

j=2

|ωj |2, for tn ≤ t̄.

In order to estimate the term in ωj we note that, by (11.6) and the triangle
inequality, we have

|Un
h − Ūn

h | ≤ δ
(
|Un,0

h − Un
h | + |Un

h − Ūn
h |
)
, if c0κ

M ≤ δ.

If δ/(1 − δ) ≤ ε, with ε to be specified below, we then have

|ωn| = k−1|Un
h − Ūn

h | ≤ εk−1|Un,0
h − Un

h |.

Noting that Un
h − Un,0

h = k2∂̄2Un
h by (11.4), we conclude that

(11.13) |ωn| ≤ εk|∂̄2Un
h | ≤ εk

(
|∂̄2θn| + |Rh∂̄2un|

)
, for n ≥ 2.

Since |v| ≤ C‖v‖1 for k ≤ 1, we have |Rh∂̄2un| ≤ C‖∂̄2un‖1 ≤ Ct̄(u), so that

(11.14) |ωn| ≤ Cε
(
|∂̄θn| + |∂̄θn−1|

)
+ Ct̄(u)k, for n ≥ 2, tn ≤ t̄.

Hence, by (11.12),

(11.15) ‖θn‖2 ≤ Ct̄(u)(h2 + k)2 + Cε2k

n∑

j=1

|∂̄θj |2, for tn ≤ t̄.

We now need an estimate for the last term in (11.15). For this purpose we
show the following lemma, which we express in the Hilbert space framework
used earlier, for the backward Euler method

(11.16) (I + kA)Un = Un−1 + kfn, for n ≥ 1, with U0 = v,

where A is a positive definite selfadjoint operator in the Hilbert space H. In
analogy with (11.5) we define |v| = ‖(I + kA)1/2v‖ where ‖ · ‖ is the norm
in H, and we also introduce the corresponding dual norm and the associated
s-norms defined by

(11.17) |v|∗ = ‖(I + kA)−1/2v‖ and |v|∗,s = |As/2v|∗.

For the purpose of later application the lemma is stated in a more general
form than needed here.
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Lemma 11.1 Let Un be the solution of (11.16) Then, for p ≥ 0,

k

n∑

j=1

tpj |∂̄U j |2 ≤ C
(
kp−1|v|2 + |v|2∗,−p+1

)
+ Ck

n∑

j=1

(tpj |f j |2∗ + |f j |2∗,−p).

Assuming this for a moment, we can now complete the proof of Theorem
11.1. We apply Lemma 11.1 with H = Sh, A = Ah = −∆h, and p = 0, to
(11.8), and obtain, since θ0 = 0,

k

n∑

j=1

|∂̄θj |2 ≤ Ck

n∑

j=1

|σj |2∗.

Using (11.9) and (11.11) we find, for 0 < tj ≤ t̄,

|σj |∗ ≤ Ct̄(u)(h2 + k) + C|(I + kA)ωj |∗ = Ct̄(u)(h2 + k) + C|ωj |,

and thus, since ω1 = 0, using (11.14)

k

n∑

j=1

|∂̄θj |2 ≤ Ct̄(u)(h2 + k)2 + Cε2k

n∑

j=1

|∂̄θj |2.

Choosing ε sufficiently small yields

k

n∑

j=2

|∂̄θj |2 ≤ Ct̄(u)(h2 + k)2,

and hence, by (11.15),

‖θn‖ ≤ Ct̄(u)(h2 + k) for tn ≤ t̄,

which completes the proof of the theorem. ⊓⊔
Proof of Lemma 11.1. By eigenfunction expansion if suffices to consider the
scalar case, with A = µ > 0, in which case the statement reduces to

(1 + kµ)k

n∑

j=1

tpj (∂̄U j)2 ≤C
(
kp−1(1 + kµ) + (1 + kµ)−1µ−p+1

)
v2

+ C(1 + kµ)−1k

n∑

j=1

(tpj + µ−p)(f j)2,

or, replacing kµ by λ and kf j by gj ,

n∑

j=1

jp(U j − U j−1)2 ≤C(1 + (1 + λ)−2λ−p+1)v2

+ C(1 + λ)−2
n∑

j=1

(jp + λ−p)(gj)2.
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We shall first show this for gj = 0 for j ≥ 1, and v = 1, and then for v = 0.
The complete result then follows by linearity.

In the first case we have by the defining equation

Un = (1 + λ)−1Un−1 = · · · = (1 + λ)−n, for n ≥ 0,

and thus

(11.18) U j − U j−1 = −λU j = −λ(1 + λ)−j , for j ≥ 1.

Since

(11.19)
∞∑

j=1

jpxj ≤ Cx(1 − x)−p−1, for 0 ≤ x < 1,

it follows that, for λ > 0,

n∑

j=1

jp(U j − U j−1)2 = λ2
n∑

j=1

jp(1 + λ)−2j

≤ Cλ2(1 + λ)−2(1 − (1 + λ)−2)−p−1

= Cλ2(1 + λ)2p(2λ + λ2)−p−1 ≤ C
(
1 + (1 + λ)−2λ−p+1),

which completes the proof in this case. (In the last step we only need to check
the order of the functions for λ large and for λ small.)

In the other case we have, since v = 0,

U j =

j∑

l=1

(1 + λ)−(j+1−l)gl, for j ≥ 1,

and hence

U j − U j−1 = (1 + λ)−1gj − λ

j−1∑

l=1

(1 + λ)−(j+1−l)gl, for j ≥ 2,

and, using Schwarz’ inequality, for j ≥ 2,

(U j − U j−1)2 ≤ 2(1 + λ)−2(gj)2 + 2λ2
( j−1∑

l=1

(1 + λ)−(j+1−l)gl
)2

≤ 2(1 + λ)−2(gj)2 + 2λ(1 + λ)−1

j−1∑

l=1

(1 + λ)−(j+1−l)(gl)2.

After multiplication by jp, summation, and a change of the order of summa-
tion in the second term, we find, using again (11.19) and checking orders for
λ small and large,
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n∑

j=1

jp(U j − U j−1)2 ≤ C(1 + λ)−2
n∑

j=1

jp(gj)2

+ Cλ(1 + λ)−1
n−1∑

l=1

n∑

j=l+1

(lp + (j − l)p)(1 + λ)−(j+1−l)(gl)2

≤ C(1 + λ)−2
n∑

j=1

(jp + λ−p)(gj)2.

This completes the proof of the lemma. ⊓⊔

We shall now study incomplete iteration in the case of the homogeneous
equation with nonsmooth initial data. We recall that the exact solution of
the backward Euler scheme (11.2) satisfies

‖Un
h − un‖ ≤ C(h2 + k)t−1

n ‖v‖, for tn > 0,

and our ambition is to show that the incomplete iteration scheme can be
designed so that this error estimate remains valid.

We shall begin by studying the time discretization in the Hilbert space
setting so that the exact backward Euler method is (11.16), and the iterative
scheme satisfies, for m ≥ 1,

Un,m − Ūn = Dm
k (Un,0 − Ūn), where Dk = I − Bk(I + kA),

Un,0 = 2Un−1 − Un−2,
(11.20)

as in (11.4). After this we shall give the corresponding result for the fully
discrete case.

We thus first demonstrate the following theorem, which shows that the
desired nonsmooth data result holds provided the number or iterative steps
is chosen appropriately larger at the earlier time levels, where the solution is
less smooth.

Theorem 11.2 Assume that (11.6) holds with κ < 1. For n ≥ 3, let Un =
Un,Mn be the solution of the incomplete iterative scheme (11.20) for (11.16)
with f ≡ 0, using Mn iterations at time level tn, and let U j = Ū j for j = 1, 2.
Then there is a δ > 0 such that

(11.21) ‖Un − un‖ ≤ Ckt−1
n ‖v‖, tn > 0, if κMn ≤ δ min(t3/2

n , 1).

Proof. With ωn = (Un − Ūn)/k and τn = ∂̄un − un
t , the error en = Un − un

satisfies, cf. (11.8), (11.9),

∂̄en + Aen = σn := −τn + (I + kA)ωn = −τn + ω̃n.

Therefore, application of Lemma 10.4 with q = 1, p = 2, gives, since e0 = 0,
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t2n‖en‖2 ≤ Ck

n∑

j=1

(t2j |σj |2−1 + |σj |2−3),

where, as earlier |v|−j = ‖A−j/2v‖. Now, for tn bounded, and since A is
positive definite,

t2j |ω̃j |2−1 + |ω̃j |2−3 ≤ C|ω̃j |2−1 = C‖A−1/2(I + kA)ωj‖

≤ C‖(I + kA)1/2ωj‖ = C|ωj |, for j ≥ 1,

and thus, since ω1 = ω2 = 0 by assumption,

(11.22) t2n‖en‖2 ≤ Ck

n∑

j=1

(t2j |τ j |2−1 + |τ j |2−3) + Ck

n∑

j=3

|ωj |2.

We next show that

(11.23) k

n∑

j=1

(t2j |τ j |2−1 + |τ j |2−3) ≤ Ck2‖v‖2.

Let s = 1 or 3. Then, by the definition of τ j ,

|τ j |2−s ≤ Ck

∫ tj

tj−1

|utt(y)|2−s dy,

and hence, for j > 1 when s = 1 and for j ≥ 1 when s = 3,

(11.24) kt3−s
j |τ j |2−s ≤ Ck2

∫ tj

tj−1

y3−s|utt(y)|2−s dy.

To bound the sum in (11.23) we note that, by eigenfunction expansion,

∫ ∞

0

y3−s|utt(y)|2−s dy ≤
∫ ∞

0

y3−s
∞∑

l=1

λ4−s
l e−2λly(v, ϕl)

2 dy

≤ C
∞∑

l=1

(v, ϕl)
2 = C‖v‖2.

(11.25)

Together these estimates show (11.23) except for the term corresponding to
j = 1, s = 1. But for this term we have

kt21|τ1|2−1 = k3|∂̄u1 − u1
t |2−1 ≤ Ck3(|∂̄u1|2−1 + |u1

t |2−1)

≤ Ck2

∫ k

0

|ut|2−1 dt + Ck3|u(k)|21 ≤ Ck2‖v‖2.

The proof of (11.23) is now complete.
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Combination of (11.22) and (11.23) gives

(11.26) t2n‖en‖2 ≤ Ck2‖v‖2 + Ck

n∑

j=3

|ωj |2.

To bound the latter term we note that using assumption (11.6) we have this
time

|Un − Ūn| ≤ c0κ
Mn(|Un,0 − Un| + |Un − Ūn|).

Letting ε be a positive number which is to be specified later, we may take
δ = δ(ε) in (11.21) small enough that c0δ/(1 − c0δ) ≤ ε so that

c0κ
Mn/(1 − c0κ

Mn) ≤ c0δt
3/2
n /(1 − c0δ) ≤ εt3/2

n .

Using the argument preceding (11.13), we then obtain

|Un − Ūn| ≤ εt3/2
n |Un,0 − Un| = εt3/2

n k2|∂̄2Un|,

and hence, for j ≥ 3,

|ωj | ≤ εt
3/2
j

(
k|∂̄2uj | + k|∂̄2ej |

)
≤ εt

3/2
j

(
k|∂̄2uj | + |∂̄ej | + |∂̄ej−1|

)
.

Thus

(11.27) k

n∑

j=3

|ωj |2 ≤ Ck3
n∑

j=3

t3j |∂̄2uj |2 + Cε2k

n∑

j=2

t3j |∂̄ej |2.

We now estimate the first term on the right. Using the fact that ∂̄2 annihilates
linear functions, Taylor’s formula shows, for j ≥ 3,

t3j‖∂̄2uj‖2 ≤ Ct3j

∥∥∥
(
∂̄2

∫ t

tj−2

(t − s)utt(s) ds
)

t=tj

∥∥∥
2

≤ Ct3j

(
k−1

∫ tj

tj−2

‖utt(s)‖ ds
)2

≤ Ck−1

∫ tj

tj−2

s3‖utt(s)‖2 ds.

Hence, using (11.25) with s = 0,

k3
n∑

j=3

t3j‖∂̄2uj‖2 ≤ Ck2‖v‖2.

Similarly, using one less term in the Taylor expansion, we have

k3
n∑

j=3

t3j |∂̄2uj |22 ≤ C‖v‖2.

Since |v| = (‖v‖2 + k(Av, v))1/2 ≤ (‖v‖ + k|v|2)1/2‖v‖1/2 ≤ ‖v‖ + k|v|2 it
follows that
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(11.28) k3
n∑

j=3

t3j |∂̄2uj |2 ≤ Ck2‖v‖2.

To estimate the last term of (11.27), we apply Lemma 11.1 to en to obtain

(11.29) k

n∑

j=1

t3j |∂̄ej |2 ≤ Ck

n∑

j=1

(
t3j |τ j |2∗ + |τ j |2∗,−3

)
+ Ck

n∑

j=3

|ωj |2,

where we have used t3j |ωj |2∗ + |ωj |2∗,−3 ≤ C|ωj |2∗ ≤ C|ωj |2. Here, by (11.24)
and (11.25),

k

n∑

j=2

t3j |τ j |2∗ ≤ k

n∑

j=2

t3j‖τ j‖2 ≤ Ck2

∫ ∞

0

y3‖utt(y)‖2 dy ≤ Ck2‖v‖2,

and we further have

kt31|τ1|2∗ ≤ k4‖τ1‖2 ≤ 2k2‖u1 − u0‖2 + 2k4‖u1
t‖2 ≤ Ck2‖v‖2.

By (11.23) we already know that

k

n∑

j=1

|τ j |2∗,−3 ≤ k

n∑

j=1

|τ j |2−3 ≤ Ck2‖v‖2.

Combining the above estimates with (11.29) we find

k

n∑

j=1

t3j |∂̄ej |2 ≤ Ck2‖v‖2 + k

n∑

j=3

|ωj |2.

Together with (11.27) and (11.28) this shows

k

n∑

j=3

|ωj |2 ≤ Ck2‖v‖2 + Cε2k

n∑

j=3

|ωj |2.

Choosing ε small enough, and combining the result with (11.26) completes
the proof of the theorem. ⊓⊔

We shall now apply our above nonsmooth data error estimate to the fully
discrete method for the homogeneous parabolic differential equation, i.e.,
(11.1) with f = 0, so that our time discretization procedure is applied to the
spatially semidiscrete problem

(11.30) uh,t + Ahuh = 0, for t > 0, with uh(0) = vh,

where Ah = −∆h with ∆h the discrete Laplacian. Recall that if vh = Phv,
then the solution of (11.30) satisfies

(11.31) ‖uh(t) − u(t)‖ ≤ Ch2t−1‖v‖, for t > 0.

We have the following:
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Theorem 11.3 Consider the fully discrete method (11.2) with f = 0. Let
U j

h = Ū j
h for j = 1, 2, and for n ≥ 3, let Un be the solution of the incomplete

iterative scheme (11.4), using Mn iterations at time level tn, with f = 0 and
vh = Phv. Assume that (11.6) holds. Then there is a δ > 0 such that

‖Un
h − un‖ ≤ C(h2 + k)t−1

n ‖v‖, for tn > 0, if κMn ≤ δ min(t3/2
n , 1).

Proof. This follows at once by Theorem 11.2, applied to (11.30), together
with the estimate (11.31). ⊓⊔

To illustrate the above, we shall now present an example of a linear iter-
ation method of the form (11.4) for the solution of the linear system (11.3),
which has the convergence property (11.6) used in our analysis. The method
will be expressed in abstract form, but is based on the V -cycle multigrid al-
gorithm for the solution of the Dirichlet problem for Poisson’s equation in a
two-dimensional convex polygonal domain, in the way presented in Bramble
[30].

Let S be a finite dimensional linear space with inner product (·, ·) and
norm ‖ · ‖ = (·, ·)1/2, and with a structure to be made precise presently, and
let M(·, ·) be a symmetric, positive definite bilinear form on S. With the
positive definite linear operator M : S → S defined by

(11.32) (MU,V ) = M(U, V ), ∀ U, V ∈ S,

our concern is to solve the equation (corresponding to (11.3))

(11.33) MU = b, for b ∈ S,

by means of a linear iteration method of the form (cf. (11.4))

(11.34) U l = U l−1 − B(MU l−1 − b) = DU l−1 + Bb, l = 1, 2, . . . .

Here the operator B : S → S will be defined by a multilevel algorithm which
we will now describe.

We assume that S is such that there is a nested sequence of subspaces
S1 ⊂ S2 ⊂ · · · ⊂ SJ = S, and define the positive definite local version
Mj : Sj → Sj of M by

(11.35) (MjU, V ) = M(U, V ), ∀ U, V ∈ Sj .

In a way to be made precise below, we define approximations Bj : Sj → Sj

of M−1
j recursively, for j = 1, . . . , J , starting with B1 = M−1

1 , and finally set
B = BJ . The algorithm is designed so that determining Bjv for v given is
less costly than to find M−1

j v.

The goal is thus to calculate Bx = BJx in (11.34), with x = MU l−1 − b.
To do so we shall first express the action of BJ in terms of that of BJ−1. Since
at this point BJ−1 is not known, we express it in terms of BJ−2, etc., till we
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get down to B1. Since B1 acts on the space S1, which we assume to have a
much lower dimension than S, we may take B1 = M−1

1 , i.e., we may solve
the equation M1a = x1 exactly. Since we now know B1, we can go back and
calculate the action of B2, which was expressed in terms of B1. We proceed
with B3, and so on, till we arrive at BJ , which thus defines the action of B.
Since at each iteration step the procedure makes us first go down in the scale
of spaces Sj , from SJ to S1, and then up again to SJ , it is referred to as the
V -cycle algorithm.

A typical example of a situation such as the one just described is as
follows: Assume that Ω is a polygonal domain, and that we want to solve the
problem

(11.36) −∆u = f in Ω, with u = 0 on ∂Ω.

Let T1 be a coarse triangulation of Ω with maximal side length h1. We may
then construct a sequence of triangulations Tj of Ω, where Tj+1 is obtained
by subdividing each triangle of Tj into four by connecting the midpoints
of its edges. With hj the maximal side in Tj we then have hj+1 = hj/2,
or hj = 2−(j−1)h1. We now define Sj to be the continuous piecewise linear
functions on Tj which vanish on ∂Ω. Clearly then Sj ⊂ Sj+1. The standard
inner product in L2(Ω) then induces an inner product in S = SJ and we may
define

M(U, V ) =

∫

Ω

∇U · ∇V dx, for U, V ∈ S.

The discrete variational form of (11.36) is now

M(U, V ) = (fS , V ) =

∫

Ω

f V dx, ∀V ∈ S,

where fS is the L2-projection of f onto S. The operator Mj defined in (11.35)
is −∆j where ∆j = ∆hj

denotes the discrete Laplacian in Sj = Shj
, and the

Bj are approximations of the (−∆j)
−1. In each iteration step the only equa-

tion of the form −∆jW = g that has to be solved exactly is that associated
with −∆1, which is based on the coarsest triangulation.

We now specify how the action of the operator Bj : Sj → Sj is expressed in
terms of that of Bj−1 : Sj−1 → Sj−1. Letting thus g ∈ Sj , we define Bjg ∈ Sj

as the approximation of the solution w ∈ Sj of Mjw = g obtained in three
steps, referred to as pre-smoothing, correction, and post-smoothing. The basic
ingredient in the first and third steps is a preliminary approximation Qj :
Sj → Sj of M−1

j , referred to as a smoothing operator, which has the property
that the corresponding error operator I − QjMj particularly well reduces
nonsmooth error components (or error components with high frequencies).
We assume for simplicity of presentation that Qj is symmetric. In the middle
step the lower frequencies are reduced by projecting the residual onto Sj−1
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and applying Bj−1. Letting Pj : S → Sj denote the orthogonal projection
onto Sj , the three steps are then the following.

Set p = Qjg.(i)

Set q = Bj−1Pj−1y, where y = Mjp − g.(ii)

Set Bjg = v − Qj(Mjv − g), where v = p − q.(iii)

Thus, in the first step, p is an approximation of w = M−1
j g with a rel-

atively smooth error. The residual in this approximation is y = Mjp − g =
Mj(p−w). To get a better approximation we would therefore like to subtract
from p a good approximation of the solution of Mjz = y. Since y has small
nonsmooth components, it may be well represented in Sj−1, and we therefore
now project onto Sj−1 and use one step of the iterative method in Sj−1 to
find an approximation q of z such that v = p − q is an improvement over p.
Finally, this approximation is improved once more in Sj using the smoothing
iteration.

The reduction of error in each step of the iteration (11.34) is determined
by the operator D = DJ = I − BJMJ , and the purpose of the convergence
analysis is thus to estimate |D| where | · | is a conveniently chosen norm. In
order to do so we note that since M(·, ·) is symmetric and positive definite,
it defines an inner product [v, w] = M(v, w) and we now take | · | to be
the corresponding norm, |v| = [v, v]1/2. We shall also use the orthogonal
projection Rj : S → Sj with respect to [·, ·]. In our above application, | · | is
the norm in H1

0 (Ω) and Rj is the Ritz projection onto Sj .
We define the error reduction operators Kj , Dj : Sj → Sj by

(11.37) Kj = Ij − QjMj and Dj = Ij − BjMj ,

where Ij denotes the identity on Sj , we note that Dj satisfies the recursion

(11.38) Dj = Kj(Ij − Rj−1 + Dj−1Rj−1)Kj , for j = 2, . . . , J.

In fact, to calculate Djw with w ∈ Sj given, we set g = Mjw and define
p, q, v as above. Then, we have by (iii) that BjMjw = Bjg = Kjv + QjMjw,
and hence

Djw = w − BjMjw = w − Kjv − QjMjw = Kj(w − v).

Further, since Pj−1Mj = Mj−1Rj−1 we find, by (2),

w − v = w − p + q = w − p + Bj−1Pj−1Mj(p − w)

= (Ij − Bj−1Mj−1Rj−1)(w − p) = (Ij − Rj−1 + Dj−1Rj−1)(w − p).

Finally, by (1), w − p = w − Qjg = Kjw, which shows (11.38).

In order to analyze the algorithm thus defined, we now have to make
some assumptions concerning the sequence of spaces Sj and the smoothing
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operators Qj . Our analysis will be based on the following three hypotheses:
With λj the maximal eigenvalue of Mj there are positive constants C1, C2, C3

such that

‖(I − Rj)v‖ ≤ C1λ
−1/2
j |(I − Rj)v|, for v ∈ S, j = 1, . . . , J,(H1)

λj/λj−1 ≤ C2, for j = 2, . . . , J,(H2)

|Kjv|2 ≤ |v|2 − C3λ
−1
j ‖Mjv‖2, for v ∈ Sj , j = 2, . . . , J.(H3)

The assumption (H1) is an error estimate. In typical finite element ap-
plications it is proved by means of the Aubin-Nitsche duality argument and
expresses the fact that the error in the Ritz projection Rj is smaller in the L2-
norm than in the energy norm. Assumption (H2) means that the transition
from Sj−1 to Sj is not too rapid. Assumption (H3) expresses the smoothing
action of Kj = Ij−QjMj : If v is an eigenvector of Mj with eigenvalue λ, then
(H3) implies |Kjv|2 ≤ (1−C3λ/λj)|v|2. High frequency eigenmodes are thus
reduced in size by Kj more than low frequency modes. Note that for (H3) to
hold it is necessary that C3 ≤ 1 because otherwise the right hand side would
be negative for the eigenvector associated with λj . Further, C3 = 1 both for
the “perfect smoother” Qj = M−1

j , and for Qj = λ−1
j Ij . In fact, in the first

case Kj = 0 and

|v|2 − λ−1
j ‖Mjv‖2 ≥ |v|2 − ‖M1/2

j v‖2 = 0,

and the second case is a special case of the following lemma.

Lemma 11.2 Let Qj = µIj with |µλj − 1| ≤ ε < 1. Then (H3) holds with
C3 = 1 − ε2.

Proof. We have Kj = Ij − µMj and hence for v ∈ Sj

|v|2 − |Kjv|2 = 2µ[Mjv, v] − µ2|Mjv|2.

Here [Mjv, v] = ‖Mjv‖2 and |Mjv|2 ≤ λj‖Mjv‖2, and hence

|v|2 − |Kjv|2 ≥ (2µ − µ2λj)‖Mjv‖2

=
(
1 − (1 − µλj)

2
)
λ−1

j ‖Mjv‖2 ≥ (1 − ε2)λ−1
j ‖Mjv‖2,

which proves the lemma. ⊓⊔

Assumption (H3) is satisfied in finite element applications by other
smoothers of practical interest, for example, the point and block Jacobi and
Gauss-Seidel iterations, cf. [30].

Condition (H3) implies that |Kj | ≤ (1−C3/κj)
1/2, where κj is the condi-

tion number λmax(Mj)/λmin(Mj) of Mj . In typical applications κj → ∞ and
hence |Kj | → 1 as j → ∞, which indicates a deterioration of the convergence
rate of the smoothing iteration as j grows large. In contrast we shall show
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that |Dj | ≤ κ < 1, with κ independent of j. Hence the multigrid iteration
defined above has a convergence rate which is uniform in the number of levels
involved.

The assumptions (H1), (H2), and (H3) enter our analysis combined into
an inequality which we shall now state.

Lemma 11.3 Assume that (H1), (H2), and (H3) hold. Then

|(I − Rj−1)v|2 ≤ C0(|v|2 − |Kjv|2), ∀v ∈ Sj , where C0 = C2
1C2/C3.

Proof. To prove this inequality we first use (H1) to get

|(I−Rj−1)v|2 = [(I − Rj−1)v, v] = ((I − Rj−1)v,Mjv)

≤ ‖(I − Rj−1)v‖ ‖Mjv‖ ≤ C1λ
−1/2
j−1 |(I − Rj−1)v| ‖Mjv‖,

and hence
|(I − Rj−1)v|2 ≤ C2

1λ−1
j−1‖Mjv‖2.

In view of (H2) and (H3), this shows the lemma. ⊓⊔

We are now ready to state and prove a convergence result for the V -cycle
algorithm. The main point to note in this result is that the bound is smaller
than 1, independently of the dimension of S. This shows that condition (11.7)
and thus (11.6) holds for this iteration method.

Theorem 11.4 Assume that (H1), (H2), and (H3) hold. Then

|D| ≤ κ = 1 − 1/C0, where C0 = C2
1C2/C3, with D = I − BJMJ .

Proof. Recalling the definitions of Kj , Dj : Sj → Sj in (11.37), we extend
the scope of (11.38) to all of S by setting

D̃j = I − Rj + DjRj = I − BjMjRj ,

K̃j = I − Rj + KjRj = I − QjMjRj ,

and find that D̃j = K̃jD̃j−1K̃j . In fact, restricted to Sj this is the same as
(11.38), and on the orthogonal complement of Sj , with respect to [·, ·], both

sides reduce to the identity operator. Since D̃1 = I − R1 we hence have

D̃J = K̃J · · · K̃2(I − R1)
2K̃2 · · · K̃J ,

and setting E1 = I − R1, and Ej = K̃jEj−1, for j = 2, . . . , J , this yields

D = I − BJMJ = D̃J = EJE∗
J .

Note that E∗
J and EJ are the error reduction operators of the non-symmetric

algorithms using only presmoothing and only postsmoothing, respectively.
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Since |D| = |EJE∗
J | = |E∗

J |2 and |E∗
J | = |EJ |, it therefore suffices to

estimate the latter norm. In order to do so we take v ∈ S and consider the
expressions

|Ej−1v|2 − |Ejv|2 = |Ej−1v|2 − |K̃jEj−1v|2, for j = 2, . . . , J.

From the definition of K̃j and Lemma 11.3, it follows that

|K̃jw|2 = |(I − Rj)w|2 + |KjRjw|2

≤ |(I − Rj)w|2 + |Rjw|2 − C−1
0 |(I − Rj−1)Rjw|2

= |w|2 − C−1
0 |(Rj − Rj−1)w|2, for w ∈ S, j = 2, . . . , J.

Hence, setting w = Ej−1v,

C0(|Ej−1v|2 − |Ejv|2) ≥ |(Rj − Rj−1)Ej−1v|2 = |(Rj − Rj−1)v|2,

where in the last step we used the fact that (I − Ej−1)v ∈ Sj−1 so that
(Rj − Rj−1)(I − Ej−1)v = 0. This follows by induction and the recursion
relation I−Ej = I−Ej−1+QjMjRjEj−1 for j = 2, . . . , J , with I−E1 = R1.
By summation we therefore have

C0(|E1v|2−|EJv|2) ≥
J∑

j=2

(|Rjv − Rj−1v|2)

=

J∑

j=2

(|Rjv|2 − |Rj−1v|2) = |v|2 − |R1v|2 = |(I − R1)v|2,

which, since E1v = (I − R1)v, yields

|EJv|2 ≤ κ|(I − R1)v|2 ≤ κ|v|2, with κ = 1 − 1/C0.

This implies the desired result. ⊓⊔

We end by illustrating how the abstract result of Theorem 11.4 can be
applied to the backward Euler discretization (11.3) of the heat equation. We
make the same assumptions for Ω and Sh = S = SJ as in our above discussion
of the elliptic problem (11.36). With (·, ·) and ‖·‖ the inner product and norm
in L2 = L2(Ω), we use

[v, w] = M(v, w) = (v, w) + k(∇v,∇w) and |v| = [v, v]1/2,

where the former defines the operators Mj : Sj → Sj . Letting νj denote the
largest eigenvalue of −∆j , the discrete analogue of −∆ on Sj = Shj

, the
largest eigenvalue of Mj = Ij − k∆j is then λj = 1 + kνj . For our smoothing
operator we choose Qj = µjIj with |µjλj − 1| ≤ ε < 1. Our aim is now to
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check that the assumptions of Theorem 11.4 are satisfied, with constants that
are independent of j and k.

We note first that (H3) is an immediate consequence of Lemma 11.2. For
(H2), we recall that νj is bounded above and below by positive multiples of
h−2

j . Since hj−1 = 2hj we therefore have

λj

λj−1
≤

1 + c2kh−2
j

1 + c1kh−2
j−1

=
1 + c2kh−2

j

1 + 1
4c1kh−2

j

≤ C.

We finally consider (H1). For k ≤ h2
j , we have λj ≤ 1 + c2kh−2

j ≤ C and
hence

‖(I − Rj)v‖ ≤ |(I − Rj)v| ≤ Cλ
−1/2
j |(I − Rj)v|.

For k ≥ h2
j , we use an adaptation of the standard duality argument. Let

ψ ∈ L2 and let w ∈ H1
0 = H1

0 (Ω) be the solution of

−k∆w + w = ψ in Ω, with w = 0 on ∂Ω,

or

(11.39) M(φ,w) = (φ, ψ), ∀φ ∈ H1
0 .

Then, for any χ ∈ Sj ,

(11.40) ((I − Rj)v, ψ) = M((I − Rj)v, w − χ) ≤ |(I − Rj)v| |w − χ|.

Here, with χ suitably chosen,

|w − χ|2 = ‖w − χ‖2 + k‖∇(w − χ)‖2 ≤ C(h4
j + kh2

j )‖w‖2
2 ≤ Ckh2

j‖w‖2
2.

We now show that k‖w‖2 ≤ C‖ψ‖, uniformly in k. In fact, since −∆w =
k−1(ψ − w), the standard regularity estimate for elliptic problems shows
k‖w‖2 ≤ C(‖w‖ + ‖ψ‖). But choosing φ = w in (11.39) we have ‖w‖2 ≤
|w|2 = M(w,w) = (w,ψ) ≤ ‖w‖ ‖ψ‖, so that ‖w‖ ≤ ‖ψ‖, which completes
the proof. Hence for this χ ∈ Sj we have

|w − χ|2 ≤ Ck−1h2
j‖ψ‖2 ≤ Cλ−1

j ‖ψ‖2,

since λj ≤ Ckh−2
j . Together with (11.40) this shows (H1).

The assumptions of Theorem 11.4 are thus satisfied, and hence the multi-
grid algorithm studied produces a linear iterative method for the solution of
the backward Euler Galerkin method at each time level, for which our results
on incomplete iteration apply. More general multigrid methods may also be
used, with more than one presmoothing, postsmoothing, and inner iteration
step, and allowing more general smoothing iterations such as methods of
Jacobi and Gauss-Seidel type, see [30]. We shall not pursue this further here.



202 11. Incomplete Iteration at the Time Levels

The idea of using incomplete iteration was first analyzed for parabolic
problems in Douglas, Dupont, and Ewing [78] and Bramble and Sammon
[35] (cf. also Bramble [29], Keeling [136], Karakashian [133]) under the as-
sumption that the exact solution is smooth. The above presentation is taken
from Bramble, Pasciak, Sammon, and Thomée [34], where both smooth and
nonsmooth solutions are considered for more general multistep backward dif-
ference schemes of the type considered in Chapter 10 above.

The use of multigrid methods for parabolic problems has been considered
in, e.g., Bank and Dupont [22], Hackbusch [112], and Lubich and Ostermann
[160]; the presentation here is extracted from Larsson, Thomée, and Zhou
[149]. For the underlying basic material on multigrid methods for the elliptic
problem, we refer to Bramble [30] and Bramble and Zhang [31].



12. The Discontinuous Galerkin

Time Stepping Method

In the previous chapters we have considered fully discrete schemes for the
heat equation which were derived by first discretizing in the space variables
by means of a Galerkin finite element method, which results in a system
of ordinary differential equations with respect to time, and then applying a
finite difference type time stepping method to this system to define a fully
discrete solution. In this chapter, we shall apply the Galerkin method also
in the time variable and thus define and analyze a method which treats the
time and space variables similarly. The approximate solution will be sought
as a piecewise polynomial function in t of degree at most q − 1, which is not
necessarily continuous at the nodes of the defining partition.

As earlier, in order to avoid cumbersome notation we shall concentrate
first on the discretization in time only. Let thus H be a Hilbert space and
assume that A is a selfadjoint, positive definite, not necessarily bounded
operator with compact inverse, defined in D(A) ⊂ H. Allowing thus as usual
both spatially continuous and discrete operators, we consider the initial value
problem

(12.1) u′ + Au = f, for t > 0, with u(0) = v.

In order to discretize this abstract ordinary differential equation we partition
the t−axis in a not necessarily uniform fashion by 0 = t0 < t1 < · · · < tn <
· · · and set Jn = (tn−1, tn], kn = tn− tn−1, and k = maxn kn. With q a given
positive integer we shall then look for an approximate solution of (12.1) which
reduces to a polynomial of degree at most q − 1 in t on each subinterval Jn,
with coefficients in H, or, equivalently, which belongs to the space

Sk = {X : [0,∞) → H; X
∣∣
Jn

=

q−1∑

j=0

ψjt
j , ψj ∈ H}.

Note that these functions are allowed to be discontinuous at the nodal points,
but are taken to be continuous to the left there. Note also that X(0) has to
be specified separately for X ∈ Sk since 0 /∈ J1. For X = Xk ∈ Sk we denote
by Xn and Xn

+ the value of X and its limit from above at tn, respectively,
and write Sn

k for the restrictions to Jn of the functions in Sk.
To introduce our discretization method, consider a fixed interval [0, tN ],

and note that the exact solution of (12.1) satisfies, for w smooth,
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∫ tN

0

(
(u′, w) + A(u,w)

)
dt =

∫ tN

0

(f, w) dt,

and hence, after integration by parts in the first term, now if w(tN ) = 0,

(12.2)

∫ tN

0

(
− (u,w′) + A(u,w)

)
dt = (v, w(0)) +

∫ tN

0

(f, w) dt.

Here A(u,w) is the bilinear form defined by A(u,w) = (Au,w) = (u,Aw) for
u,w ∈ D(A); it may be extended in a natural way by

A(u,w) =

∞∑

j=1

λj(u, ϕj)(w,ϕj), for u,w ∈ D = D(A1/2),

where the λj and ϕj are the eigenvalues and eigenfunctions of A.
Replacing u in the weak formulation (12.2) by a function U ∈ Sk and

integrating by parts in each Jn, we obtain for the first term on the left hand
side of (12.2), with wn = w(tn) (and wN = 0),

−
∫ tN

0

(U,w′) dt = −
N∑

n=1

(
(U,w)

∣∣tn

tn−1+0
−
∫

Jn

(U ′, w) dt
)

=

∫ tN

0

(U ′, w) dt +

N−1∑

n=1

([U ]n, wn) + (U0
+, w0),

where [U ]n = Un
+ − Un denotes the jump of U at tn, and where U ′ is the

piecewise polynomial of degree q − 2, which agrees with dU/dt on each Jn.
In particular, if q = 1, we have U ′ ≡ 0 so that the integrand vanishes.

Recalling (12.2), we now define our discrete scheme by requiring that
U ∈ Sk satisfies

∫ tN

0

(
(U ′, X) + A(U,X)

)
dt +

N−1∑

n=1

([U ]n, Xn
+) + (U0

+, X0
+)

= (v,X0
+) +

∫ tN

0

(f,X) dt, ∀X ∈ Sk,

U0 = v.

(12.3)

Since the function X in Sk is not required to be continuous at the tn,
we may choose its values on the different time intervals independently. By
choosing X to vanish outside Jn we therefore see that the equation reduces
to one equation for each Jn with n ≤ N so that the discrete scheme requires
us to determine U ∈ Sk such that

∫

Jn

(
(U ′, X) + A(U,X)

)
dt + (Un−1

+ , Xn−1
+ )

= (Un−1, Xn−1
+ ) +

∫

Jn

(f,X) dt, ∀X ∈ Sn
k , 1 ≤ n ≤ N,

U0 = v.

(12.4)
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This also shows that the definition of the discrete solution is independent of
the choice of the final nodal point tN . We remark that the exact solution of
(12.1) also satisfies this equation.

We now show that the local problem (12.4) has a unique solution in Sk on
Jn for Un−1 and f

∣∣
Jn

given. We first note that to show uniqueness it suffices
to see that the corresponding homogeneous equation,

∫

Jn

((U ′, X) + A(U,X)) dt + (Un−1
+ , Xn−1

+ ) = 0, ∀X ∈ Sn
k ,

only has the trivial solution U ≡ 0. For this purpose, assume U is a solution,
and choose X = U in Jn. Then, since 2(U ′, U) = d

dt‖U‖2, we find that

‖Un‖2 − ‖Un−1
+ ‖2 + 2

∫

Jn

A(U,U) dt + 2‖Un−1
+ ‖2 = 0,

or

(12.5) ‖Un‖2 + ‖Un−1
+ ‖2 + 2

∫

Jn

|U |21 dt = 0.

Here and below we again use the norm |v|s = ‖As/2v‖ in Ḣs. In particular,
A(U,U) = ‖A1/2U‖2 = |U |21. It follows from (12.5) that A(U,U) = 0 in
Jn and hence U(t) ≡ 0 in Jn, which proves our claim. Note that we may
also conclude directly from (12.5) that Un = Un−1

+ = 0 which implies that
U(t) ≡ 0 in Jn if q = 1 or 2, but not for higher values of q.

The existence of a solution to (12.4) follows from the uniqueness since,
using the eigenspaces of A, (12.4) can be reduced to a set of finite dimensional
problems, for each of which obviously uniqueness implies existence.

In the case q = 1, i.e., when the approximating functions are piecewise
constant in time, then U ′ ≡ 0 and U(t) = Un = Un−1

+ in Jn, and the method
reduces to the modified backward Euler method

(Un, ψ) + knA(Un, ψ) = (Un−1, ψ) +
(∫

Jn

f(t) dt, ψ
)
, ∀ψ ∈ D,

or

(12.6) (I + knA)Un = Un−1 +

∫

Jn

f(t) dt.

Clearly then Un ∈ D(A). Equation (12.6) may also be written

∂̄nUn + AUn =
1

kn

∫

Jn

f(t) dt, where ∂̄nUn =
Un − Un−1

kn
.

Note that the fn = f(tn) occurring in the standard error estimate for the
backward Euler method studied earlier has been replaced by an average of
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f over Jn; the standard method may thus be interpreted as resulting from
(12.6) after quadrature.

In the case q = 2, i.e., for piecewise linear functions of t, we may write
U(t) = Ũn

0 + Ũn
1 (t − tn−1)/kn on Jn, and obtain for the determination of

Ũn
0 = Ũ0 and Ũn

1 = Ũ1 the system

(Ũ0, ψ) + knA(Ũ0, ψ) + (Ũ1, ψ) + 1
2knA(Ũ1, ψ)

= (Un−1, ψ) +
( ∫

Jn

f(t)dt, ψ
)
,

1
2knA(Ũ0, η)+ 1

2 (Ũ1, η) + 1
3knA(Ũ1, η)

=
(
k−1

n

∫

Jn

(t − tn)f(t) dt, η
)
, for ψ, η ∈ D, n ≥ 1.

Once Ũ0 and Ũ1 are determined, we have Un = Ũ0 + Ũ1. This system may
also be written

(I + knA)Ũ0 + (I + 1
2knA)Ũ1 = Un−1 +

∫

Jn

f(t) dt,

1
2knAŨ0 + (1

2I + 1
3knA)Ũ1 = k−1

n

∫

Jn

(t − tn)f(t) dt.

In the case of the homogeneous equation, i.e., when f ≡ 0, it is easy to show
that, with the notation of Chapter 7, Un = r21(knA)Un−1 where r21(λ) is
the (2, 1)-Padé approximation of e−λ.

Before we turn to the analysis of the method introduced, we pause to
discuss briefly some alternative approaches. It could perhaps appear more
natural to seek the approximate solution as a piecewise polynomial in t of
degree q− 1, which is continuous at the nodes of the partition, thus avoiding
the jump terms in (12.4). For suitable test functions X the defining equation
would then be

(12.7)

∫

Jn

(
(U ′, X) + A(U,X)

)
dt =

∫

Jn

(f,X) dt, for n ≥ 1,

again with U0 = v. Given Un−1 = U(tn−1), only q − 1 conditions are now
needed to determine U on Jn, and the local test space therefore should only
be of dimension q − 1 in time. We consider two such possibilities:

Sn
k,I = {X ∈ Πq−1 ⊗D;X(tn−1) = Xn−1 = 0}

and
Sn

k,II = {X ∈ Πq−2 ⊗D}.
Let us demonstrate that in both cases the solution of (12.7) is uniquely

defined. As above, it suffices for this to show uniqueness, i.e., that if (12.7)
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holds with Un−1 = 0 and f ≡ 0 on Jn, then U ≡ 0 on Jn. In case I we may
choose X = U , since U ∈ Sn

k,I , and obtain

1
2‖U

n‖2 +

∫

Jn

|U |21 dt = 0,

which implies U ≡ 0 on Jn. In case II we choose instead X = U ′ ∈ Sn
k,II to

find ∫

Jn

‖U ′‖2 dt + 1
2 |U

n|21 = 0,

from which we again conclude U ≡ 0 on Jn.
For q = 2, i.e., for U piecewise linear, the methods reduce to

Un − Un−1

kn
+ A
(Un−1 + 2Un

3

)
=

2

k2
n

∫

Jn

(t − tn−1) f(t) dt,

and
Un − Un−1

kn
+ A
(Un−1 + Un

2

)
=

1

kn

∫

Jn

f(t) dt,

respectively. The first of these is only first order accurate, and the second is a
modified Crank-Nicolson method; the case II method is sometimes referred to
as the continuous Galerkin method. Because it has less advantageous smooth-
ing properties than the discontinuous Galerkin method (cf. Chapter 7), we
shall refrain from a detailed analysis here.

The following theorem gives our first error estimate for the time stepping
method (12.4). Here and below u(l) = (d/dt)lu.

Theorem 12.1 We have, for the solutions of (12.4) (with q ≥ 1) and (12.1),

(12.8) ‖UN − u(tN )‖ ≤ C
( N∑

n=1

k2q
n

∫

Jn

|u(q)|21 dt
)1/2

, for tN ≥ 0.

Proof. We define an interpolant ũ(t) ∈ Sk of the exact solution u(t) of (12.1)
by demanding, for each n ≥ 1,

ũ(tn) = u(tn), for n ≥ 0,
∫

Jn

(ũ(t) − u(t))tl dt = 0, for l ≤ q − 2, n ≥ 1,
(12.9)

i.e., ũ interpolates at the nodal points, and the interpolation error is orthog-
onal to Πq−2 on Jn. (For q = 1 the latter condition is void.) In order to see
that these equations define a unique ũ ∈ Πq−1 on Jn, it suffices, by expansion
in H with respect to an orthonormal basis, to consider the scalar case, and,
since the number of equations and the number of unknowns in (12.9) then
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both equal q, to show that u(t) ≡ 0 on Jn implies ũ(t) ≡ 0 there. Transform-
ing to the unit interval (0, 1), with tn corresponding to 0, we thus need to

see that if ũ(t) = t
∑q−2

j=0 ajt
j is orthogonal to Πq−2 on (0, 1), then ũ(t) ≡ 0

there. But this follows from

∫ 1

0

ũ(t)

q−2∑

j=0

ajt
j dt =

∫ 1

0

t
( q−2∑

j=0

ajt
j
)2

dt = 0.

This also shows that ũ agrees with u on Jn when u ∈ Πq−1 so that the
interpolation is accurate of order q. By standard arguments we then have
(with | · |0 = ‖ · ‖)

(12.10) |ũ(t) − u(t)|2j ≤ Ck2q−1
n

∫

Jn

|u(q)|2j dt, for t ∈ Jn, j = 0, 1.

We now decompose the error as

(12.11) U − u = (U − ũ) + (ũ − u) = θ + ρ,

and note that ρn = ρ(tn) = 0 for all n ≥ 0. It therefore suffices to bound θN

by the right hand side of (12.8). We have by (12.4) and (12.1)

(12.12)

∫

Jn

(
(θ′, X) + A(θ,X)

)
dt + ([θ]n−1, X

n−1
+ )

= −
∫

Jn

(
(ρ′, X) + A(ρ,X)

)
dt − ([ρ]n−1, X

n−1
+ ), ∀X ∈ Sn

k .

Here, by the defining properties (12.9) of ũ,

∫

Jn

(ρ′, X) dt + ([ρ]n−1, X
n−1
+ )

= (ρ,X)
∣∣∣
tn

tn−1+0
−
∫

Jn

(ρ,X ′) dt + ([ρ]n−1, X
n−1
+ )

= −(ρn−1
+ , Xn−1

+ ) + (ρn−1
+ , Xn−1

+ ) = 0, ∀X ∈ Sn
k .

(12.13)

Choosing X = 2θ in (12.12) and noting that

2

∫

Jn

(θ′, θ) dt + 2([θ]n−1, θ
n−1
+ )

= ‖θn‖2 − ‖θn−1
+ ‖2 + 2‖θn−1

+ ‖2 − 2(θn−1, θn−1
+ )

≥ ‖θn‖2 − ‖θn−1
+ ‖2 + ‖θn−1

+ ‖2 − ‖θn−1‖2

= ‖θn‖2 − ‖θn−1‖2,
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we have

‖θn‖2 + 2

∫

Jn

|θ|21 dt ≤ ‖θn−1‖2 + 2

∫

Jn

|A(ρ, θ)| dt

≤ ‖θn−1‖2 +

∫

Jn

|θ|21 dt +

∫

Jn

|ρ|21 dt.

Hence

(12.14) ‖θn‖2 +

∫

Jn

|θ|21 dt ≤ ‖θn−1‖2 +

∫

Jn

|ρ|21 dt,

and, by summation, since θ0 = U0 − ũ0 = v − v = 0,

(12.15) ‖θN‖2 +

∫ tN

0

|θ|21 dt ≤
∫ tN

0

|ρ|21 dt.

Using (12.10) we conclude from (12.15) that

(12.16) ‖θN‖2 ≤
N∑

n=1

∫

Jn

|ρ|21 dt ≤ C
N∑

n=1

k2q
n

∫

Jn

|u(q)|21 dt,

which completes the proof. ⊓⊔

In the case of constant time steps kn = k, the error estimate of Theorem
12.1 reduces to

‖UN − u(tN )‖ ≤ Ckq
(∫ tN

0

|u(q)|21 dt
)1/2

.

We note that in the case of the backward Euler method (12.6) the error
bound contains only first derivatives with respect to time, in contrast to the
standard error estimate for the backward Euler method for which u′′ enters;
it is natural that more regularity is required when the integral in (12.6) is
evaluated by a point-value quadrature formula.

Although the above error estimate concerns only the nodal values, esti-
mates of the same optimal order may be derived also in the interior of the
intervals Jn, as follows from the next theorem. Here and below we use the
notation

‖ϕ‖Jn
= sup

t∈Jn

‖ϕ(t)‖.

Theorem 12.2 We have, for the solutions of (12.4) (with q ≥ 1) and (12.1),
for 1 ≤ n ≤ N ,

‖U − u‖Jn
≤ ‖Un − u(tn)‖ + C‖Un−1 − u(tn−1)‖ + Ckq

n‖u(q)‖Jn
.
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Proof. This time we write the error

e = U − u = (U − Pku) + (Pku − u) = ξ + η,

where Pk denotes the L2-projection in time onto Sn
k . Clearly then

‖η‖Jn
+ kn‖η′‖Jn

≤ Ckq
n‖u(q)‖Jn

.

Hence, in order to prove our result it remains to bound ξ. But

‖ξ(t)‖ ≤ ‖ξn‖ +

∫ tn

t

‖ξ′‖ ds ≤ ‖en‖ + ‖ηn‖ +

∫

Jn

‖ξ′‖ dt,

so that it now remains to bound the latter integral. We shall prove

(12.17)

∫

Jn

‖ξ′‖ dt ≤ C(‖en−1‖ + ‖ηn‖),

which will imply our claim.
We first note that, using for the second inequality a transformation to

a unit size interval and the finite dimensionality of the polynomial spaces
involved,

(12.18)
(∫

Jn

‖ξ′‖ dt
)2

≤ kn

∫

Jn

‖ξ′‖2 dt ≤ C

∫

Jn

(t − tn−1)‖ξ′‖2 dt.

To estimate the latter integral we note that, using the orthogonality of η to
Sn

k ,

∫

Jn

(
(ξ′, X) + A(ξ,X)

)
dt + (ξn−1

+ , Xn−1
+ )

= (Un−1, Xn−1
+ ) +

∫

Jn

(f,X) dt

−
∫

Jn

(
((Pku)′, X) + A(Pku,X)

)
dt − ((Pku)n−1

+ , Xn−1
+ )

= (Un−1 − (Pku)n−1
+ , Xn−1

+ ) −
∫

Jn

(η′, X) dt

= (en−1 − ηn−1
+ , Xn−1

+ )

−
(
(ηn, Xn) − (ηn−1

+ , Xn−1
+ ) −

∫

Jn

(η,X ′) dt
)

= (en−1, Xn−1
+ ) − (ηn, Xn).

(12.19)

Choosing X(t) = (t − tn−1)ξ
′(t) in (12.19) we find, since Xn−1

+ = 0,

∫

Jn

(t − tn−1)‖ξ′‖2 dt + 1
2kn|ξn|21 ≤ 1

2

∫

Jn

|ξ|21 dt + kn‖ηn‖ ‖ξ′(tn)‖.
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In the same way as in (12.18), we have

k2
n‖ξ′(tn)‖2 ≤ C

∫

Jn

(t − tn−1)‖ξ′‖2 dt,

so that we may now conclude

(12.20)

∫

Jn

(t − tn−1)‖ξ′‖2 dt ≤ C

∫

Jn

|ξ|21 dt + C‖ηn‖2.

To estimate the integral on the right we now choose X = 2ξ in (12.19) to
obtain

‖ξn‖2 + ‖ξn−1
+ ‖2 + 2

∫

Jn

|ξ|21 dt ≤ 2‖en−1‖ ‖ξn−1
+ ‖ + 2‖ηn‖ ‖ξn‖,

which yields ∫

Jn

|ξ|21 dt ≤ C(‖en−1‖2 + ‖ηn‖2).

Together with (12.20) and (12.18) this completes the proof of (12.17) and
thus of the theorem. ⊓⊔

We have thus shown a global error estimate of order O(kq), which is the
optimal order using polynomials of degree q − 1. We recall, however, that in
the case q = 2, the approximation of the homogeneous equation is associated
with the subdiagonal (2,1)-Padé approximation of e−λ. Since this is accurate
of order O(k3), this raises the question of the optimality at the nodal points
of the error bound derived, which is only second order for q = 2. In our next
result we shall see that, at the nodes, the error in the discontinuous Galerkin
method is actually of order O(k2q−1), which is of superconvergent order for
q ≥ 2.

Theorem 12.3 We have, for the solutions of (12.4), with q ≥ 2, and (12.1),

‖UN − u(tN )‖ ≤ Ckq−1
( N∑

n=1

k2q
n

∫

Jn

|u(q)|22q−1 dt
)1/2

, for tN ≥ 0,

where k = maxn kn.

We note that this thus shows

‖UN − u(tN )‖ ≤ Ck2q−1
(∫ tN

0

|u(q)|22q−1 dt
)1/2

, for tN ≥ 0.

We remark that in application to partial differential operators A, severe
boundary conditions need to be imposed on the solution of the continuous
problem for q ≥ 2 since u(q)(t) is required to be in Ḣ2q−1 for t > 0.
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The proof of this theorem will require some preparation. Because we are
interested in bounding the error in the solution of (12.4) at t = tN we intro-
duce the global bilinear form

BN (V,W ) =

∫ tN

0

(
(V ′,W ) + A(V,W )

)
dt

+

N−1∑

n=1

([V ]n,Wn
+) + (V 0

+,W 0
+).

(12.21)

Here, for V discontinuous at the points of the partition, we understand by V ′

the piecewise smooth function obtained by differentiation on each Jn. With
this definition the discrete equations (12.3) may be written

BN (U,X) = (v,X0
+) +

∫ tN

0

(f,X) dt, ∀ X ∈ Sk.

Since clearly the solution u of the continuous problem satisfies, for any ap-
propriately regular W , in particular for W = X ∈ Sk, the equation

(12.22) BN (u,W ) = (v,W 0
+) +

∫ tN

0

(f,W ) dt,

we have, for the error e = U − u,

(12.23) BN (e,X) = 0, ∀ X ∈ Sk.

In our analysis we shall also consider the backward homogeneous problem

(12.24) −z′ + Az = 0, for t < tN , with z(tN ) = ϕ.

We note that, if z is the solution of (12.24), then

(12.25) BN (u, z) = (u(tN ), ϕ).

Replacing the variable t by tN − t we find that the natural analogue of the
discrete problem (12.4) for (12.24) is to find Z ∈ Sk such that

∫

Jn

(
− (X,Z ′) + A(X,Z)

)
dt + (Xn, Zn) = (Xn, Zn

+),

∀X ∈ Sn
k , n ≤ N,

ZN
+ = ϕ.

(12.26)

By integration by parts in (12.21) our bilinear form BN (V,W ) may also be
represented as

BN (V,W ) =

∫ tN

0

(−(V,W ′) + A(V,W )) dt

−
N−1∑

n=1

(V n, [W ]n) + (V N ,WN ).

(12.27)
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As a result of this it is clear that the discrete analogue (12.26) of (12.24) may
also be stated as to find Z ∈ Sk such that

(12.28) BN (X,Z) = (XN , ϕ), ∀ X ∈ Sk.

Thus, in particular, this problem has a unique solution and also other results
obtained for the forward problem translate to this case. In particular,

(12.29) BN (X,Z − z) = 0, ∀X ∈ Sk.

Proof of Theorem 12.3. Let z and Z be the solutions of (12.24) and (12.28),
with ϕ ∈ H, and let eN = UN − u(tN ). Then, by (12.25) and (12.28),

(eN , ϕ) = (UN , ϕ) − (u(tN ), ϕ) = BN (U,Z) − BN (u, z)

= BN (U − u, z) + BN (U,Z − z).

Thus, using also (12.23) and (12.29), and setting Z − z = ζ and ρ = ũ − u,
where ũ is the interpolant defined in (12.9), we find

(eN , ϕ) = BN (U − u, z − Z) = BN (ũ − u, z − Z)

= −BN (ρ, ζ) = −
∫ tN

0

(
− (ρ, ζ ′) + A(ρ, ζ)

)
dt,

where in the last step we have used (12.27) and the fact that ρn = 0 for
n ≥ 0. Since |(v, w)| ≤ |v|s|w|−s it then follows that

|(eN , ϕ)| ≤
(∫ tN

0

|ρ|22q−1 dt
)1/2(∫ tN

0

(
|ζ ′|2−2q+1 + |ζ|2−2q+3

)
dt
)1/2

.

Here, cf. (12.10),

∫ tN

0

|ρ|22q−1 dt =

N∑

n=1

∫

Jn

|ρ|22q−1 dt ≤ C

N∑

n=1

k2q
n

∫

Jn

|u(q)|22q−1 dt.

We shall also show below that

(12.30)

∫ tN

0

(
|ζ ′|2−2q+1 + |ζ|2−2q+3

)
dt ≤ Ck2q−2‖ϕ‖2.

Assuming this for a moment, we find

(eN , ϕ) ≤ Ckq−1
( N∑

n=1

k2q
n

∫

Jn

|u(q)|22q−1 dt
)1/2

‖ϕ‖,

which completes the proof of the theorem.
In order to show (12.30), we consider the corresponding forward problem

(12.1) and (12.4), with f ≡ 0, and show, for e = U − u,
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(12.31)

∫ tN

0

(
|e′|2−2q+1 + |e|2−2q+3

)
dt ≤ Ck2q−2‖v‖2.

We now note that this will follow from
∫ tN

0

(
|e′|2−1 + |e|21

)
dt ≤ Ck2q−2‖Aq−1v‖2,

by replacing v by A−q+1v in the latter error estimate.
We write as in (12.11) e = (U − ũ) + (ũ − u) = θ + ρ, and begin by

bounding ρ and ρ′. In the same way as in (12.10) we have, for any j,
∫

Jn

|ρ(s)|2j dt ≤ Ck2(r−s)
n

∫

Jn

|u(r)u|2j dt, for t ∈ Jn, 0 ≤ s ≤ 1 ≤ r ≤ q.

This implies, as in (12.16),

∫ tN

0

(
|ρ′|2−1 + |ρ|21

)
dt

≤ Ck2q−2

∫ tN

0

(
|u(q)|2−1 + |u(q−1)|21

)
dt

= Ck2q−2

∫ tN

0

|Aq−1u|21 dt ≤ Ck2q−2‖Aq−1v‖2.

(12.32)

Note that in order to be in parity with the optimal order estimate for ρ′ we
have used a suboptimal order estimate for ρ.

It remains to bound θ and θ′. We have by (12.15) and (12.32)

(12.33)

∫ tN

0

|θ|21 dt ≤
∫ tN

0

|ρ|21 dt ≤ Ck2q−2‖Aq−1v‖2,

which is the desired estimate for θ. For θ′, we note that by (12.12) and (12.13),
with X(t) = (t − tn−1)θ

′(t), we have
∫

Jn

(t − tn−1)
(
‖θ′‖2 + A(θ, θ′)

)
dt = −

∫

Jn

(t − tn−1)A(ρ, θ′) dt,

from which we conclude
∫

Jn

(t − tn−1)‖θ′‖2 dt ≤ C

∫

Jn

(t − tn−1)
(
‖Aθ‖2 + ‖Aρ‖2

)
dt,

or, using a local inverse estimate on Jn,
∫

Jn

‖θ′‖2 dt ≤ C

∫

Jn

(
‖Aθ‖2 + ‖Aρ‖2

)
dt.

Application of this estimate with initial values A−1/2v rather than v, and
summation, together with (12.32) and (12.33) shows
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∫ tN

0

|θ′|2−1 dt ≤ C

∫ tN

0

(
|θ|21 + |ρ|21

)
dt ≤ Ck2q−2‖Aq−1v‖2.

This completes the proof of (12.31) and thus of the theorem. ⊓⊔

We shall now turn to a different type of error estimates in which the L2-
type norm in time of the error bound is replaced by a maximum-norm. In
this regard we state the following theorem; for q = 1, cf. Theorem 7.6.

Theorem 12.4 Assume that kn+1/kn ≥ c > 0 for n ≥ 0. Then we have, for
the solutions of (12.4) with q ≥ 1 and of (12.1),

‖U − u‖JN
≤ CLN max

n≤N

(
kq

n‖u(q)‖Jn
), where LN = (log

tN
kN

)1/2 + 1.

This result suggests, e.g., that to keep the error uniformly small, we should

choose the time steps inversely proportional to ‖u(q)‖1/q
Jn

. Note that LN is of
moderate size and does not effect the error bound in an essential way.

In the proof we shall use the following representation of the error, which
contains the approximate solution of the backward problem (12.24).

Lemma 12.1 Let U and u be the solution of (12.4) and (12.1), and Z that
of (12.28), with ϕ ∈ H. Then, with uN = u(tN ) we have for the error eN =
UN − uN

(eN , ϕ) = BN (u − X,Z) + (XN − uN , ϕ), ∀X ∈ Sk.

Proof. We have by (12.28) and the error relation (12.23)

(eN , ϕ) = (UN − XN , ϕ) + (XN − uN , ϕ)

= BN (U − X,Z) + (XN − uN , ϕ)

= BN (u − X,Z) + (XN − uN , ϕ).

(12.34)

which shows our claim. ⊓⊔

We will also need the following two stability results, the second of which
is the main technical step in our analysis.

Lemma 12.2 When f = 0 we have for the solution of (12.4)

‖UN‖2 + 2

∫ tN

0

|U |21 dt +

N−1∑

n=0

‖[U ]n‖2 = ‖v‖2.

Proof. We choose X = 2U in (12.4) (with f ≡ 0) to obtain

(12.35) 2

∫

Jn

(
(U ′, U) + A(U,U)

)
dt + 2([U ]n−1, U

n−1
+ ) = 0.

Here
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2

∫

Jn

(U ′, U) dt =

∫

Jn

d

dt
‖U‖2 dt = ‖Un‖2 − ‖Un−1

+ ‖2,

and

2([U ]n−1, U
n−1
+ ) = ([U ]n−1, U

n−1
+ + Un−1 + [U ]n−1)

= ‖Un−1
+ ‖2 − ‖Un−1‖2 + ‖[U ]n−1‖2,

so that (12.35) yields

(12.36) ‖Un‖2 + 2

∫

Jn

|U |21 dt + ‖[U ]n−1‖2 = ‖Un−1‖2.

Summation from n = 1 to N now shows the lemma. ⊓⊔

Lemma 12.3 Assume that kn+1/kn ≥ c > 0. Then we have for the solution
of (12.28)

∫ tN

0

(‖Z ′‖ + ‖AZ‖) dt +

N∑

n=1

‖[Z]n‖ ≤ CLN‖ϕ‖.

Proof. We shall show the corresponding estimate for the forward prob-
lem, i.e., assuming now that kn−1/kn ≥ c > 0, and with U0 = v, L∗

N =
(log(tN/k1))

1/2 + 1 we show for the solution of (12.4) with f ≡ 0

(12.37)

∫ tN

0

(‖U ′‖ + ‖AU‖) dt +
N∑

n=1

‖[U ]n−1‖ ≤ CL∗
N‖v‖.

For this purpose we shall establish

(12.38)

N∑

n=1

(
tn

∫

Jn

(
‖U ′‖2 + ‖AU‖2) dt + tnk−1

n ‖[U ]n−1‖2
)
≤ C‖v‖2,

which easily shows (12.37). In fact, by Schwarz’ inequality and (12.38)

∫ tN

0

‖U ′‖ dt =

N∑

n=1

∫

Jn

‖U ′‖ dt ≤
N∑

n=1

k1/2
n

( ∫

Jn

‖U ′‖2 dt
)1/2

,

and hence

( ∫ tN

0

‖U ′‖ dt
)2 ≤

N∑

n=1

knt−1
n

N∑

n=1

tn

∫

Jn

‖U ′‖2 dt ≤ C(L∗
N )2‖v‖2,

where we have used

N∑

n=1

knt−1
n ≤ 1 +

∫ tN

k1

dt

t
= 1 + log

tN
k1

≤ (L∗
N )2.
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The term in ‖AU‖ is treated in a similar way, and finally

( N∑

n=1

‖[U ]n−1‖
)2 ≤

N∑

n=1

knt−1
n

N∑

n=1

tnk−1
n ‖[U ]n−1‖2 ≤ C(L∗

N )2‖v‖2,

which completes the proof of (12.37).
We begin the proof of (12.38) with the estimate for AU , and choose X =

2AU in (12.4) (with f = 0), to obtain, similarly to (12.36),

|Un|21 + 2

∫

Jn

‖AU‖2 dt + |[U ]n−1|21 ≤ |Un−1|21, for n ≥ 2,

and, after multiplication by tn, since kn ≤ Ckn−1,

tn|Un|21 + 2tn

∫

Jn

‖AU‖2 dt + tn|[U ]n−1|21

≤ tn−1|Un−1|21 + kn|Un−1|21 ≤ tn−1|Un−1|21 + Ckn−1|Un−1|21.

Summation from n = 2 to N shows

(12.39) 2

N∑

n=2

tn

∫

Jn

‖AU‖2 dt ≤ C

N−1∑

n=1

kn|Un|21.

Here, using an inverse inequality on each Jn and Lemma 12.2,

(12.40)
N−1∑

n=1

kn|Un|21 ≤ C

∫ tN−1

0

|U |21 dt ≤ C‖v‖2.

To estimate ‖AU‖ on J1 we set again X = 2AU in (12.4) (with n = 1, f = 0)
to obtain

|U1|21 + |U0
+|21 + 2

∫

J1

‖AU‖2 dt = 2(v,AU0
+)

≤ εk1‖AU0
+‖2 + (εk1)

−1‖v‖2.

Here, since ‖AX‖2 is a polynomial of degree ≤ 2q on J1,

k1‖AX0
+‖2 ≤ Cq

∫

J1

‖AX‖2 dt, ∀X ∈ S1
k ,

and hence, with X = U and by choosing ε ≤ C−1
q , we conclude

k1

∫

J1

‖AU‖2 dt ≤ C‖v‖2.

Together with (12.39) and (12.40) this shows the desired bound for ‖AU‖.
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To estimate ‖U ′‖ we choose X = (t − tn−1)U
′ in (12.4) (with f = 0) to

obtain

∫

Jn

(t − tn−1)‖U ′‖2 dt = −
∫

Jn

(t − tn−1)(AU,U ′) dt

≤ 1

2

∫

Jn

(t − tn−1)‖AU‖2 dt +
1

2

∫

Jn

(t − tn−1)‖U ′‖2 dt,

and hence
∫

Jn

(t − tn−1)‖U ′‖2 dt ≤
∫

Jn

(t − tn−1)‖AU‖2 dt ≤ kn

∫

Jn

‖AU‖2 dt.

Again a local inverse estimate gives
∫

Jn

‖U ′‖2 dt ≤ Ck−1
n

∫

Jn

(t − tn−1)‖U ′‖2 dt ≤ C

∫

Jn

‖AU‖2 dt,

and the desired inequality for ‖U ′‖ now follows from that for ‖AU‖.
To estimate [U ]n−1, finally, we choose X = [U ]n−1 in (12.4) (with f = 0)

to obtain, for n ≥ 1,

‖[U ]n−1‖2 = −
∫

Jn

(
(U ′, [U ]n−1) + (AU, [U ]n−1)

)
dt

≤ 1

2
‖[U ]n−1‖2 +

1

2
kn

∫

Jn

(
‖U ′‖2 + ‖AU‖2

)
dt,

or

k−1
n ‖[U ]n−1‖2 ≤

∫

Jn

(
‖U ′‖2 + ‖AU‖2

)
dt.

The desired result again follows by multiplication by tn and summation using
the results already obtained for ‖U ′‖ and ‖AU‖. ⊓⊔

Proof of Theorem 12.4. We shall first bound eN = UN − uN . We apply
Lemma 12.1, choosing X = ũ, where ũ is the interpolant defined in (12.9).
With ρ = ũ − u we then have, using (12.27) and the properties in (12.9),

(eN , ϕ) = −BN (ρ, Z) + (ρN , ϕ)

=

∫ tN

0

(
(ρ, Z ′) − A(ρ, Z)

)
dt +

N−1∑

n=0

(ρn, [Z]n)

= −
∫ tN

0

(ρ,AZ) dt,

(12.41)

and hence, using (12.10) and Lemma 12.3,

|(eN , ϕ)| ≤ max
n≤N

‖ρ‖Jn

∫ tN

0

‖AZ‖ dt ≤ CLN‖ϕ‖ max
n≤N

(
kq

n‖u(q)‖Jn

)
.
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This implies
‖eN‖ ≤ CLN max

n≤N

(
kq

n‖u(q)‖Jn

)
.

It remains to show the estimate at the interior points of JN . But with
the nodal estimates now proven, this follows from Theorem 12.2. The proof
is therefore now complete. ⊓⊔

For q = 2 we shall also show the following superconvergent third order
error estimate at the nodal points, with a maximum-norm error bound.

Theorem 12.5 Assume that kn+1/kn ≥ c > 0 for all n. Then, for q = 2,
we have for the solutions of (12.4) and (12.1)

‖UN − u(tN )‖ ≤ CLN max
n≤N

(
k3

n‖Autt‖Jn

)
.

Proof. Using (12.41) we have

(eN , ϕ) = −
N∑

n=1

∫

Jn

(Aρ,Z) dt = −
N∑

n=1

Kn.

Here, since ρ is orthogonal to constants for q = 2, we find

Kn =

∫

Jn

(
Aρ,Zn−1

+ +

∫ t

tn−1

Z ′(s) ds
)
dt =

∫

Jn

(
Aρ,

∫ t

tn−1

Z ′(s)ds
)
dt,

and hence

(12.42) |Kn| ≤ kn‖Aρ‖Jn

∫

Jn

‖Z ′‖ dt.

We conclude, using (12.10) with j = 2, that

|(eN , ϕ)| ≤ max
n≤N

(
kn‖Aρ‖Jn

)∫ tN

0

‖Z ′‖ dt

≤ CLN max
n≤N

(
k3

n‖Autt‖Jn

)
‖ϕ‖,

which completes the proof. ⊓⊔

We now turn to the application of the discontinuous Galerkin method to
the solution of the partial differential equation problem

ut − ∆u = f in Ω, for t > 0,(12.43)

u = 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω.

For simplicity we now assume Ω to be a convex polygonal plane domain, and
recall that the standard elliptic regularity estimate (1.7) holds in this case
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for m = 0. We restrict the discussion to the standard family of continuous,
piecewise linear finite element spaces, and consider the semidiscrete problem
to find uh(t) ∈ Sh for t ≥ 0 such that

(uh,t, χ) + (∇uh,∇χ) = (f, χ), ∀χ ∈ Sh, t > 0,

uh(0) = vh,
(12.44)

where vh is an approximation of v.
It is to this problem that we now want to apply the discontinuous Galerkin

time stepping method, so that the Hilbert space H will be Sh, equipped with
the L2 inner product, and the discrete Laplacian ∆h defined in (1.33) will
play the role of the operator A. In order to discretize (12.44) in time, we shall
thus use the finite dimensional space

Skh = {X : [0,∞) → Sh; X
∣∣
Jn

=

q−1∑

j=0

Xjt
j , Xj ∈ Sh},

and our fully discrete method is now to find Uh ∈ Skh such that

(12.45) BN (Uh, X) = (vh, X0
+) +

∫ tN

0

(f,X) dt, ∀ X ∈ Skh, N ≥ 0,

where this time

BN (V,W )(12.46)

=

∫ tN

0

(
(Vt,W ) + (∇V,∇W )

)
dt +

N−1∑

n=1

([V ]n,Wn
+) + (V 0

+,W 0
+)

=

∫ tN

0

(
− (V,Wt) + (∇V,∇W )

)
dt −

N−1∑

n=1

(V n, [W ]n) + (V N ,WN ).

The equation satisfied by the error now takes the form

BN (e,X) = (vh − v,X0
+), ∀ X ∈ Skh.

Note that the right hand side vanishes when vh = Phv.

We shall only show the nodal error estimates corresponding to Theorem
12.4 with q = 1 and to Theorem 12.5 where q = 2. We first have the following
result where the approximating functions are piecewise constant in time. Here
and below we use the notation

‖ϕ‖Jn
= sup

t∈Jn

‖ϕ(t)‖, and ‖ϕ‖2,Jn
= sup

t∈Jn

‖ϕ(t)‖2,

where now ‖ · ‖ is the norm in L2 = L2(Ω) and ‖ · ‖2 that in H2 = H2(Ω).
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Theorem 12.6 Assume that kn+1/kn ≥ c > 0 for n ≥ 0 and let q = 1. Then
we have for the solutions of (12.45) and (12.43), with vh = Phv,

‖UN
h − u(tN )‖ ≤ CLN max

n≤N
(h2‖u‖2,Jn

+ kn‖ut‖Jn
).

Proof. Let ũ denote the piecewise constant function (with respect to t) de-
fined by ũ(t) = u(tn) for t ∈ Jn, and write

(12.47) e = Uh − u = (Uh − Rhũ) + (Rhũ − u) = θ + ρ,

where Rh : H1
0 → Sh is the Ritz projection defined by (1.22). Since ũ(tN ) =

u(tN ), we have ‖ρN‖ = ‖(Rhu − u)(tN )‖ ≤ Ch2‖u(tN )‖2. To bound θN , let
ϕ ∈ L2 and let Zh be the fully discrete analogue of our previous Z, i.e., the
solution of

BN (X,Zh) = (XN , Phϕ) = (XN , ϕ), ∀X ∈ Skh.

Then, since Zh,t(t) ≡ 0 on each Jn,

(θN , ϕ) = BN (θ, Zh) = −BN (ρ, Zh)

= −
N∑

n=1

∫

Jn

(∇ρ,∇Zh) dt +
N−1∑

n=1

(ρn, [Zh]n) − (ρN , Phϕ),
(12.48)

and hence, since (∇ρ,∇Zh) = (Rhρ,∆hZh) we have

|(θN , ϕ)| ≤ max
n≤N

(‖ρ‖Jn
+ ‖Rhρ‖Jn

)
(∫ tN

0

‖∆hZh‖ dt +

N−1∑

n=1

‖[Zh]n‖ + ‖ϕ‖
)
.

By the stability result of Lemma 12.3, applied in the discrete context, we
thus have

‖θN‖ ≤ CLN max
n≤N

‖ρ‖Jn
.

Now

‖ρ‖Jn
= ‖Rhũ − u‖Jn

≤ ‖(Rh − I)ũ‖Jn
+ ‖ũ − u‖Jn

≤ Ch2‖u‖2,Jn
+ Ckn‖ut‖Jn

,
(12.49)

and since Rhρ = Rhũ−Rhu = ρ− (Rhu− u), this function admits the same
bound. This completes the proof. ⊓⊔

Theorem 12.7 Let q = 2, and assume that kn+1/kn ≥ c > 0, for n ≥ 0.
We have, for the solutions of (12.45), with vh = Phv, and (12.43),

‖UN
h − u(tN )‖ ≤ CLN max

n≤N

(
h2‖u‖2,Jn

+ k3
n‖utt‖2,Jn

)
.
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Proof. We again split the error according to (12.47), where now ũ is the
piecewise linear interpolant defined by the case q = 2 of (12.9). This time we
find instead of (12.48)

(θN , ϕ) = −
N∑

n=1

∫

Jn

(
− (ρ, Zh,t) + (∇ρ,∇Zh)

)
dt

+

N−1∑

n=1

(ρn, [Zh]n) − (ρN , Phϕ).

Here we have, using the definition of ũ,

∫

Jn

(ρ, Zh,t) dt =

∫

Jn

(Rhũ − u,Zh,t) dt =

∫

Jn

(Rhu − u,Zh,t) dt,

and, by Lemma 12.3,

∣∣∣
N∑

n=1

∫

Jn

(Rhu − u,Zh,t) dt
∣∣∣ ≤ max

n≤N
‖Rhu − u‖Jn

∫ tN

0

‖Zh,t‖ dt

≤ CLNh2 max
n≤N

‖u‖2,Jn
‖ϕ‖,

and similarly

∣∣∣
N−1∑

n=1

(ρn, [Zh]n)
∣∣∣+ |(ρN , Phϕ)|

≤ max
n≤N

‖(Rhu − u)(tn)‖
(N−1∑

n=1

‖[Zh]n‖ + ‖Phϕ‖
)

≤ CLNh2 max
n≤N

‖u‖2,Jn
‖ϕ‖.

Finally, by the definition of Rh,

N∑

n=1

∫

Jn

(∇ρ,∇Zh) dt =
N∑

n=1

∫

Jn

(∇(ũ − u),∇Zh) dt

= −
N∑

n=1

∫

Jn

(∆(ũ − u), Zh) dt =
N∑

n=1

Kn,

and we conclude as before in (12.42) that

|Kn| ≤ kn‖ũ − u‖2,Jn

∫

Jn

‖Zh,t‖ dt,
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and hence that

N∑

n=1

|Kn| ≤ max
n≤N

(
kn‖ũ − u‖2,Jn

) N∑

n=1

∫

Jn

‖Zh,t‖ dt

≤ CLN max
n≤N

(
k3

n‖utt‖2,Jn

)
‖ϕ‖.

Together these estimates show

|(θN , ϕ)| ≤ CLN max
n≤N

(
k3

n‖utt‖2,Jn
+ h2‖u‖2,Jn

)
‖ϕ‖,

which bounds ‖θN‖ as desired. The proof is now complete. ⊓⊔

Our earlier error bounds contain quantities which depend on the exact
solution and are of the desired order of magnitude provided this exact so-
lution has specified regularity properties. Such error bounds are referred to
as a priori error bounds. However, since the exact solution is unknown, such
estimates do not provide precise quantitative upper bounds for the error. We
shall therefore now show an a posteriori bound, which gives an error estimate
expressed in terms of only the data of the problem and of the computed solu-
tion. Such estimates may be used to design adaptive methods for solving our
initial value problem, thus defining the successive time steps of the method
so that the error is guaranteed to be below some fixed tolerance.

We shall restrict our discussion here to the discontinuous Galerkin method
studied above in the case of piecewise constant approximating functions in
time, i.e., with q = 1. We shall again begin to do so in our Hilbert space
framework, so that only the discretization in time is involved, and then apply
this to the spatially discrete version of the heat equation, for simplicity here
only with piecewise linear finite elements, i.e., with r = 2.

We consider thus first the initial value problem (12.1) and an approximate
solution in Sk = {X : [0,∞) → H; X

∣∣
Jn

= ψ ∈ H}, defined by

BN (U,X) = (v,X0
+) +

∫ tN

0

(f,X) dt, ∀X ∈ Sk,

where BN (U,X) is defined in (12.21). As noted in (12.6), this may be written
as

(12.50) Un + knAUn = Un−1 +

∫

Jn

f dt, for n ≥ 1, U0 = v.

Our a posteriori error estimate is then the following. Recall that LN =
(log(tN/kN ))1/2 + 1.

Theorem 12.8 We have, for the solutions of (12.50) and (12.1),

‖UN − u(tN )‖ ≤ CLN max
n≤N

(
kn‖f‖Jn

+ kn‖∂̄nUn‖
)
.



224 12. The Discontinuous Galerkin Method

We remark that, by Theorem 12.4, if kn+1/kn ≥ c > 0 for n ≥ 0,

kn‖∂̄nUn‖ = ‖Un − Un−1‖

≤ ‖Un − u(tn)‖ + ‖Un−1 − u(tn−1)‖ + ‖u(tn) − u(tn−1)‖

≤ CLn max
j≤n

(
kj‖ut‖Jj

)
, for n ≤ N,

so that, modulo the logarithmic factor LN , the contribution of this term to
the error bound is bounded by the earlier derived a priori error bound.

The proof requires some preparation. It will use the solution of the back-
ward problem (12.24). Note that in the proof of the a priori error estimate
of Theorem 12.4, it was the discrete analogue of the solution of this problem
that entered.

We shall need the following representation of the error.

Lemma 12.4 With U and u the solutions of (12.50) and (12.1), and z that
of (12.24), we have for e = U − u

(eN , ϕ) =

∫ tN

0

A(U, z − X) dt

+

N−1∑

n=0

([U ]n, zn − Xn
+) −

∫ tN

0

(f, z − X) dt, ∀ X ∈ Sk.

Proof. We recall that the error e satisfies (12.23). Using first (12.27) with
V = e,W = z and then (12.21) and (12.22) with W = z − X we therefore
have at once

(eN , ϕ) = BN (e, z) = BN (e, z − X) = BN (U, z − X) − BN (u, z − X)

=

∫ tN

0

A(U, z − X) dt +
N−1∑

n=1

([U ]n, (z − X)n
+) + (U0

+, (z − X)0+)

− (v, (z − X)0+) −
∫ tN

0

(f, z − X) dt,

which shows our claim. ⊓⊔
We shall also need a stability estimate for the exact solution of (12.24).

Lemma 12.5 We have for the solution of the backward problem (12.24)

∫ tN−1

0

‖zt‖ dt + ‖z‖JN
≤ CLN‖ϕ‖.

Proof. This follows from the corresponding result for the forward problem
(12.1) with f = 0, which reads

∫ tN

k1

‖ut‖ dt + ‖u‖J1
≤ CL∗

N‖v‖, with L∗
N =

(
log

tN
k1

)1/2
+ 1.
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To show the latter estimate we note that ‖u(t)‖ ≤ ‖v‖ for t ≥ 0, so that, in
particular, ‖u‖J1

≤ ‖v‖, and, by a simple energy argument,
∫ ∞

0

t‖ut‖2 dt = 1
4‖v‖

2,

from which we conclude

( ∫ tN

k1

‖ut‖ dt
)2 ≤

∫ tN

k1

dt

t

∫ tN

k1

t‖ut‖2dt ≤ 1
4 log

tN
k1

‖v‖2,

which completes the proof. ⊓⊔
We are now ready for the proof of Theorem 12.8.

Proof of Theorem 12.8. We denote the three terms in the representation in
Lemma 12.4 by I, II and III. We choose

X(t) = z̄n = k−1
n

∫

Jn

z(t) dt, for t ∈ Jn, n ≥ 1.

Then, since U(t) is constant on Jn we have
∫

Jn

A(U, z − z̄n) dt = 0, for n ≥ 1,

and hence I = 0. For II we have since Xn
+ = z̄n+1

|II| ≤ max
n≤N−1

‖[U ]n‖
N∑

n=1

‖z̄n − zn−1‖.

Here

‖z̄n − zn−1‖ = ‖k−1
n

∫

Jn

(z − zn−1) dt‖ ≤
∫

Jn

‖zt‖ dt, for n < N,

and ‖z̄N − zN−1‖ ≤ 2‖z‖JN
, so that, by Lemma 12.5,

N∑

n=1

‖z̄n − zn−1‖ ≤
∫ tN−1

0

‖zt‖ dt + 2‖z‖JN
≤ CLN‖ϕ‖.

Since [U ]n = kn∂̄nUn this shows the desired estimate for II.
For III we have similarly

|III| ≤ max
n≤N

(
kn‖f‖Jn

) N∑

n=1

(
k−1

n

∫

Jn

‖z̄n − z‖ dt
)

≤ max
n≤N

(
kn‖f‖Jn

)( ∫ tN−1

0

‖zt‖ dt + 2‖z‖JN

)

≤ CLN max
n≤N

(
kn‖f‖Jn

)
‖ϕ‖.

This completes the proof. ⊓⊔
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We shall close with a discussion of an a posteriori error estimates for the
discontinuous Galerkin method in the case of the heat equation in a bounded
convex polygonal domain Ω ⊂ R

2, with Dirichlet boundary conditions. The
continuous problem we want to solve is (12.43) and its fully discrete analogue
is now

(12.51) BN (Uh, X) = (v,X0
+) +

∫ tN

0

(f,X) dt, ∀ X ∈ Skh, N ≥ 1,

with BN (·, ·) again defined by (12.46), and with Sh the basic family of con-
tinuous, piecewise linear finite element functions, which, for simplicity, we
now assume to be associated with a quasiuniform family of triangulations.
Note that (12.51) implies that we assume that the discrete initial values are
chosen as vh = Phv.

We emphasize that we thus restrict the considerations to the case when
Sh is independent of time and only the time steps vary. For more refined
estimates, allowing different approximating spaces Shn

on different time in-
tervals, thus resulting in more precise adaptive schemes, see the references
below. The method is thus to find Uh ∈ Skh such that
∫

Jn

(∇Uh,∇X) dt + ([Uh]n−1, X
n−1
+ ) =

∫

Jn

(f,X) dt, ∀X ∈ Skh, n ≥ 1,

or

(Un
h , χ) + kn(∇Un

h ,∇χ) = (Un−1
h , χ) +

(∫

Jn

f(t) dt, χ
)
, ∀χ ∈ Sh, n ≥ 1,

and with U0 = Phv.
We recall that Theorem 12.6 shows, assuming kn+1/kn is bounded away

from zero,

‖Uh − u‖JN
≤ CLN max

n≤N
(kn‖ut‖Jn

+ h2‖u‖2,Jn
).

For an a posteriori error estimate we thus have to replace the right hand side
of this estimate by quantities which are known at the time of the computation.
For this purpose it is natural to try to replace ut on Jn by ∂̄nUn

h . We also
need to use an approximation for the second order spatial derivative norm.
We therefore introduce the interior edges {γ} of the triangulation Th, and
denote, for χ ∈ Sh, by [∂χ/∂n]γ the jump in the normal derivative across γ
and set

‖χ‖2,h =
(∑

γ

∣∣[∂χ

∂n

]
γ

∣∣2)1/2
.

Note that because ∇χ is constant in each τ ∈ Th so is the normal derivative
along γ within τ . We may therefore also think of the jump in ∂χ/∂n as
∂χ/∂n(P1) − ∂χ/∂n(P2) where P1 and P2 are the points of gravity of the
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two triangles involved, or as a multiple of order O(h) times the difference
quotient

(∂χ

∂n
(P1) −

∂χ

∂n
(P2)
)
/|P1 − P2|,

which latter has the character of an approximation of a second order deriva-
tive.

The a posteriori error estimate we shall show may now be stated as follows:

Theorem 12.9 We have for the solutions of (12.51) and (12.43)

‖UN
h − u(tN )‖ ≤ CLN max

n≤N

(
(h2 + kn)‖f‖Jn

+ h2‖Un
h ‖2,h + kn‖∂̄nUn

h ‖
)
.

For the proof we shall need the following auxiliary estimates.

Lemma 12.6 If W ∈ Sh, v ∈ H1
0 ∩ H2, then

|(∇W,∇(Ph − I)v)| ≤ Ch2‖W‖2,h ‖v‖2.

Proof. We first show that if W ∈ Sh, v ∈ H1
0 , then

(12.52) |(∇W,∇v)| ≤ C‖W‖2,h (‖v‖ + h‖∇v‖).

In fact, for each triangle τ in Th with edges γτ,j , j = 1, 2, 3, we have by
Green’s formula

∫

τ

∇W · ∇v dx =

3∑

j=1

∂W

∂n

∣∣∣
γτ,j

∫

γτ,j

v ds.

Summing over the triangles τ we find that each edge γ occurs twice and thus
the coefficient for

∫
γ

v ds is [∂W/∂n]γ . Using the Cauchy-Schwarz inequality
we thus have

(12.53) |(∇W,∇v)| ≤ C‖W‖2,h

(∑

γ

( ∫

γ

v ds
)2)1/2

.

Here, using the trace inequality (2.10) scaled down to each triangle, when γ
is one of the sides of τ (cf. (2.11)),

(∫

γ

v ds
)2

≤ Ch

∫

γ

v2 ds ≤ Ch
(
h

∫

τ

|∇v|2 dx + h−1

∫

τ

v2 dx
)
,

and hence ∑

γ

(∫

γ

v ds
)2

≤ C
(
‖v‖2 + h2‖∇v‖2

)
.

Together with (12.53) this completes the proof of (12.52). The proof of the
lemma is now concluded by noting that, when the triangulation is quasiuni-
form,

‖(Ph − I)v‖ + h‖∇(Ph − I)v‖ ≤ Ch2 ‖v‖2. ⊓⊔
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Proof of Theorem 12.9. The representation of the error e = Uh−u of Lemma
12.4 remains valid and we thus have

(eN , ϕ) = −
∫ tN

0

(∇Uh,∇(X − z)) dt −
N−1∑

n=0

([Uh]n, Xn
+ − zn)

+

∫ tN

0

(f,X − z) dt = I + II + III, for X ∈ Skh,

(12.54)

where U0
h = Phv. We now choose X ∈ Skh as the orthogonal projection onto

L2(Ω×Jn) of z, for n ≥ 1, i.e., X = Phz̄, where Ph is the L2-projection onto
Sh and z̄|Jn

= k−1
n

∫
Jn

z dt. We then write X − z = (Phz̄ −Phz) + (Phz − z).
Now ∫

Jn

(∇Uh,∇(Phz̄ − Phz)) dt = −
∫

Jn

(∆hUh, z̄ − z) dt = 0,

whereas by Lemma 12.6

∣∣
∫

Jn

(∇Uh,∇(Phz − z)) dt
∣∣ =
∣∣(∇Un

h ,∇((Ph − I)

∫

Jn

z dt)
)∣∣

≤ Ch2‖Un
h ‖2,h

∥∥
∫

Jn

z dt
∥∥

2
≤ Ch2‖Un

h ‖2,h

∥∥∆
∫

Jn

z dt
∥∥.

Since
∫

JN
∆z dt =

∫
JN

zt dt = z(tN ) − z(tN−1), Lemma 12.5 shows

|I| ≤ Ch2 max
n≤N

‖Un
h ‖2,h

N∑

n=1

∥∥
∫

Jn

∆z dt
∥∥

≤ Ch2 max
n≤N

‖Un
h ‖2,h

( ∫ tN−1

0

‖zt‖ dt + ‖z‖JN

)

≤ CLNh2 max
n≤N

‖Un
h ‖2,h ‖ϕ‖.

We have since [Uh]n−1 = Un
h − Un−1

h = kn∂̄nUn
h

II = −
N∑

n=1

([Uh]n−1, X
n − zn−1) =

N∑

n=1

([Uh]n−1, X
n − Phzn−1)

≤
N∑

n=1

kn‖∂̄nUn
h ‖ ‖z̄n − zn−1‖,

so, again by Lemma 12.5,

|II| ≤ C max
n≤N

(
kn‖∂̄nUn

h ‖
)( ∫ tN−1

0

‖zt‖ dt + ‖z‖JN

)

≤ CLN max
n≤N

(
kn‖∂̄nUn

h ‖
)
‖ϕ‖.
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For III finally we have

∣∣
∫

Jn

(f,X − z) dt
∣∣ ≤ ‖f‖Jn

∫

Jn

‖Phz̄ − z‖ dt.

Here, by adding and subtracting Phz, we have on Jn

‖Phz̄ − z‖ ≤ ‖Phz − z‖ + ‖z̄ − z‖ ≤ Ch2‖z‖2 +

∫

Jn

‖zt‖ dt,

and hence,

∫

Jn

‖z − Phz̄‖ dt ≤ C(h2 + kn)

∫

Jn

‖zt‖ dt, for n < N.

Further, since ‖z − Phz̄‖ ≤ 2‖z‖JN
on JN , we find

∫

JN

‖z − Phz̄‖ dt ≤ 2kN‖z‖JN
,

so that altogether, using as before Lemma 12.5,

|III| ≤ C max
n≤N

(
(h2 + kn)‖f‖Jn

)( ∫ tN−1

0

‖zt‖ dt + ‖z‖JN

)

≤ CLN max
n≤N

(
(h2 + kn)‖f‖Jn

)
‖ϕ‖.

(12.55)

Our three estimates for I, II and III, together with (12.54) complete the
proof. ⊓⊔

In order to see that the error bound in Theorem 12.9 is not excessively
large we shall demonstrate in the next theorem that the quantities in the error
bound which depend on the computed solution may, in fact, be bounded by
the a priori error bound of Theorem 12.6.

Theorem 12.10 Assume that kn+1/kn ≥ c > 0 for n ≥ 0. Then we have
for the solutions of (12.51) and (12.43)

(12.56) h2‖UN
h ‖2,h + kN‖∂̄NUN

h ‖ ≤ CLN max
n≤N

(h2‖u‖2,Jn
+ kn‖ut‖Jn

).

Proof. With ũh = Ihu the standard interpolant of u we have

h2‖UN
h ‖2,h ≤ h2‖UN

h − ũN
h ‖2,h + h2‖ũN

h ‖2,h.

Using the Bramble-Hilbert lemma one easily shows ‖ũN
h ‖2,h ≤ C‖uN‖2.

We now note that quasiuniformity implies the inverse estimate ‖χ‖2,h ≤
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Ch−2‖χ‖ for χ ∈ Sh. In fact, since area(τ) ≥ ch2, with c > 0, we have

‖χ‖2,h =
(∑

γ

∣∣[∂χ

∂n

]∣∣2
γ

)1/2

≤ C
(∑

τ

‖∇χ‖2
L∞(τ)

)1/2

≤ C
(∑

τ

(area(τ))−1‖∇χ‖2
L2(τ)

)1/2

= Ch−1‖∇χ‖ ≤ Ch−2‖χ‖.

Using Theorem 12.6 and the standard estimate for the interpolation error,
we therefore have

h2‖UN
h − ũN

h ‖2,h ≤ C‖UN
h − ũN‖ ≤ ‖UN

h − uN‖ + ‖uN − ũN‖

≤ CLN max
n≤N

(
h2‖u‖2,Jn

+ kn‖ut‖Jn

)
,

so that we have shown the estimate claimed for the first term in (12.56). For
the second term, we have

kN‖∂̄NUN
h ‖ ≤ ‖UN

h − uN‖ + ‖UN−1
h − uN−1‖ + kN‖ut‖JN

,

which is bounded as desired, by Theorem 12.6. ⊓⊔

The discontinuous Galerkin method was introduced and analyzed for or-
dinary differential equations in Delfour, Hager and Trochu [67], and applied
to partial differential equations in, e.g., Lesaint and Raviart [155] and Jamet
[128]. In the context of parabolic equations it was first studied in Eriksson,
Johnson and Thomée [93]. A posteriori error analysis and adaptive time step
control was initiated in Johnson, Nie and Thomée [131]. The approach taken
here was essentially proposed by Lippold [157], and further developed in a se-
quence of papers by Eriksson and Johnson, in the linear case in [88], [89], [91]
and Eriksson, Johnson and Larsson [92]. The variant (12.6) of the backward
Euler method, which appears here as a special case, was analyzed in Luskin
and Rannachaer [167]. The continuous Galerkin method was investigated by
Aziz and Monk [8].



13. A Nonlinear Problem

In this chapter we shall consider the application of our previous methods of
analysis to a nonlinear model problem. For simplicity and concreteness, we
restrict our attention to the situation in the beginning of Chapter 1, with a
convex plane domain and with piecewise linear approximating functions. We
also consider the problem on a finite interval J = (0, t̄ ] in time; some of the
constants in our estimates will depend on t̄, without explicit mention.

Let thus Ω be a plane convex domain with smooth boundary and consider
the parabolic problem

ut −∇ · (a(u)∇u) = f(u) in Ω, t ∈ J,(13.1)

u = 0 on ∂Ω, t ∈ J, u(·, 0) = v in Ω,

where a and f are smooth functions defined on R such that

(13.2) 0 < µ ≤ a(u) ≤ M, |a′(u)| + |f ′(u)| ≤ B, for u ∈ R.

We assume that the above problem admits a unique solution which is suffi-
ciently smooth for our purposes.

Let now, as in Chapter 1, Th be a member of a family of quasiuniform
triangulations of Ω with maxτ∈Th

diam τ ≤ h and let Sh be the corresponding
finite dimensional space of continuous functions on Ω which reduce to linear
functions in each of the triangles of Th, and which vanish on ∂Ω. We may
then pose the semidiscrete problem to find uh : J̄ → Sh such that

(uh,t, χ) + (a(uh)∇uh,∇χ) = (f(uh), χ), ∀χ ∈ Sh, t ∈ J,

uh(0) = vh,
(13.3)

where vh is an approximation of v in Sh. Representing the solution as
uh(x, t) =

∑Nh

j=1 αj(t)Φj(x), where {Φj}Nh
j=1 is the standard basis of pyra-

mid functions, this may be written

Nh∑

j=1

α′
j(t)(Φj , Φk)+

Nh∑

j=1

αj(t)
(
a
( Nh∑

l=1

αl(t)Φl

)
∇Φj ,∇Φk

)

=
(
f
( Nh∑

l=1

αl(t)Φl

)
, Φk

)
, k = 1, . . . , Nh.

(13.4)
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Setting α = α(t) = (α1(t), . . . , αNh
(t))T and introducing the matrices

B = (bjk) and A(α) = (ajk(α)) with elements

bjk = (Φj , Φk) and ajk(α) =
(
a
( Nh∑

l=1

αlΦl

)
∇Φj ,∇Φk

)
,

respectively, and the vector f̃(α) = (f̃1(α), . . . , f̃Nh
(α))T , with f̃j(α) =

(f(
∑Nh

l=1 αlΦl), Φj), the system (13.4) may also be written in matrix form
as

(13.5) Bα′ + A(α)α = f̃(α), for t ∈ J, with α(0) = γ,

where γ is the vector of nodal values of vh.
By our assumptions (13.2), the matrices B and A(α) are positive definite,

and A(α) and f̃(α) are globally Lipschitz continuous on R
Nh . It follows easily

that the system has a unique solution for t ∈ J , which is bounded there; it
may be obtained, e.g., by determining the αn = αn(t), n = 0, 1, . . . , from the
iterative scheme

Bα′
n+1 + A(αn)αn+1 = f̃(αn), for t ∈ J, αn+1(0) = γ, for n ≥ 0,

α0(t) ≡ γ on J̄ .

Our first purpose is to estimate the error in the semidiscrete problem
(13.3). As earlier we shall write the error as a sum of two terms,

(13.6) uh − u = (uh − wh) + (wh − u) = θ + ρ,

where wh is an elliptic projection in Sh of the exact solution u. This time we
shall use the projection wh = wh(t) defined by

(13.7)
(
a(u(t))∇(wh(t) − u(t)),∇χ

)
= 0, ∀χ ∈ Sh, t ≥ 0,

and we shall therefore need some estimates for the error in this projection.
Note that the inner product defining ũh depends on the exact solution u. We
begin with the following auxiliary result.

Lemma 13.1 Let b = b(x) be a smooth function in Ω with 0 < µ ≤ b(x) ≤
M for x ∈ Ω. Assume that u ∈ H2 ∩ H1

0 and let wh be defined by

(b∇(wh − u),∇χ) = 0, ∀χ ∈ Sh.

Then

(13.8) ‖∇(wh − u)‖ ≤ C1h‖u‖2

and

(13.9) ‖wh − u‖ ≤ C0h
2‖u‖2.

Here C1 depends on the family of triangulations Th, and on µ and M , and
C0 in addition on an upper bound for ∇b.
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Proof. We have, for χ ∈ Sh,

µ‖∇(wh − u)‖2 ≤ (b∇(wh − u),∇(wh − u))

= (b∇(wh − u),∇(χ − u)) ≤ M‖∇(wh − u)‖ ‖∇(χ − u)‖,

and hence, with Ihu the standard interpolant of w,

‖∇(wh − u)‖ ≤ (M/µ)‖∇(Ihw − u)‖ ≤ C1h‖u‖2,

which is (13.8). To show (13.9) by duality, we solve the problem

(13.10) −∇ · (b∇ψ) ≡ −b∆ψ −∇b · ∇ψ = ϕ in Ω, ψ = 0 on ∂Ω,

and note that, since ‖ψ‖ ≤ C‖∇ψ‖ for ψ ∈ H1
0 ,

µ‖∇ψ‖2 ≤ (b∇ψ,∇ψ) = (ϕ,ψ) ≤ ‖ϕ‖ ‖ψ‖ ≤ C‖ϕ‖ ‖∇ψ‖,

so that ‖∇ψ‖ ≤ C‖ϕ‖. Hence, for ∇b bounded,

‖ψ‖2 ≤ C‖∆ψ‖ ≤ C‖b∆ψ‖ = C‖ϕ + ∇b · ∇ψ‖ ≤ C‖ϕ‖.

Therefore, with χ = Ihψ,

(wh − u, ϕ) = (b∇(wh − u),∇ψ) = (b∇(wh − u),∇(ψ − χ))

≤ M‖∇(wh − u)‖ ‖∇(ψ − χ)‖ ≤ (Ch ‖u‖2)(Ch ‖ψ‖2) ≤ C0h
2‖u‖2 ‖ϕ‖,

which completes the proof. ⊓⊔

We can now show the following result for the error in the elliptic projection
ũh, under the appropriate regularity assumptions for u. Here, and in the rest
of this chapter, we refrain for brevity from specifying the dependence of the
constants in the error estimates on the regularity of the exact solution.

Lemma 13.2 With wh defined by (13.7) and ρ = wh − u we have under the
appropriate regularity assumptions on u, with C(u) independent of t ∈ J,

‖ρ(t)‖ + h‖∇ρ(t)‖ ≤ C(u)h2, for t ∈ J,

‖ρt(t)‖ + h‖∇ρt(t)‖ ≤ C(u)h2, for t ∈ J.

Proof. Since ∇a(u) = a′(u)∇u the first estimate follows at once by applica-
tion of Lemma 13.1 with b(x) = a(u(x, t)).

By differentiation of (13.7) we have

(a(u)∇ρt,∇χ) + (a(u)t∇ρ,∇χ) = 0, ∀χ ∈ Sh.
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Hence, assuming a(u) and a(u)t uniformly bounded,

µ‖∇ρt‖2 ≤ (a(u)∇ρt,∇ρt)

= (a(u)∇ρt,∇(χ − ut)) + (a(u)∇ρt,∇(wh,t − χ))

= (a(u)∇ρt,∇(χ − ut)) + (a(u)t∇ρ,∇(χ − wh,t))

≤ C
(
‖∇ρt‖ ‖∇(χ − ut)‖ + ‖∇ρ‖ ‖∇(χ − wh,t)‖

)
,

and with χ = Ihut,

µ‖∇ρt‖2 ≤ Ch‖ut‖2‖∇ρt‖ + ‖∇ρ‖(Ch‖ut‖2 + ‖∇ρt‖)
≤ µ

2
‖∇ρt‖2 + C(‖∇ρ‖2 + h2‖ut‖2

2).

In view of the estimate for ∇ρ already shown this yields ‖∇ρt‖ ≤ C(u)h.
For the L2 estimate we use again the duality argument of the proof of

Lemma 13.1. We have with ψ as in (13.10) (with b = a(u)),

(ρt, ϕ) =(a(u)∇ρt,∇ψ) = (a(u)∇ρt,∇(ψ − χ))

+ (a(u)t∇ρ,∇(ψ − χ)) − (∇ρ, a(u)t∇ψ),

and hence, choosing χ = Ihψ and using integration by parts in the last term,

|(ρt, ϕ)| ≤ C
(
‖∇ρt‖h ‖ψ‖2 + ‖∇ρ‖h ‖ψ‖2 + ‖ρ‖ ‖ψ‖2

)
,

whence, by the estimates already shown for ρ,∇ρ and ∇ρt,

|(ρt, ϕ)| ≤ C(u)h2‖ψ‖2 ≤ C(u)h2‖ϕ‖,

so that ‖ρt‖ ≤ C(u)h2. This completes the proof of the lemma. ⊓⊔

We shall also need the boundedness of ∇ũh:

Lemma 13.3 We have, with wh defined in (13.7),

‖∇wh(t)‖L∞
≤ C(u), for t ∈ J.

Proof. Using the inverse estimate (which is trivial in this case since ∇χ is
constant on each triangle)

(13.11) ‖∇χ‖L∞
≤ Ch−1‖∇χ‖, for χ ∈ Sh,

together with Lemma 13.2 and the known error estimate for Ihu, we have

‖∇(wh − Ihu)‖L∞
≤ Ch−1‖∇(wh − Ihu)‖
≤ Ch−1(‖∇ρ‖ + ‖∇(Ihu − u)‖) ≤ C(u).

Since it is easy to see that ‖∇Ihu‖L∞
≤ C‖∇u‖L∞

, the result follows. ⊓⊔

We are now ready for the L2 error estimate for the semidiscrete problem.
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Theorem 13.1 Let uh and u be the solutions of (13.3) and (13.1), respec-
tively. Then, under the appropriate regularity assumptions for u, we have

‖uh(t) − u(t)‖ ≤ C‖vh − v‖ + C(u)h2, for t ∈ J̄ .

Proof. With the error written as in (13.6) it suffices, in view of Lemma 13.2,
to bound θ = uh − wh. We have, using (13.7), for χ ∈ Sh,

(θt, χ) + (a(uh)∇θ,∇χ)

= (uh,t, χ) + (a(uh)∇uh,∇χ) − (wh,t, χ) − (a(uh)∇wh,∇χ)

= (f(uh), χ) − (ρt, χ) − (ut, χ) − (a(u)∇wh,∇χ)

+ ((a(u) − a(uh))∇wh,∇χ)

= (f(uh), χ) − (ρt, χ) − (ut, χ) − (a(u)∇u,∇χ)

+ ((a(u) − a(uh))∇wh,∇χ)

= (f(uh) − f(u), χ) + ((a(u) − a(uh))∇wh,∇χ) − (ρt, χ).

Hence with χ = θ, using (13.2), Lemma 13.3 and (1.4)

1
2

d

dt
‖θ‖2 + µ‖∇θ‖2 ≤ C

(
‖uh − u‖(‖θ‖ + ‖∇θ‖) + ‖ρt‖ ‖θ‖

)

≤ µ‖∇θ‖2 + C(‖θ‖2 + ‖ρ‖2 + ‖ρt‖2).

After integration, this shows

‖θ(t)‖2 ≤ ‖θ(0)‖2 + C

∫ t

0

(‖θ‖2 + ‖ρ‖2 + ‖ρt‖2) ds,

and, using Gronwall’s lemma (with C now depending on t̄),

‖θ(t)‖2 ≤ C‖θ(0)‖2 + C

∫ t

0

(‖ρ‖2 + ‖ρt‖2) ds.

Using Lemma 13.2 together with

(13.12) ‖θ(0)‖ ≤ ‖vh − v‖ + ‖wh(0) − v‖ ≤ ‖vh − v‖ + Ch2‖v‖2,

this shows ‖θ(t)‖ ≤ C‖vh − v‖ + C(u)h2, and thus completes the proof. ⊓⊔

The corresponding estimate for the gradient follows easily by an inverse
estimate as in Theorem 2.4. We refrain from giving the details.

We shall now pause to make a comment concerning the global nature of
our assumption (13.2) for the functions a and f . It should be clear from our
analysis that as long as uh is close to u, the assumptions referred to only
come into play in a neighborhood of the range of u. It is therefore natural
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to make the less stringent assumption that a and f are defined in such a
neighborhood and satisfy (13.2) there. It has to be kept in mind, however,
that closeness now has to be interpreted as being valid at each point, or that
uh be close to u in the uniform norm.

Let thus I0 be the range of u, I0 = [m0,m1] = {u(x, t);x ∈ Ω̄, t ∈ J̄},
and consider for a fixed δ > 0 the interval Iδ = [m0 − δ,m1 + δ]. Assume
now that f and a belong to C1(Iδ), so that a′ and f ′ are bounded on Iδ,
and that a is positive and bounded away from 0 and ∞ on Iδ. Then, if vh

is sufficiently close to v, or vh(x) ∈ Iδ/2, say, for x ∈ Ω, we have that the
problem (13.3), or (13.5), is well defined and has a solution in Iδ, at least for
t in an interval [0, th] with 0 < th ≤ t̄. Assume, for instance, that vh is chosen
so that ‖vh − v‖ ≤ C0(v)h2. Then, using the easily proven inverse estimate

‖χ‖L∞
≤ Ch−1‖χ‖, for χ ∈ Sh,

taking η to be the interpolant of v, say,

‖vh − v‖L∞
≤ Ch−1‖vh − η‖ + ‖η − v‖L∞

≤ Ch−1‖vh − v‖ + Ch−1‖η − v‖ + ‖η − v‖L∞
≤ C1(v)h,

(13.13)

so that vh ∈ Iδ/2 for small h. As long as uh(t) ∈ Iδ, however, the above error
analysis remains valid, and we conclude from the proof of Theorem 13.1 that

‖uh(t) − u(t)‖ ≤ C‖vh − v‖ + C(u)h2 ≤ C2(u)h2, for t ≤ th,

and thus, again for t ≤ th, as in (13.13),

‖uh(t) − u(t)‖L∞
≤ C(u)h < δ/2, if h ≤ h0,

where the latter inequality defines h0 independently of th. Thus uh(th) ∈
Iδ/2, and hence the solution continues to exist beyond th if th < t̄. We may
therefore conclude that th may be chosen as t̄.

Thus the local assumptions for a and f suffice in the proof of Theorem
13.1, for h small. These hold, in particular, if a and f are in C1(R), without
any requirement of boundedness of a′ and f ′. On the other hand, since a(u)
and f(u) only enter in the semidiscrete problem for values of the argument in
the interval Iδ, these functions may be modified outside Iδ, so that the more
stringent condition (13.2) may be assumed without restriction of generality.

We shall now turn to fully discrete schemes. As usual, let k be the time
step, tn = nk, and let now Un be the approximation of u(tn) in Sh; as in
Chapter 1 we shall omit the subscript h in the notation for the fully discrete
solution. We begin with the backward Euler Galerkin scheme which in this
case reads
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(13.14) (∂̄Un, χ) + (a(Un)∇Un,∇χ) = (f(Un), χ), ∀χ ∈ Sh, tn ∈ J,

with U0 = vh, where as earlier ∂̄Un = (Un − Un−1)/k.

Introducing the vector αn by Un =
∑Nh

j=1 αn
j Φj , the equation (13.14) may

be written in matrix form as

Bαn − αn−1

k
+ A(αn)αn = f̃(αn),

or
(B + kA(αn))αn = Bαn−1 + kf̃(αn), for tn ∈ J,

with α0 = γ given by vh, where B,A(α), and f̃(α) are as above.
In order to show that there exists a solution of this equation we multiply

(13.14) by 2k and write it as (Gh(Un), χ) = 0, where Gh : Sh → Sh is
continuous. It is a well-known simple consequence of Brouwer’s fixed point
theorem that the equation Gh(X) = 0 has a solution X ∈ Bq = {χ ∈
Sh; ‖χ‖ ≤ q} if (Gh(χ), χ) > 0 for ‖χ‖ = q. In fact, if we assume that
Gh(χ) �= 0 in Bq, then the mapping Φh(χ) = −qGh(χ)/‖Gh(χ)‖ : Bq → Bq

is continuous, and therefore has a fixed point χ̄ ∈ Bq, with q2 = ‖χ̄‖2 =
−q(Gh(χ̄), χ̄)/‖Gh(χ̄)‖, which contradicts (Gh(χ̄), χ̄) > 0.

To show the condition needed for (Gh(χ), χ), we use (13.2) to obtain

(Gh(χ), χ) = 2(χ − Un−1, χ) + 2k(a(χ)∇χ,∇χ) − 2k(f(χ), χ)

≥ ‖χ‖2 − ‖Un−1‖2 − Ck(1 + ‖χ‖)‖χ‖,

which is positive if ‖χ‖ is large enough, provided k ≤ k0 < 1/C.
Uniqueness is less obvious, but in the following theorem we show an error

estimate which is valid for any solution of (13.14). After this theorem we shall
comment again on uniqueness.

Theorem 13.2 Let Un and u be solutions of (13.14) and (13.1), respec-
tively. Then, under the appropriate regularity assumptions for u, we have

‖Un − u(tn)‖ ≤ C‖vh − v‖ + C(u)(h2 + k), for tn ∈ J̄ .

Proof. We write as before, with un = u(tn),

(13.15) Un − un = (Un − wn
h) + (wn

h − un) = θn + ρn,

where wn
h is the elliptic projection of un, defined in (13.7). In view of Lemma

13.2, it remains to bound θn. We have, for χ ∈ Sh,

(∂̄θn, χ) + (a(Un)∇θn,∇χ)

= (∂̄Un, χ) + (a(Un)∇Un,∇χ) − (∂̄wn
h , χ) − (a(Un)∇wn

h ,∇χ)

= (f(Un), χ) − (un
t , χ) − (∂̄wn

h − un
t , χ)

− (a(un)∇wn
h ,∇χ) − ((a(Un) − a(un))∇wn

h ,∇χ).
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Using (13.7) in the second to last term and the weak form of the continuous
problem, we find

(∂̄θn, χ) + (a(Un)∇θn,∇χ) = (f(Un) − f(un), χ) − (∂̄ρn, χ)

− (∂̄un − un
t , χ) − ((a(Un) − a(un))∇wn

h ,∇χ).

Taking χ = θn this yields, by (13.2) and the boundedness of ∇wn
h shown in

Lemma 13.3,

1
2 ∂̄‖θn‖2 + µ‖∇θn‖2

≤ C‖Un − un‖(‖θn‖ + ‖∇θn‖) + (‖∂̄ρn‖ + ‖∂̄un − un
t ‖)‖θn‖,

and hence, after kicking back ‖∇θn‖,

(13.16) ∂̄‖θn‖2 + µ‖∇θn‖ ≤ C(‖θn‖2 + Rn),

where
Rn = ‖ρn‖2 + ‖∂̄ρn‖2 + ‖∂̄un − un

t ‖2).

This shows
(1 − Ck)‖θn‖2 ≤ ‖θn−1‖2 + CkRn,

or, for small k,
‖θn‖2 ≤ (1 + Ck)‖θn−1‖2 + CkRn,

whence, by repeated application,

‖θn‖2 ≤ (1 + Ck)n‖θ0‖2 + Ck

n∑

j=1

(1 + Ck)n−jRj

≤ C‖θ0‖2 + Ck
n∑

j=1

Rj , for tn ∈ J.

(13.17)

By Lemma 13.2 we have ‖ρj‖ ≤ C(u)h2,

‖∂̄ρj‖ = ‖k−1

∫ tj

tj−1

ρt ds‖ ≤ C(u)h2,

and, cf. the estimate of ωj
1 in the proof of Theorem 1.5,

‖∂̄uj − uj
t‖ = ‖k−1

∫ tj

tj−1

(s − tj−1)utt(s) ds‖ ≤ C(u)k.

This shows Rj ≤ C(u)(h2 + k)2, and using also (13.12), (13.17) yields

(13.18) ‖θn‖ ≤ C‖vh − v‖ + C(u)(h2 + k),

which completes the proof. ⊓⊔
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We return briefly to the question of uniqueness of the solution of (13.14),
and show that this holds when the solution of the continuous problem is
smooth and when ‖vh − v‖ ≤ Ch2, provided that h and the mesh-ratio k/h,
and thus also k, are sufficiently small. In fact, let X and Y be two solutions
of (13.14) with Un−1 given. Then by subtraction

(X − Y, χ) + k(a(X)∇X − a(Y )∇Y,∇χ) = k(f(X) − f(Y ), χ), ∀χ ∈ Sh.

Choosing χ = X − Y we find

‖X − Y ‖2 + k(a(Y )∇(X − Y ),∇(X − Y ))

= k(f(X) − f(Y ), X − Y ) − k((a(X) − a(Y ))∇X,∇(X − Y )),

and hence, after obvious estimates and a kickback of ‖∇(X − Y )‖,

‖X − Y ‖2 + 1
2kµ‖∇(X − Y )‖2 ≤ C‖X − Y ‖2(k + k‖∇X‖2

L∞
).

Thus, if k‖∇X‖2
L∞

may be bounded by an arbitrarily small constant and k
is small, we conclude that ‖X − Y ‖ = 0, which shows uniqueness. But, by
Lemma 13.3 and (13.11),

‖∇X‖L∞
≤ ‖∇wn

h‖L∞
+ ‖∇θn‖L∞

≤ C + Ch−1‖∇θn‖.

Here by (13.16), (13.18) and the estimate for Rn before (13.18),

k‖∇θn‖2 ≤ C(‖θn−1‖2 + k‖θn‖2 + kRn) ≤ C(h2 + k)2,

and hence k‖∇X‖2
L∞

≤ C(k + h2 + (k/h)2), which shows our claim.
For the solution of (13.14) we could employ the iterative scheme

(Xj+1 − Un−1, χ) + k(a(Xj)∇Xj+1,∇χ) = (f(Xj), χ), ∀χ ∈ Sh, j ≥ 0,

with X0 = Un−1, say. Multiplying (13.14) by k and subtracting we obtain
by similar calculations as the above

‖Xj+1 − Un‖2 ≤ C(k + k‖Un‖2
L∞

)‖Xj − Un‖2 ≤ γ‖Xj − Un‖2,

with γ < 1 if h and k/h are small. Thus the iterative scheme converges to
the solution of (13.14).

We remark finally that when a is independent of u, so that the only source
of nonlinearity is f(u), no mesh-ratio condition is required for uniqueness or
convergence of the iterative scheme.

The above method thus has the disadvantage that a nonlinear system of
algebraic equations has to be solved at each time step, as a result of the
presence of a(Un) and f(Un) in (13.14). We shall therefore now consider a
linearized modification of the method in which this difficulty is avoided by
replacing Un by Un−1 in these two places, so that we now have, for tn ∈ J ,
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(13.19) (∂̄Un, χ) + (a(Un−1)∇Un,∇χ) = (f(Un−1), χ), ∀χ ∈ Sh,

where U0 = vh. With B and A(α) as before, this equation may be written

(B + kA(αn−1))αn = Bαn−1 + kf̃(αn−1), for tn ∈ J.

Note that these linear systems may always be solved for αn.
We shall show that the result of Theorem 13.2 remains valid for this

linearized form of the backward Euler Galerkin method.

Theorem 13.3 Let Un and u be the solutions of (13.19) and (13.1), respec-
tively. Then, under the appropriate regularity assumptions for u, we have

‖Un − u(tn)‖ ≤ C‖vh − v‖ + C(u)(h2 + k), for tn ∈ J̄ .

Proof. Using again the splitting (13.15) we only have to consider the modi-
fication in the estimation of θn. Similarly to above we have now

(∂̄θn,χ) + (a(Un−1)∇θ,∇χ) = (f(Un−1) − f(un), χ)

−
(
(a(Un−1) − a(un))∇wn,∇χ

)
− (∂̄ρn, χ) − (∂̄un − un

t , χ).

Here

‖f(Un−1) − f(un)‖ ≤ C‖Un−1 − un‖ ≤ C(‖θn−1‖ + ‖ρn−1‖ + k‖∂̄un‖),

and, bounding the term in a(·) similarly, we obtain now, with χ = θn,

1
2 ∂̄‖θn‖2 + µ‖∇θn‖2

≤ C
(
‖θn−1‖ + ‖ρn−1‖ + k‖∂̄un‖ + ‖∂̄ρn‖ + ‖∂̄un − un

t ‖
)
‖∇θn‖,

where we have used Friedrichs’ inequality ‖θn‖ ≤ C‖∇θn‖. Hence, arguing
as before,

∂̄‖θn‖2 ≤ C‖θn−1‖2 + C(u)(h2 + k)2,

or
‖θn‖2 ≤ (1 + Ck)‖θn−1‖2 + C(u)k(h2 + k)2.

Hence, by repeated application,

‖θn‖2 ≤ C‖θ0‖2 + C(u)(h2 + k)2,

which shows (13.18) and thus completes the proof. ⊓⊔

For the purpose of obtaining higher accuracy in time we shall now consider
the Crank-Nicolson Galerkin scheme, or, with Ûn = (Un + Un−1)/2,

(13.20) (∂̄Un, χ) + (a(Ûn)∇Ûn,∇χ) = (f(Ûn), χ), ∀χ ∈ Sh, tn ∈ J,
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with U0 = vh. This equation is symmetric around the point t = tn−1/2, and
one should therefore expect second order accuracy in time. It shares, however,
with the first backward Euler method discussed above, the disadvantage of
producing a nonlinear system of equations at each time level. For this reason
we shall consider also below a linearized modification, in which the argument
of a and f is obtained by extrapolation from Un−1 and Un−2, or, more
precisely, with Ūn = 3

2Un−1 − 1
2Un−2, for n ≥ 2, tn ∈ J ,

(13.21) (∂̄Un, χ) + (a(Ūn)∇Ûn,∇χ) = (f(Ūn), χ), ∀χ ∈ Sh.

As was the case for the backward Euler scheme, the nonlinear equation (13.20)
will be solvable for Un in terms of Un−1 for k small, whereas the linearized
equation (13.21) is always solvable for Un when Un−1 and Un−2 are given.

Note that taking a and f at Un−1, as we did for the backward Euler
scheme, will not be satisfactory here since this choice would be only first
order accurate, whereas since

(13.22) ūn = 3
2un−1 − 1

2un−2 = un−1/2 + O(k2), as k → 0,

the extrapolation just proposed will give second order accuracy.
We observe that since the equation now contains Un−2 it may only be

used for n ≥ 2, and we have to supplement it with some other method for
determining U1. We shall discuss such a choice later.

We shall now present the error analysis for the basic Crank-Nicolson-
Galerkin method. We shall then need another auxiliary estimate:

Lemma 13.4 Assuming the appropriate regularity for u we have, for the
elliptic projection defined by (13.7),

‖∇wh,tt(t)‖ ≤ C(u), for t ∈ J̄ .

Proof. Differentiation of (13.7) with respect to t twice gives

(a(u)∇wh,tt,∇χ) = (a(u)∇utt,∇χ) − 2(a(u)t∇ρt,∇χ) − (a(u)tt∇ρ,∇χ),

and hence, with χ = wh,tt,

µ‖∇wh,tt‖2 ≤ C(u)
(
‖∇utt‖ + ‖∇ρt‖ + ‖∇ρ‖

)
‖∇wh,tt‖,

from which the result follows, in view of Lemma 13.2. ⊓⊔

Theorem 13.4 Let Un and u be solutions of (13.19) and (13.1), respec-
tively. Then, under the appropriate regularity assumptions for u, we have,
for small k,

‖Un − u(tn)‖ ≤ C‖vh − v‖ + C(u)(h2 + k2), for tn ∈ J̄ .
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Proof. Partitioning the error as usual according to (13.15), ρn is bounded as
desired, and it remains to consider θn. We have this time

(∂̄θn, χ) + (a(Ûn)∇θ̂n,∇χ)

=(∂̄Un, χ) + (a(Ûn)∇Ûn,∇χ) − (∂̄wn
h , χ) − (a(Ûn)∇ŵn

h ,∇χ)

=(f(Ûn), χ) − (u
n− 1

2

t , χ) − (∂̄wn
h − u

n− 1
2

t , χ)

−
(
a(un− 1

2 )∇w
n− 1

2

h ,∇χ
)
−
(
a(Ûn)∇ŵn

h − a(un− 1
2 )∇w

n− 1
2

h ,∇χ
)

=
(
f(Ûn) − f(un− 1

2 ), χ
)
− (∂̄wn

h − u
n− 1

2

t , χ)

−
(
(a(Ûn) − a(un− 1

2 ))∇ŵn
h + a(un− 1

2 )∇(ŵn
h − w

n− 1
2

h ),∇χ
)
.

(13.23)

Setting χ = θ̄n and using (∂̄θn, θ̄n) = 1
2 ∂̄‖θn‖2 and (13.2), we find

1
2 ∂̄‖θn‖2 + µ‖∇θ̄n‖2

≤ C
(
‖Ūn − un− 1

2 ‖ + ‖∂̄wn
h − u

n− 1
2

t ‖ + ‖∇(ŵn
h − w

n− 1
2

h )‖
)
‖∇θ̄n‖,

and hence

(13.24) ∂̄‖θn‖2 ≤ C(‖Ûn−un− 1
2 ‖2+‖∂̄Ũn−u

n− 1
2

t ‖2+‖∇(ŵh
n−w

n− 1
2

h )‖2).

Here applying Lemma 13.2

‖Ūn − un− 1
2 ‖ ≤ ‖θ̄n‖ + ‖ρ̄n‖ + ‖ūn − un− 1

2 ‖ ≤ ‖θ̄n‖ + C(u)(h2 + k2).

Similarly

‖∂̄wn
h − u

n− 1
2

t ‖ ≤ ‖∂̄ρn‖ + ‖∂̄un − u
n− 1

2

t ‖ ≤ C(u)(h2 + k2),

and, by Lemma 13.4,

‖∇(ŵn
h − w

n− 1
2

h )‖ ≤ Ck

∫ tn

tn−1

‖∇wh,tt‖ ds ≤ C(u)k2.

Altogether, this shows ∂̄‖θn‖2 ≤ C‖θ̄n‖2 + C(h2 + k2)2, or

(1 − Ck)‖θn‖2 ≤ (1 + Ck)‖θn−1‖2 + C(u)k(h2 + k2)2,

whence, for small k, by repeated application,

‖θn‖ ≤ C‖vh − v‖ + C(u)(h2 + k2), for tn ∈ J,

which completes the proof. ⊓⊔

We now turn our attention to the linearized Crank-Nicolson Galerkin
method. As we mentioned earlier, this method will require a separate prescrip-
tion for calculating U1. We shall analyze here a predictor corrector method
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for this purpose, using as a first approximation the value U1,0 determined
by the case n = 1 of equation (13.21) with Ū1 replaced by U0 and then as
the final approximation the result of the same equation with Ū1 replaced by
1
2 (U1,0 + U0), so that thus our starting procedure is defined by

(13.25) U0 = vh,

followed by

(13.26)
(U1,0 − U0

k
, χ
)

+
(
a(U0)∇

(U1,0 + U0

2

)
,∇χ
)

= (f(U0), χ),

and then

(13.27) (∂̄U1, χ) +
(
a
(U1,0 + U0

2

)
∇Ū1,∇χ

)
=
(
f
(U1,0 + U0

2

)
, χ
)
,

with χ ∈ Sh. For this method we shall show the following:

Theorem 13.5 Let Un be the solution of (13.21), with U0 and U1 defined
by (13.25) and (13.26), (13.27), and let u be the solution of (13.1). Then,
under the appropriate regularity assumptions for u, we have

‖Un − u(tn)‖ ≤ C‖vh − v‖ + C(u)(h2 + k2), for tn ∈ J̄ .

Proof. This time we have instead of (13.23), for n ≥ 2,

(∂̄θn, χ) + (a(Ūn)∇θ̄n,∇χ) =
(
f(Ūn) − f(un− 1

2 ), χ
)
− (∂̄wn

h − u
n− 1

2

t , χ)

−
(
(a(Ūn) − a(un− 1

2 ))∇ŵn
h + a(un− 1

2 )∇(ŵn
h − w

n− 1
2

h ),∇χ
)
,

and therefore this time

∂̄‖θn‖2 ≤ C(‖Ūn − un− 1
2 ‖2 + ‖∂̄wn

h − u
n− 1

2

t ‖2 + ‖∇(ŵn
h − w

n− 1
2

h )‖2).

Here, using our definitions and (13.22),

‖Ūn − un− 1
2 ‖ ≤ ‖θ̄n‖ + ‖ρ̄n‖ + ‖ūn − un− 1

2 ‖

≤ C(‖θn−1‖ + ‖θn−2‖) + C(u)(h2 + k2),

and we obtain

‖θn‖2 ≤ (1 + Ck)‖θn−1‖2 + Ck‖θn−2‖2 + C(u)k(h2 + k2)2,

or

‖θn‖2 + Ck‖θn−1‖2

≤ (1 + 2Ck)(‖θn−1‖2 + Ck‖θn−2‖2) + C(u)k(h2 + k2)2.
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This shows

(13.28) ‖θn‖2 ≤ C(‖θ1‖2 + k‖θ0‖2) + C(u)(h2 + k2)2, for n ≥ 2.

We now estimate ‖θ1‖ from the equations (13.26) and (13.27). In the same
way as above we obtain from (13.26), with θ1,0 = U1,0 − w1

h, θ0,0 = θ0,

∂̄‖θ1,0‖2 ≤ C‖U0 − u
1
2 ‖2 + C(u)(h2 + k2)2.

Since

‖U0 − u
1
2 ‖ ≤ ‖θ0‖ + ‖ρ0‖ + ‖u0 − u1/2‖ ≤ ‖θ0‖ + C(u)(h2 + k),

this shows ∂̄‖θ1,0‖2 ≤ C‖θ0‖2 + C(u)(h4 + k2), and hence

‖θ1,0‖2 ≤ (1 + Ck)‖θ0‖2 + C(u)k(h4 + k2) ≤ C‖θ0‖2 + C(u)(h4 + k3).

We now apply equation (13.27) to obtain this time, instead of (13.24),

(13.29) ∂̄‖θ1‖2 ≤ C(‖ 1
2 (U1,0 + U0) − u

1
2 ‖2 + C(u)(h2 + k2)2).

Here, by above,

‖ 1
2 (U1,0 + U0) − u

1
2 ‖ ≤ ‖1

2 (θ1,0 + θ0)‖ + ‖ ¯̃
U

1
− u

1
2 ‖

≤ 1
2 (‖θ1,0‖ + ‖θ0‖) + C(u)(k2 + h2) ≤ C‖θ0‖ + C(u)(h2 + k3/2)

and hence from (13.29),

‖θ1‖2 ≤ (1 + Ck)‖θ0‖2 + C(u)k(h4 + k3) ≤ C‖θ0‖2 + C(u)(h2 + k2)2.

Together with our previous estimate (13.28), this yields

‖θn‖ ≤ C‖θ0‖ + C(u)(h2 + k2) ≤ C‖vh − v‖ + C(u)(h2 + k2).

The proof is now complete. ⊓⊔

The material of this chapter is already essentially covered in the work of
Douglas and Dupont [74] and Wheeler [246] cited in Chapter 1.

Among a large number of later related works we quote Douglas and
Dupont [75], [76], Rachford [198], Dendy [69], Douglas [73], Luskin [165],
Lubich and Ostermann [163], [164], Zlàmal [252], [253], Cermak and Zlàmal
[46], Chen, Larsson and Zhang [48], and Larsson, Thomée and Zhang [148].

The discontinuous Galerkin method was studied for nonlinear equations
in Eriksson and Johnson [90]. For maximum-norm analyses, see Dobrowolski
[71], [72]. Analysis of finite element methods for the Navier-Stokes equations
has been pursued by Heywood and Rannacher [120], [121], [122], [123].
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In the last chapter we considered discretization in both space and time of a
model nonlinear parabolic equation. The discretization with respect to space
was done by piecewise linear finite elements and in time we applied the back-
ward Euler and Crank-Nicolson methods. In this chapter we shall restrict the
consideration to the case when only the forcing term is nonlinear, but discuss
more general approximations in the spatial variable. We shall begin with the
spatially semidiscrete problem and first briefly study global conditions on the
forcing term and the finite element spaces under which optimal order error
estimates can be derived for smooth data, uniformly down to t = 0, and
then turn our attention to the analysis for nonsmooth initial data. We then
discuss discretization in time by the backward Euler method, in particular
with reference to nonsmooth initial data.

We shall thus be concerned with spatially and fully discrete approximate
solutions of the semilinear initial-boundary value problem

ut − ∆u = f(u) in Ω, for t ∈ J = (0, t̄ ],(14.1)

u = 0 on ∂Ω, for t ∈ J, with u(0) = v in Ω.

Here Ω is a bounded domain in R
d with a sufficiently smooth boundary ∂Ω,

and f is a smooth function on R, for which we assume provisionally that

(14.2) |f ′(u)| ≤ B, for u ∈ R.

We shall now permit finite element spaces also of higher order than linear,
and let thus Sh ⊂ H1

0 = H1
0 (Ω) be a family of finite dimensional spaces satis-

fying our standard O(hr) approximation assumption (1.10) for some integer
r ≥ 2 and for v ∈ Hr ∩ H1

0 .
We first study the semidiscrete solution uh : J̄ → Sh defined by

(14.3) (uh,t, χ) + (∇uh,∇χ) = (f(uh), χ), ∀χ ∈ Sh, t ∈ J,

with uh(0) = vh, where vh ∈ Sh is an approximation of v. It is easy to see that
under our present assumptions this semilinear system of ordinary differential
equations has a unique solution.

We first note that the argument of last chapter immediately shows the
following result. Here and below we omit the dependence of constants on B.
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Theorem 14.1 Assume that (14.2) and (1.10) hold, and let uh and u be so-
lutions of (14.3) and (14.1), respectively. Then, if vh is appropriately chosen
and u sufficiently smooth, we have, with C = C(u, t̄),

(14.4) ‖uh(t) − u(t)‖ + h‖uh(t) − u(t)‖1 ≤ Chr, for t ∈ J̄ .

In Chapter 13 we noted that in applications, f might not satisfy the global
condition (14.2), but for the problem studied there it was sufficient to assume
such a condition in a neighborhood of the range of the solution u considered.
The analysis then required us to show closeness of uh to u in maximum-norm,
and this was accomplished by using the inverse property (1.12), satisfied when
Sh consists of piecewise linear functions on quasiuniform triangulations. For
the more general elements satisfying (1.10) it suffices to assume the inverse
property

‖χ‖L∞
≤ Ch−ν‖χ‖, ∀χ ∈ Sh, for some ν < r;

in the d−dimensional case with quasiuniform partitions this holds with ν =
d/2 and hence is always satisfied for r > d/2.

In the one-dimensional case the desired closeness may be shown, without
requiring any inverse properties, from the fact that ‖v‖L∞

≤ C‖v‖1. In fact,
for as long as uh(t) belongs to a neighborhood Iδ = [m0 − δ,m1 + δ] with
δ > 0 of the range I0 = [m0,m1] of the solution u, in which f ′ is bounded,
we have

‖uh(t) − u(t)‖L∞
≤ C‖uh(t) − u(t)‖1 ≤ C(u, t̄)hr−1 < δ/2,

for small h, and uh(t) therefore remains in Iδ.
We shall now show that also when d ≥ 2 the error estimate of Theorem

14.1 remains valid without inverse assumptions, provided that f ′(u) only
grows mildly with u. We shall thus assume that there is a positive number p,
with p ≤ 2/(d − 2) when d ≥ 3 and with p arbitrary when d = 2, such that

(14.5) |f ′(u)| ≤ C(1 + |u|p), for u ∈ R.

Theorem 14.2 Let d ≥ 2 and assume that f satisifies (14.5) with p appro-
priate, and that (1.10) holds. Let uh and u be solutions of (14.3) and (14.1),
respectively. Then the error estimates of Theorem 14.1 hold if u is sufficiently
smooth and vh is suitably chosen.

Proof. In the standard way we write uh−u = (uh−Rhu)+(Rhu−u) = θ+ρ,
with Rh the elliptic projection onto Sh defined by (1.22), and recall that
‖ρ‖ = O(hr). For θ we have this time

(θt, χ) + (∇θ,∇χ) = (f(uh), χ) − (Rhut, χ) − (∇Rhu,∇χ)

= (f(uh) − f(u), χ) − (ρt, χ).
(14.6)

We shall use (14.5) to show that
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(14.7) |(f(uh) − f(u), θ)| ≤ C‖uh − u‖ ‖∇θ‖.

Applying (14.6) with χ = θ, this implies

1
2

d

dt
‖θ‖2 + ‖∇θ‖2 ≤ C(‖θ‖2 + ‖ρ‖2 + ‖ρt‖2) + ‖∇θ‖2

and hence, using the standard estimates for ρ and ρt,

d

dt
‖θ‖2 ≤ C‖θ‖2 + Ch2r.

Choosing, e.g., vh = Rhv, this implies ‖θ(t)‖ ≤ Chr on J , and thus completes
the proof of the L2-estimate for uh − u.

To show (14.7) we consider first d = 2. Choosing q with 2 < q < ∞, we
have ‖θ‖Lq

≤ C‖∇θ‖, and Hölder’s inequality shows, with q−1 + (q′)−1 = 1,

(14.8) |(f(uh) − f(u), θ)| ≤ C‖f(uh) − f(u)‖Lq′
‖∇θ‖.

Here, using (14.5) and Hölder’s inequality once more, now with exponents
2/q′ and 2/(2 − q′),

‖f(uh) − f(u)‖q′

Lq′
≤ C

∫

Ω

|uh − u|q′

(1 + |uh| + |u|)pq′

dx

≤ C‖uh − u‖q′

L2

(
1+‖uh‖Ls

+ ‖u‖Ls

)pq′

, with s = 2pq/(q − 2).

(14.9)

Since s < ∞, we have ‖uh‖Ls
≤ C‖∇uh‖ and since u is smooth, we find

‖f(uh) − f(u)‖Lq′
≤ C‖uh − u‖(1 + ‖∇uh‖)p.

In view of (14.8), the proof of (14.7) may now be completed by showing that
‖∇θ‖ and hence also ‖∇uh‖ is bounded for small h. For this purpose we use
(14.6) with χ = 2θt to obtain, after kickback of 2‖θt‖2,

d

dt
‖∇θ‖2 ≤ ‖f(uh) − f(u)‖2 + ‖ρt‖2

≤ 2‖f(uh) − f(Rhu)‖2 + 2‖f(Rhu) − f(u)‖2 + Ch2r.
(14.10)

Here, similarly to the above estimation of f(uh) − f(u),

‖f(Rhu) − f(u)‖2 ≤ C

∫

Ω

ρ2(1 + |Rhu|)2p dx

≤ C
( ∫

Ω

ρq dx
)2/q(

∫

Ω

(1 + |Rhu|)s dx
)(q−2)/q

≤ C‖ρ‖2
Lq

(
1 + ‖Rhu‖Ls

)2p ≤ C‖∇ρ‖2 ≤ Ch2r−2,

since ‖Rhu‖Ls
≤ C‖∇Rhu‖ ≤ C‖∇u‖ ≤ C. In the same way we have
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‖f(uh) − f(Rhu)‖2 ≤ C‖∇θ‖2
(
1 + ‖∇uh‖

)2p ≤ C‖∇θ‖2
(
1 + ‖∇θ‖

)2p
.

Let t̄h ∈ J̄ be as large as possible with ‖∇θ‖ ≤ 1 on [0, t̄h]. Then, for t ≤ t̄h,
we have, by (14.10),

d

dt
‖∇θ‖2 ≤ C‖∇θ‖2 + Ch2r−2.

Thus, with C independent of t̄h,

‖∇θ‖ ≤ CeCt̄hr−1 ≤ 1/2, for h ≤ h0.

It follows that t̄h = t̄ for h ≤ h0, so that ‖∇θ‖ ≤ 1 on J̄ for these h, and thus
‖∇uh‖ ≤ ‖∇u‖ + 1 on J̄ . This completes the proof of (14.7) for d = 2.

For d ≥ 3 we choose q = 2d/(d − 2). Then ‖v‖Ls
≤ C‖∇v‖ for s ≤ q,

so that (14.8) and (14.9) remain valid. Since p ≤ 2/(d − 2) we have s =
2pq/(q − 2) ≤ q, and the proof proceeds as for d = 2. ⊓⊔

To guarantee that u is smooth enough for Theorem 14.1 to apply, both
smoothness of v and compatibility conditions between v and the differential
equation at ∂Ω for t = 0 are needed. For instance, in the linear homogeneous
case (f = 0 in (14.1)) we know from Chapter 7 that, with |v|r = ‖(−∆)r/2v‖,

‖uh(t) − u(t)‖ ≤ Chr|v|r, for v ∈ Ḣr = Ḣr(Ω), t ≥ 0,

and we recall that this requires ∆jv = 0 on ∂Ω for j < r/2.
We note that the solution of (14.1) will always be smooth for positive

time; in the case of the linear homogeneous equation this was expressed in
Lemma 3.2 as the fact that the solution operator E(t) of the initial value
problem is an analytic semigroup and that

(14.11) |E(t)v|β ≤ Ct−(β−α)/2|v|α, for t > 0, if 0 ≤ α ≤ β.

Using this, and a similar property of the solution operator Eh(t) of the cor-
responding semidiscrete problem, we showed that if the discrete initial data
vh are chosen as the L2-projection Phv of v, then

(14.12) ‖uh(t) − u(t)‖ = ‖Eh(t)Phv − E(t)v‖ ≤ Chrt−r/2‖v‖, for t > 0.

With Fh(t) = Eh(t)Ph − E(t) we have by Theorem 3.5 the whole scale of
estimates

(14.13) ‖Fh(t)v‖ ≤ Chµt−(µ−α)/2|v|α, for 0 ≤ α ≤ µ ≤ r.

We now show a somewhat weaker result of this type for the semilinear
equation (14.1); in the case of piecewise linear finite elements, i.e., when
r = 2, this implies that (14.12) essentially remains valid. Note that because
of the nonlinear character of the problem, the norm ‖v‖ of the initial data
does not enter as a factor on the right, but instead the constant depends on
a bound for ‖v‖.
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Theorem 14.3 Assume that (14.2) and (1.10) hold. Then there is a constant
C = C(κ, t̄) such that, for all solutions uh and u of (14.3) and (14.1) with
v ∈ L2 and vh = Phv, we have

(14.14) ‖uh(t) − u(t)‖ ≤ Ch2(t−1 + max(0, log(t/h2)), for ‖v‖ ≤ κ, t ∈ J.

Proof. Simple energy arguments together with Gronwall’s lemma show that
u(t) and uh(t) are bounded in L2 for t ∈ J̄ so that (14.14) trivially holds
for t ≤ h2. With our above notation we have by Duhamel’s principle, for the
solutions of (14.1) and (14.3), that

u(t) = E(t)v +

∫ t

0

E(t − s)f(u(s)) ds

and

uh(t) = Eh(t)vh +

∫ t

0

Eh(t − s)Phf(uh(s)) ds,

respectively. Hence, with Fh(t) as above, e = uh − u satisfies

e(t) = Fh(t)v +

∫ t

0

Eh(t − s)Ph

(
f(uh(s)) − f(u(s))

)
ds

+

∫ t

0

Fh(t − s)f(u(s)) ds.

(14.15)

Using the cases µ = 2 and 0, α = 0 of (14.13) and (14.2) and the boundedness
of ‖f(u(s))‖ we thus find

‖e(t)‖ ≤ Cκh2t−1 + CB
(∫ h2

0

+

∫ t

h2

)
‖e(s)‖ ds

+
(∫ t−h2

0

+

∫ t

t−h2

)
‖Fh(t − s)f(u(s))‖ ds

≤ Ch2t−1 + Ch2 + C

∫ t

h2

‖e(s)‖ ds + Ch2

∫ t−h2

0

ds

t − s
+ Ch2

≤ Ch2t−1 + Ch2 log(t/h2) + C

∫ t

h2

‖e(s)‖ ds, for t ≥ h2.

(14.16)

Letting ϕ(t) =
∫ t

h2 ‖e‖ ds, we conclude that

ϕ′(t) − Cϕ(t) ≤ Ch2t−1 + Ch2 log(t/h2), for h2 ≤ t ≤ t̄,

with ϕ(h2) = 0, whence

ϕ(t) ≤ C

∫ t

h2

eC(t−s)(h2s−1 + h2 log(s/h2)) ds ≤ Ch2 log(t/h2).

Inserted into (14.16), this completes the proof. ⊓⊔
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It turns out that the nonsmooth data error estimate (14.12) for the linear
problem, with optimal order convergence for positive time, without regularity
restrictions on initial data, does not quite generalize to semilinear equations
when r > 2. However, we shall demonstrate a reduced smoothness conver-
gence result which will show an O(hr) error for r > 2 under the assumption
of initial regularity and compatibility of essentially order r− 2. We note that
the argument of the proof of Theorem 14.3, using a superposition of the es-
timate (14.13) for the linear homogeneous problem, does not carry over to
the present case. In fact, in order to apply (14.13) with r = µ > 5/2 to the
expression Fh(t − s)f(u(s)) in (14.15), this would require f(u(s)) to be in
some Ḣα space with α > 1/2. In particular, this would demand f(0) = 0,
which we do not want to assume. We shall therefore give a direct proof which
does not depend on (14.13). We shall now assume that Ω ⊂ R

d with d ≤ 3.

In order to express our assumptions on the initial data, we define the
set Fα of compatible data of order α, for simplicity only with α ≤ 4, by
Fα = L∞ ∩ Ḣα if 0 ≤ α ≤ 2, and Fα = {v ∈ F2; f(v) + ∆v ∈ Ḣα−2} if
2 < α ≤ 4. (Note that for a smooth solution ut(0) = f(v) + ∆v has to vanish
on ∂Ω.) To measure the regularity we also introduce the functional

Fα(v) =

{
‖v‖L∞

+ |v|α, for 0 ≤ α ≤ 2,

‖v‖L∞
+ |v|2 + |f(v) + ∆v|α−2, for 2 < α ≤ 4.

We first state the following special case of a regularity result from Johnson,
Larsson, Thomée and Wahlbin [130], which generalizes (14.11) for the values
of α and β considered. The restriction in β derives from technical difficulties
associated with the nonlinearity of the equation.

Theorem 14.4 Let d ≤ 3 and assume that (14.2) holds, and let 0 ≤ α ≤ 4
and β ≤ α+5. Then there is a constant C = C(κ, t̄) such that for all solutions
u of (14.1) with v ∈ Fα we have

|u(t)|β + |ut(t)|β−2 ≤ Ct−(β−α)/2, for t ∈ J, if Fα(v) ≤ κ.

In the elementary but somewhat lengthy proof one first estimates suc-
cessive time derivatives of u in spaces Ḣβ with β ≤ 2, and then uses elliptic
regularity to translate regularity with respect to time into regularity in space.
We refer to [130] for details.

We are now ready for the convergence result indicated above, which shows
O(hµ) convergence with µ ≤ r if the initial data are in Fα with α > µ − 2.
As in (14.13), a negative power of t is required in the error bound if α < µ. It
follows that if α is given with 0 ≤ α ≤ 4 then for positive t the convergence
rate is essentially O(h2+α).

We shall also demonstrate below that for α = 0 this result is best possible,
so that a convergence rate of higher order than O(h2) is not possible without
regularity restrictions on initial data. In [62] this maximal order convergence
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for t positive was improved for 0 ≤ α < 2 from O(h2+α) to O(h2+2α), and this
was also shown to be best possible for these α. For r = 4, e.g., this essentially
brings down the regularity requirements for O(h4) convergence from v ∈ F2

to v ∈ F1.

Theorem 14.5 Let d ≤ 3 and assume that (14.2) and (1.10) hold, and let
0 ≤ α ≤ 4, 1 ≤ µ ≤ r, and α ≤ µ < α + 2. Then there exists a constant
C = C(κ, t̄) such that, if uh and u are solutions of (14.3) and (14.1) with
initial values v ∈ Fα and vh = Phv, respectively, we have

‖uh(t) − u(t)‖ ≤ Chµt−(µ−α)/2, for t ∈ J, Fα(v) ≤ κ.

Proof. Let T = (−∆)−1 : L2 → Ḣ2, and let Th : L2 → Sh be the approxima-
tion defined by (3.10). We recall that the operator Th is bounded, symmetric,
positive semidefinite on L2 and positive definite on Sh, and that the elliptic
projection satisfies Rhv = Th(−∆)v. Application of T to (14.1) yields

Tut + u = Tf(u), for t ∈ J, with u(0) = v,

and the semidiscrete problem (14.3) may similarly be written

(14.17) Thuh,t + uh = Thf(uh), for t ∈ J, with uh(0) = vh.

Let e = uh − u be the error. We have

Thet + e = Thuh,t + uh − Thut − u = Thf(uh) − Tf(u) + (T − Th)ut

= Th(f(uh) − f(u)) + (Th − T )(f(u) − ut)

or

(14.18) Thet + e = Th(ωe) + ρ,

where ωe = f(uh) − f(u) so that

ω =

∫ 1

0

f ′(ηuh + (1 − η)u) dη and ρ = (Th − T )(−∆)u = (Rh − I)u.

Multiplication of (14.18) by et yields

(Thet, et) + 1
2

d

dt
‖e‖2 = (Th(ωe), et) +

d

dt
(ρ, e) − (ρt, e).

Since Th is positive semidefinite, we have

(14.19) |(Thv, w)| ≤ (Thv, v)1/2(Thw,w)1/2,

and hence, using also the geometric-arithmetic mean inequality,

(Thet, et) + 1
2

d

dt
‖e‖2 ≤ 1

2 (Thet, et) + 1
2 (Th(ωe), ωe) +

d

dt
(ρ, e) − (ρt, e).
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Employing the boundedness of Th and of ω, this shows

d

dt
‖e‖2 ≤ C‖e‖2 + 2

d

dt
(ρ, e) − 2(ρt, e).

Multiplication by t2 now gives, recalling that t ≤ t̄,

d

dt
(t2‖e‖2) ≤ 2t‖e‖2 + Ct2‖e‖2 + 2

d

dt
(t2(ρ, e)) − 4t(ρ, e) − 2t2(ρt, e)

≤ 2
d

dt
(t2(ρ, e)) + C(t‖ρ‖2 + t3‖ρt‖2 + t‖e‖2),

whence, by integration and a trivial kickback argument,

(14.20) t2‖e‖2 ≤ Ct2‖ρ‖2 + C

∫ t

0

(s‖ρ‖2 + s3‖ρt‖2) ds + C

∫ t

0

s‖e‖2ds.

In order to bound the last integral, we return to the error equation (14.18),
which we now multiply by 2te to obtain

d

dt
(t(The, e)) + 2t‖e‖2 ≤ 2t(Th(ωe), e) + 2t(ρ, e) + (The, e).

Here, by (14.19), for ε suitable, since Th and ω are bounded,

(Th(ωe), e) ≤ ε(Th(ωe), ωe) +
1

4ε
(The, e) ≤ 1

4
‖e‖2 + C(The, e),

so that

d

dt
(t(The, e)) + t‖e‖2 ≤ C(t‖ρ‖2 + (The, e)), for t ≤ t̄,

and hence by integration

(14.21)

∫ t

0

s‖e‖2 ds ≤ C

∫ t

0

s‖ρ‖2 ds + C

∫ t

0

(The, e) ds.

For the last integral we set ẽ(t) =
∫ t

0
e(s) ds and integrate (14.18) to obtain

Th(e(t) − e(0)) + ẽ(t) = Th

∫ t

0

ωe ds +

∫ t

0

ρ ds.

Recalling from the proof of Theorem 2.5 that The(0) = 0 we obtain after
multiplication by 2ẽ′ = 2e,

2(The, e) +
d

dt
‖ẽ‖2 = 2

(
Th

∫ t

0

ωe ds, e
)

+ 2
( ∫ t

0

ρ ds, e
)

≤ (The, e) +
(
Th

∫ t

0

ωe ds,

∫ t

0

ωe ds
)

+ 2

∫ t

0

‖ρ‖ ds ‖e‖,
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or, by integration, since ẽ(0) = 0,

∫ t

0

(The, e) ds ≤ C

∫ t

0

( ∫ s

0

‖e(τ)‖ dτ
)2

ds + 2

∫ t

0

‖e(s)‖
∫ s

0

‖ρ(τ)‖ dτ ds.

Together with (14.20) and (14.21), this yields

t2||e‖2 ≤C
(
t2‖ρ‖2 +

∫ t

0

(
s‖ρ‖2 + s3‖ρt‖2

)
ds

+

∫ t

0

( ∫ s

0

‖e(τ)‖dτ
)2

ds +

∫ t

0

‖e(s)‖
∫ s

0

‖ρ(τ)‖ dτ ds
)
.

Now by our assumptions on u we have using Theorem 14.4

‖ρ(t)‖ = ‖(Rh − I)u(t)‖ ≤ Chµ|u(t)|µ ≤ Chµt−σ/2, σ = µ − α,

and similarly ‖ρt(t)‖ ≤ Chµ|ut(t)|µ ≤ Chµt−1−σ/2. Hence, since σ < 2,

t2‖e‖2 ≤ C
(
h2µt2−σ +

∫ t

0

( ∫ s

0

‖e‖d τ
)2

ds + hµ

∫ t

0

s1−σ/2‖e‖ ds
)
.

For ϕ(t) = tσ/2‖e(t)‖ this shows

ϕ(t)2 ≤ C
(
h2µ + t−(2−σ)

∫ t

0

( ∫ s

0

τ−σ/2ϕ(τ) dτ
)2

ds

+ hµt−(2−σ)

∫ t

0

s1−σϕ(s) ds
)
.

With ψ(t) = max0≤s≤t ϕ(s), and choosing t0 = t0(t) such that ϕ(t0) = ψ(t),
we have

ϕ(t)2 ≤ ψ(t)2 ≤ C
(
h2µ + t

−(2−σ)
0

∫ t0

0

s2−σψ(s)2 ds + hµψ(t)
)

whence, for small h,

ψ(t)2 ≤ C
(
h2µ +

∫ t

0

ψ(s)2 ds
)
.

Gronwall’s lemma shows ψ(t) ≤ Chµ, and since tσ/2‖e(t)‖ = ϕ(t) ≤ ψ(t),
this completes the proof. ⊓⊔

We remark that the proof of Theorem 14.5 immediately extends to the
case that the semidiscrete problem is defined by (14.17) where Th satisfies
conditions (i) and (ii) of Chapter 2, with the only change that µ now has to
satisfy 2 ≤ µ ≤ r.
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For the special case α = 0, Theorem 14.5 shows that for any σ < 2 there
is a C = C(κ, t0, t̄) such that, for the solutions of (14.3) and (14.1) with
vh = Phv, we have

(14.22) ‖uh(t) − u(t)‖ ≤ Chσ, for 0 < t0 ≤ t ≤ t̄, if ‖v‖L∞
≤ κ;

we recall from Theorem 14.3 that in this case O(hσ) may be replaced by
O(h2 log(1/h)) and that only boundedness of v in L2 is required. We shall
now give an example which shows that, in contrast to the linear case, this
result is essentially sharp, in the sense that (14.22) cannot hold for any σ > 2,
even if r > 2.

Consider thus the spatially one-dimensional problem

ut = uxx + u2 in [0, π], for t > 0,

u(0, t) = u(π, t) = 0 for t > 0, with u(·, 0) = v,
(14.23)

and let Sh consist of continuous piecewise polynomials of degree < r on a
uniform partition, i.e., Sh = {χ ∈ C[0, π], χ|Ij

∈ Πr−1, j = 1, . . . , n}, where
Ij = (xj−1, xj), with xj = jh, h = π/n, n integer. We assume that r > 2.

We shall construct a sequence of solutions u = un of (14.23), with ini-
tial data v = vn depending on n, such that the corresponding semidiscrete
solutions uh = un,h ∈ Sh, with h = π/n, violate (14.22) when σ > 2. The
construction will start by choosing vn = un(·, 0) orthogonal to Sh. Since then
for the discrete initial data vn,h = Phvn = 0, the semidiscrete solution un,h(t)
vanishes for t ≥ 0, and thus the error equals −un. The desired contradiction
is therefore achieved by choosing vn bounded in L∞, uniformly in n, and such
that, for some n0, t0 > 0,

(14.24) ‖un(t0)‖ ≥ cn−2, with c > 0, n ≥ n0.

To accomplish this, let ψ(y) =
∑r+1

j=1 ψj sin(jy) �≡ 0 be orthogonal to Πr−1

on [0, π] (which is possible since the number of ψj is greater than r). The
function vn(x) = ψ(nx) is then orthogonal to Πr−1 on each Ij , and hence

orthogonal to Sh. Further, independently of n, ‖vn‖L∞
≤∑r+1

j=1 |ψj | ≡ κ.
By comparison with the initial value problems

(14.25) zt = z2, for t > 0, with z(0) = ±κ,

it follows that there exist t̄ > 0 and M such that ‖un(t)‖L∞
≤ M for t ∈ J =

(0, t̄], uniformly in n. In fact, the solutions of (14.25) may be thought of as
solutions of the differential equation in (14.23) which are independent of x
and with boundary values dominating those in (14.23), so that the maximum
principle may be used to achieve the comparison. Since thus un is bounded,
we may regard un as the solution of an equation in which the forcing term u2

in (14.23) has been replaced by a function f(u) with f(u) = u2 for |u| ≤ M ,
and with f ′ bounded on R, thus satisfying the assumptions of Theorem 14.4.
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Letting cn = cn(t) =
∫ π

0
un(x, t) sin x dx denote the first Fourier sine

coefficient of un, it sufficies for (14.24) to demonstrate that

(14.26) cn(t0) ≥ c0n
−2, for n ≥ n0, for some t0 > 0,

for by Parseval’s relation ‖un(t0)‖ ≥ (2/π)1/2|cn(t0)|. Here cn(0) = 0 since
vn(x) = ψ(nx) is orthogonal to sinx for n > 1, and thus from (14.23)

c′n + cn = gn(t) :=

∫ π

0

u2
n(x, t) sin x dx, for t ≥ 0, with cn(0) = 0.

We shall show that with positive constants k0, µ, and ω,

(14.27) gn(t) ≥ µe−ωn2t, for n2t ≥ k0 > 0.

Choosing t0 such that 2k0n
−2 ≤ t0 ≤ t̄, this implies

cn(t0) ≥ µ

∫ t0

k0n−2

e−(t0−s)e−ωn2s ds ≥ µe−t0

∫ t0

k0n−2

e−ωn2s ds ≥ c0n
−2,

with c0 > 0, and thus proves (14.26).
For (14.27) we first note that if wn is the solution of (14.23) with the

forcing term u2 replaced by 0, then un ≥ wn, and hence u2
n ≥ w2

n,+, where
wn,+ = max(wn, 0). With ψm the first non-vanishing coefficient in ψ(y),
which we normalize so that ψm = 1, we have

wn(x, t) = e−m2n2t sin(mnx) +

r+1∑

j=m+1

ψje
−j2n2t sin(jnx).

Denoting the first term on the right by w̃, it is clear that

∫ π

0

w̃+(x, t)2 sin x dx ≥ ce−2m2n2t, with c > 0.

Since w̃+ ≤ w+ + |w − w̃| we have w̃2
+ ≤ 2w2

+ + 2|w − w̃|2, and hence

w2
+ ≥ 1

2 w̃2
+ − |w − w̃|2 ≥ 1

2 w̃2
+ − Ce−2(m+1)2n2t.

Thus, for n2t ≥ k0 > 0, with k0 large enough,

gn(t) ≥
∫ π

0

w+(x, t)2 sin x dx ≥ ce−2m2n2t − Ce−2(m+1)2n2t ≥ ce−Cn2t,

which shows (14.27), and thus establishes our counter-example.

We now turn to a discussion of the fully discrete backward Euler Galerkin
method for (14.1), to find Un

h ∈ Sh for n ≥ 0 such that
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(14.28) (∂̄Un
h , χ) + (∇Un

h ,∇χ) = (f(Un
h ), χ), ∀χ ∈ Sh, n ≥ 1.

We also consider the linearized version of (14.28) defined by

(14.29) (∂̄Un
h , χ) + (∇Un

h ,∇χ) = (f(Un−1
h ), χ), ∀χ ∈ Sh, n ≥ 1.

Since we are also going to discuss an abstract problem in a Hilbert space be-
low, we now use the subscript h in the notation for the fully discrete solution.

As in Chapter 13 one shows at once the following smooth data results for
these two methods.

Theorem 14.6 Assume that (14.2) and (1.10) hold and let Un
h and u be

the solutions of (14.28) or (14.29), and (14.1). Assume that U0
h = vh is

appropriately chosen and that u is sufficiently smooth. Then there is a C =
C(u, t̄) such that (in case of (14.28) for k small)

‖Un
h − u(tn)‖ ≤ C(hr + k), for tn ∈ J.

We now turn to the case of nonsmooth initial data and concentrate on
the linearized method (14.29). We begin by considering the problem in the
Hilbert space framework and consider thus the semilinear problem

(14.30) u′ + Au = f(u), for t ∈ J, with u(0) = v,

where A is a positive definite selfadjoint operator with a compact inverse in
the Hilbert space H, and f : H → H is continuous and such that

(14.31) ‖f ′(u)‖ ≤ B, for u ∈ H,

where f ′ denotes the Fréchet derivative of f . The analogue of (14.29) is the
linearized backward Euler scheme

(14.32) Un = EkUn−1 + kEkf(Un−1), for tn ∈ J, with U0 = v,

where Ek = (I + kA)−1. We shall show the following:

Theorem 14.7 Assume that (14.31) holds, and let Un and u be the solutions
of (14.32) and (14.30), respectively. Then there is a constant C = C(κ, t̄)
such that

‖Un − u(tn)‖ ≤ Ck
( 1

tn
+ log

tn
k

)
, for tn ∈ J, if ‖v‖ ≤ κ.

Proof. We find at once

Un = En
k v + k

n−1∑

j=0

En−j
k f(U j).

Similarly, with Jj = (tj , tj+1) and un = u(tn),
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un = E(tn)v +

n−1∑

j=0

∫

Jj

E(tn − s)f(u(s)) ds.

Hence, for the error en = Un − un,

(14.33) en = (En
k − E(tn))v +

n−1∑

j=0

∫

Jj

dn
j (s) ds

where
dn

j (s) = En−j
k f(U j) − E(tn − s)f(u(s)).

We shall estimate the terms in (14.33). We first have, using the known
nonsmooth data error estimate in the case of a linear homogeneous equation,

‖(En
k − E(tn))v‖ ≤ C

k

tn
‖v‖ ≤ Cκ

k

tn
.

We proceed with the terms in the sum in (14.33). We write

dn
j (s) = En−j

k (f(U j) − f(uj)) + (En−j
k − E(tn−j))f(uj)

+ E(tn−j)(f(uj) − f(u(s))) + (E(tn−j) − E(tn − s))f(u(s))

=

4∑

l=1

dn
jl(s).

For the first term we have by the stability of Ek and by (14.2)

‖dn
j1‖ ≤ C‖U j − uj‖ = C‖ej‖, for j ≤ n − 1

and, for the second term, again by the standard linear nonsmooth data esti-
mate, since ‖f(u(s))‖ is bounded,

‖dn
j2‖ ≤ C

k

tn−j
, for j ≤ n − 1.

For the third term, we find, using the analogue of Theorem 14.4 with α =
0, β = 2,

‖dn
j3(s)‖ ≤ ‖f(uj) − f(u(s))‖ ≤ C‖uj − u(s)‖

≤ Ck sup
s∈Jj

‖u′(s)‖ ≤ C
k

tj
, for s ∈ Jj , 1 ≤ j ≤ n − 1,

and since dn
03 is bounded we conclude

‖dn
j3(s)‖ ≤ C

k

tj+1
, for s ∈ Jj , 0 ≤ j ≤ n − 1.
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Finally, applying now also a spectral argument, since E(t) = e−At,

‖dn
j4(s)‖ = ‖AE(tn − s)A−1(E(s − tj) − I)f(u(s))‖

≤ C
1

tn − s
sup
λ>0

∣∣e
−λ(s−tj) − 1

λ

∣∣ ≤ C
k

tn−j−1
, for s ∈ Jj , 0 ≤ j < n − 1.

Since ‖dn
n−1,4‖ is bounded, we have

‖dn
j4(s)‖ ≤ C

k

tn−j
, for s ∈ Jj , 0 ≤ j ≤ n − 1.

Altogether we obtain
∫

Jj

‖dn
j (s)‖ ds ≤ Ck‖ej‖ + Ck

( k

tj+1
+

k

tn−j

)
, for 0 ≤ j ≤ n − 1,

and hence after summation, from (14.33),

(14.34) ‖en‖ ≤ Ck
( κ

tn
+ log n

)
+ Ck

n−1∑

j=0

‖ej‖.

Setting σn = k
∑n

j=0 ‖ej‖, we thus have

(σn − σn−1)/k ≤ Ck
( κ

tn
+ log n

)
+ Cσn−1, for n ≥ 1,

and hence
σn ≤ (1 + Ck)σn−1 + Ck2

( κ

tn
+ log n

)
,

and, since the time interval is bounded,

σn ≤ Ck

n∑

j=1

(1 + Ck)n−1−j
(κ
j

+ k log j
)
≤ C(κ + 1)k log n.

By (14.34) this completes the proof. ⊓⊔

The above result may be applied to derive a nonsmooth data error esti-
mate for (14.29). As an illustration we consider the solution uh : J̄ → Sh of
(14.3) in the case that Sh is a standard piecewise linear finite element space,
so that Theorem 14.3 holds. For this problem we have the following.

Theorem 14.8 Assume that (14.2) and (1.10) (with r = 2) hold, and let
Un

h and u be the solutions of (14.29) and (14.1), with U0
h = Phv Then there

is a constant C = C(κ, t̄) such that, for tn ∈ J,

‖Un
h − u(tn)‖ ≤ Ck

( 1

tn
+ log

tn
k

)
+ Ch2

( 1

tn
+ max(0, log

tn
h2

)), if ‖v‖ ≤ κ.
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Proof. We write Un
h − u(tn) = (Un − uh(tn)) + (uh(tn)− u(tn)). The second

term is bounded by Theorem 14.3, and the first by Theorem 14.7, now applied
with H = Sh, and A = −∆h, where ∆h is the discrete Laplacian: With
Ekh = (I−k∆h)−1 and Ph the L2-projection onto Sh, (14.29) may be written

Un
h = EkhUn−1 + kEkhPhf(Un−1

h ), for tn ∈ J, with U0 = Phv.

Since the assumptions of Theorem 14.7 are satisfied for the data Phf(u) and
Phv, uniformly in h, this theorem applies, and shows

‖Un
h − uh(tn)‖ ≤ Ck

( 1

tn
+ log

tn
k

)
, for ‖Phv‖ ≤ ‖v‖ ≤ κ.

This completes the proof. ⊓⊔

In Chapter 13 we also considered the Crank-Nicolson method, and it
is clear that the results shown there are valid in the particular case of a
semilinear equation, and also generalize to the more general finite element
spaces considered here to give O(hr + k2) error bounds for smooth solutions.

Another class of methods for the semilinear equation are the Runge-Kutta
methods which were introduced in Chapter 9 in the case of a linear inhomo-
geneous equation. Applied to the semilinear equation (14.30) such a method
takes the form

Un+1 = Un + k
m∑

j=1

bj(−AUnj + f(Unj)),

Uni = Un + k

m∑

j=1

aij(−AUnj + f(Unj)), i = 1, . . . , m,

where the coefficients are associated with the quadrature formulas in (8.9).
It may also be written

Un+1 = r(kA)Un + k

m∑

j=1

pj(kA)f(Unj),

Uni = si(kA)Un + k
m∑

j=1

sij(kA)f(Unj), i = 1, . . . , m,

where the r(λ) and pj(λ) are as in (8.10) and, with ē = (1, . . . , 1),

(s1(λ), . . . , sm(λ))T = σ(λ)ē and (sij(λ)) = σ(λ)A, σ(λ) = (I + λA)−1.

It is not difficult to show that if the method is stable, so that (7.10) holds,
and such that the quadrature formulas in (8.9) are exact of orders q − 1 and
q − 2, respectively, then the error is of order O(kq) if the exact solution is
sufficiently smooth.
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In the same way as for the spatial discretization discussed in connection
with Theorem 14.5, it may be shown that it is not possible to generalize the
nonsmooth data error estimate

‖Un − u(tn)‖ ≤ Ckpt−p
n ‖v‖,

for the abstract linear homogeneous equation to the semilinear case when
p > 1. In fact, in [58] using the ideas in our above counter-example in the
spatially semidiscrete case, a simple semilinear system of the form (14.30),
and with uniformly bounded initial values, was exhibited such that for any
Runge-Kutta method corresponding to a rational function of type III, i.e.,
such that |r(λ)| < 1 for λ > 0, and |r(∞)| < 1, one has for any t ∈ J

lim sup
n=t/k→∞

‖Un − u(tn)‖ ≥ ck, with c = c(t) > 0.

However, similarly to the situation in Theorem 14.5 one may show O(kp)
convergence for tn > 0 for such methods under regularity assumptions which
are reduced compared to the smooth data case by essentially two orders. For
instance, full second order convergence is achieved for positive time for a
second order method for v ∈ Ḣ2, see [58].

The discussion in the beginning of the chapter concerning nonlinear forc-
ing terms which are not globally Lipschitz is from Thomée and Wahlbin [231].
The results for nonsmooth data were derived in Helfrich [118], Johnson, Lars-
son, Thomée and Wahlbin [130] and Crouzeix, Thomée and Wahlbin [62] in
the spatially semidiscrete case and in Crouzeix and Thomée [58] for fully
discrete methods.

For similar analyses on other types of semilinear problems we mention,
e.g., Elliott and Larsson [85], [86] and Akrivis, Crouzeix and Makridakis [3].
The long-time behavior of finite element solutions was studied in, e.g., Khalsa
[139], Larsson [143], [144], Larsson and Sanz-Serna [145], [146], Elliott and
Stuart [87]. Application of the discontinuous Galerkin method to semilinear
equations was studied in Eriksson and Johnson [90], [91] and Estep and Lars-
son [95]. For work related to blow-up of solutions, see Nakagawa and Ushijima
[174].

For a recent development concerning so called nonlinear Galerkin methods
we refer to Marion and Temam [168], Temam [223] and Marion and Xu [169].

The continuous semilinear problem has been discussed in, e.g., Amann [4]
and Henry [119].
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In this chapter we shall consider a modification of the standard Galerkin
method using piecewise linear trial functions, the so-called method of lumped
masses. In this method the mass matrix is replaced by a diagonal matrix with
the row sums of the original mass matrix as its diagonal elements. This can
also be interpreted as using a quadrature rule for the corresponding L2 inner
product.

We consider the simple initial-boundary value problem

ut − ∆u = f in Ω, t > 0,

u = 0 on ∂Ω, t > 0, with u(·, 0) = v in Ω,

where again for simplicity Ω is a smooth convex domain in the plane.
Let Sh ⊂ H1

0 = H1
0 (Ω) consist of continuous, piecewise linear functions

on a quasiuniform family of triangulations Th = {τ} of Ω with its boundary
vertices on ∂Ω and which vanish outside the polygonal domain Ωh determined
by Th. Let {Pj}Nh

j=1 denote the interior vertices of Th and let {Φj}Nh
j=1 be

the standard basis for Sh consisting of the pyramid functions defined by
Φj(Pk) = δjk.

Recall that the basic semidiscrete Galerkin method is to find uh : [0,∞) →
Sh such that

(15.1) (uh,t, χ) + (∇uh,∇χ) = (f, χ), ∀χ ∈ Sh, t > 0, uh(0) = vh,

where vh is some approximation of v in Sh. Recall also that this method may
be written in matrix form as

(15.2) Bα′(t) + Aα(t) = f̃(t), for t > 0, with α(0) = γ,

where B = (bjk) and A = (ajk) are the mass and stiffness matrices with
elements bjk = (Φj , Φk) and ajk = (∇Φj ,∇Φk), respectively, where αj(t) and

γj are the coefficients of uh(t) and vh with respect to {Φj}Nh
j=1 and where f̃

is the vector with components (f, Φk).
The lumped mass method consists in replacing the mass matrix B in

(15.2) by the diagonal matrix B̄ obtained by taking for its diagonal elements

the numbers b̄jj =
∑Nh

k=1 bjk, i.e., by lumping all masses in one row into the



262 15. The Method of Lumped Masses

diagonal entry. This makes the inversion of the matrix coefficient of α′(t) a
triviality.

We shall thus study the matrix problem

(15.3) B̄α′(t) + Aα(t) = f̃(t), for t > 0, with α(0) = γ.

We shall now describe two alternative interpretations of this procedure, and
then use the first of these to show some error estimates for it.

Our first interpretation will be to think of (15.3) as being obtained by
evaluating the first term in (15.1) by numerical quadrature. Let τ be a triangle
of the triangulation Th, let Pτ,j , j = 1, 2, 3, be its vertices, and consider the
quadrature formula

(15.4) Qτ,h(f) = 1
3 area (τ)

3∑

j=1

f(Pτ,j) ≈
∫

τ

f dx.

We may then define an approximation of the inner product in Sh by

(15.5) (ψ, χ)h =
∑

τ∈Th

Qτ,h(ψχ).

We claim now that the lumped mass method defined by (15.3) above is
equivalent to

(15.6) (uh,t, χ)h + (∇uh,∇χ) = (f, χ), ∀χ ∈ Sh, t > 0, uh(0) = vh.

In fact, setting uh(t) =
∑Nh

j=1 αj(t)Φj this system may be written

Nh∑

j=1

α′
j(t)(Φj , Φk)h +

Nh∑

j=1

αj(t)(∇Φj ,∇Φk) = (f, Φk), k = 1, . . . , Nh,

and to show the equivalence it remains only to observe that (Φj , Φk)h = 0
for j �= k, as Φj(x)Φk(x) vanishes at all vertices of Th, and to show that

(15.7) ‖Φj‖2
h = (Φj , Φj)h =

Nh∑

k=1

(Φj , Φk).

To prove this latter fact, note that (Φj , Φk) is only non-zero for j �= k if Pj

and Pk are neighbors, and observe that in such a case, if τ is a triangle with
Pj and Pk as vertices, simple calculations, for instance after transformation
to a reference triangle, show that

∫

τ

ΦjΦk dx = 1
12 area (τ) and

∫

τ

Φ2
j dx = 1

6 area (τ).

It follows, since for each pair of neighbors Pj , Pk there are two such triangles
τ , that with Dj the union of the triangles which have Pj as a vertex,
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Nh∑

k=1

(Φj , Φk) = 1
3 area (Dj).

Since clearly

‖Φj‖2
h =
∑

τ

Qτ,h(Φ2
j ) = 1

3 area (Dj),

this completes the proof of (15.7).
We now turn to the other formulation of the method under consideration.

Let again τ be a triangle of the triangulation and Pj one of its vertices. Now
draw the straight lines connecting each vertex of τ to the midpoint of the
opposite side of τ . These straight lines intersect at the barycenter of τ and
divide τ into six triangles of equal area. Let Bj,τ be the union of the two
of these that have Pj as a vertex. Clearly, then, the area of Bj,τ is a third
of that of τ . For each interior vertex Pj , let Bj be the union of the Bj,τ for
which τ has Pj as a vertex.

Now let S̄h denote the functions which are constant on each Bj and vanish
outside the union of the Bj . We note that the elements χ̄ of S̄h are uniquely
defined by the values at the vertices Pj and we may write

χ̄(x) =

Nh∑

j=1

χ̄(Pj)Φ̄j(x),

where Φ̄j = 1 on Bj and vanishes elsewhere. Since the functions of Sh are
also uniquely determined by their values at the Pj there is a one-to-one
correspondence between the functions of Sh and those of S̄h, and for χ in Sh

we denote by χ̄ the associated function in S̄h which agrees with χ at the Pj .
With this notation the semidiscrete equation (15.3) or (15.6) may also be

formulated as

(ūh,t, χ̄) + (∇uh,∇χ) = (f, χ), ∀χ ∈ Sh, t > 0, uh(0) = vh.

In fact, this follows similarly to above if we observe that trivially (Φ̄j , Φ̄k) = 0
for j �= k and that ‖Φ̄j‖2 = area (Bj) = area (Dj)/3 = ‖Φj‖2

h.
One may think of this latter formulation as being obtained by reducing

the H1 regularity requirements for the functions in Sh in the first term of
(15.1), where they are not needed for the products to make sense. This latter
approach was taken in [203] and [49].

We now turn to the error analysis and return to the formulation (15.6).
We begin with the following lemma.

Lemma 15.1 Let εh(v, w) = (v, w)h − (v, w) denote the quadrature error in
(15.5). We then have

|εh(ψ, χ)| ≤ Ch2‖∇ψ‖ ‖∇χ‖, for ψ, χ ∈ Sh.
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Proof. Since the quadrature formula (15.4) is exact for f linear we have, by
transformation to a fixed reference triangle τ0 and using the Bramble-Hilbert
lemma and the Sobolev inequality ‖f‖L∞(τ0) ≤ C‖f‖W 2

1
(τ0), that

|Qτ,h(f) −
∫

τ

f dx| ≤ Ch2
∑

|α|=2

‖Dαf‖L1(τ).

After application to f = ψχ this implies, since both ψ and χ are linear in τ ,
that

|Qτ,h(ψχ) −
∫

τ

ψχdx| ≤ Ch2‖∇ψ‖L2(τ)‖∇χ‖L2(τ).

Using the Cauchy-Schwarz inequality we conclude that

|εh(ψ, χ)| ≤ Ch2
∑

τ∈Th

‖∇ψ‖L2(τ)‖∇χ‖L2(τ) ≤ Ch2‖∇ψ‖ ‖∇χ‖,

which is the desired estimate. ⊓⊔

We shall now show the following error estimate:

Theorem 15.1 We have for the error in the semidiscrete lumped mass
method (15.6), for t ≥ 0,

‖uh(t) − u(t)‖ ≤ C‖vh − v‖ + Ch2
(
‖v‖2 + ‖u(t)‖2 +

( ∫ t

0

‖ut‖2
2 ds
)1/2
)
.

Proof. We write, with Rh the standard Ritz projection, uh − u = (uh −
Rhu) + (Rhu − u) = θ + ρ, and ρ(t) is bounded in the desired way. In order
to estimate θ, we write

(θt, χ)h + (∇θ,∇χ)

= (uh,t, χ)h + (∇uh,∇χ) − (Rhut, χ)h − (∇Rhu,∇χ)

= (f, χ) − (Rhut, χ)h − (∇u,∇χ) = (ut, χ) − (Rhut, χ)h

= −(ρt, χ) − εh(Rhut, χ).

(15.8)

Setting χ = θ we obtain

(15.9) 1
2

d

dt
‖θ‖2

h + ‖∇θ‖2 = −(ρt, θ) − εh(Rhut, θ).

Here we have at once

|(ρt, θ)| ≤ ‖ut − Rhut‖ ‖θ‖ ≤ Ch2‖ut‖2‖θ‖ ≤ Ch2‖ut‖2‖∇θ‖,

and, using Lemma 15.1,

|εh(Rhut, θ)| ≤ Ch2‖∇Rhut‖ ‖∇θ‖ ≤ Ch2‖ut‖2‖∇θ‖.
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It follows thus that

1
2

d

dt
‖θ‖2

h + ‖∇θ‖2 ≤ Ch2‖ut‖2‖∇θ‖ ≤ ‖∇θ‖2 + Ch4‖ut‖2
2,

from which we infer

‖θ(t)‖2
h ≤ ‖θ(0)‖2

h + Ch4

∫ t

0

‖ut‖2
2 ds.

We now note that ‖ · ‖h and ‖ · ‖ are equivalent norms on Sh, uniformly in h
(this follows easily by considering each triangle separately), and that hence

‖θ(t)‖ ≤ C‖θ(0)‖ + Ch2
( ∫ t

0

‖ut‖2
2 ds
)1/2

.

Here ‖θ(0)‖ = ‖vh −Rhv‖ ≤ ‖vh − v‖+ Ch2‖v‖2, whence θ(t) is bounded as
desired. The proof is complete. ⊓⊔

We now turn to an estimate for the gradient.

Theorem 15.2 We have for the error in the semidiscrete method (15.6), for
t ≥ 0,

‖∇(uh − u)(t)‖ ≤ ‖∇(vh − v)‖ + Ch
(
‖v‖2 + ‖u(t)‖2 +

( ∫ t

0

‖∇ut‖2 ds
)1/2
)
.

Proof. We now set χ = θt in the equation (15.8) for θ to obtain

(15.10) ‖θt‖2
h + 1

2

d

dt
‖∇θ‖2 = −(ρt, θt) − εh(Rhut, θt).

Here, as in the proof of Theorem 15.1,

|(ρt, θt)| ≤ ‖ut − Rhut‖ ‖θt‖ ≤ Ch‖∇ut‖ ‖θt‖.
Further, by Lemma 15.1,

|εh(Rhut, θt)| ≤ Ch2‖∇Rhut‖ ‖∇θt‖ ≤ Ch‖∇ut‖ ‖θt‖,
where in the last step we have applied the inverse estimate (1.12). (The use
of the inverse estimate may be avoided by a slight modification of Lemma
15.1.) Using again the equivalence between the norms ‖ · ‖h and ‖ · ‖ on Sh

we conclude

‖θt‖2
h + 1

2

d

dt
‖∇θ‖2 ≤ Ch‖∇ut‖ ‖θt‖h ≤ ‖θt‖2

h + Ch2‖∇ut‖2,

so that, after integration,

‖∇θ(t)‖ ≤ ‖∇θ(0)‖ + Ch
( ∫ t

0

‖∇ut‖2 ds
)1/2

≤ ‖∇(vh − v)‖ + Ch
(
‖v‖2 +

( ∫ t

0

‖∇ut‖2 ds
)1/2
)
.

Together with the standard estimate for ∇ρ(t) this completes the proof. ⊓⊔
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This demonstration does not immediately yield the superconvergent or-
der O(h2) estimate for ∇θ which holds for the standard Galerkin method.
However, as is shown in the following lemma, a slight modification of the
proof shows such a result.

Lemma 15.2 For each t̄ > 0 there is a constant C = C(t̄) such that for
θ = uh − Rhu and 0 ≤ t ≤ t̄,

‖∇θ(t)‖ ≤ ‖∇θ(0)‖ + Ch2
(
‖ut(t)‖2 +

( ∫ t

0

(‖ut‖2
2 + ‖utt‖2

1) ds
)1/2
)
.

Proof. It suffices to consider the case vh = Rhv, or θ(0) = 0. For the solution
ũh of the homogeneous equation with initial data ũh(0) = vh − Rhv = θ(0)
satisfies

‖ũh,t‖2
h + 1

2

d

dt
‖∇ũh‖2 = 0,

and hence
‖∇ũh(t)‖2 ≤ ‖∇ũh(0)‖2 = ‖∇θ(0)‖2.

We have as before (15.10), which we now write in the form

(15.11) ‖θt‖2
h + 1

2

d

dt
‖∇θ‖2 = −(ρt, θt) −

d

dt
εh(Rhut, θ) + εh(Rhutt, θ).

Here

|(ρt, θt)| ≤ ‖ρt‖ ‖θt‖ ≤ Ch2‖ut‖2‖θt‖h ≤ Ch4‖ut‖2
2 + ‖θt‖2

h.

Further, by Lemma 15.1,

|εh(Rhut, θ)| ≤ Ch2‖∇Rhut‖ ‖∇θ‖ ≤ Ch4‖ut‖2
1 + 1

4‖∇θ‖2,

and similarly with ut replaced by utt. By integration of (15.11) we therefore
obtain, since θ(0) = 0,

‖∇θ(t)‖2 ≤ Ch4
(
‖ut(t)‖2

1 +

∫ t

0

(‖ut‖2
2 + ‖utt‖2

1) ds
)

+

∫ t

0

‖∇θ‖2 ds.

The result now follows by Gronwall’s lemma. ⊓⊔

As one application of the lemma we shall prove the following maximum-
norm error estimate:

Theorem 15.3 Let vh be chosen so that ‖∇(vh−Rhv)‖ ≤ Ch2. Then under
the appropriate regularity assumptions we have for the error in (15.6)

‖uh(t) − u(t)‖L∞
≤ C(t̄;u)h2ℓh, where ℓh = max(1, log(1/h)), for t ≤ t̄.



15. The Method of Lumped Masses 267

Proof. We recall that since the triangulation is quasiuniform we may apply
the “almost” Sobolev inequality of Lemma 6.4 together with Lemma 15.2 to
obtain

‖θ(t)‖L∞
≤ C(t̄;u)h2ℓ

1/2
h .

In view of the maximum-norm error estimate of Theorem 1.4 for the elliptic
problem, this shows the result. ⊓⊔

We observe that because of the use of quadrature, our above error analyses
of Theorem 15.1 and Lemma 15.2 require more regularity of the solution
than was the case for the standard Galerkin method. For the homogeneous
equation, for instance, Theorem 15.1 shows by standard calculations using
the definition of the norm in Ḣs = Ḣs(Ω) (cf. Chapter 3) that, for vh = Rhv,
say,

‖uh(t) − u(t)‖ ≤ Ch2|v|3, for v ∈ Ḣ3,

and Lemma 15.2 shows similarly

‖∇θ(t)‖ ≤ Ch2|v|4, for v ∈ Ḣ4.

In addition to smoothness these estimates require v = ∆v = 0 on ∂Ω. We
shall demonstrate now how at least the latter boundary condition may be
removed for t positive, by using our previous techniques for nonsmooth data
error estimates.

Lemma 15.3 Consider the homogeneous equation (f = 0) and let θ = uh −
Rhu. Then for each t̄ > 0 there is a constant C such that if θ(0) = 0 then for
0 < t ≤ t̄ and v ∈ Ḣ2,

‖θ(t)‖ ≤ Ch2t−1/2|v|2 and ‖∇θ(t)‖ ≤ Ch2t−1|v|2.

Proof. Multiplying (15.9) by t we have

1
2

d

dt
(t‖θ‖2

h) + t‖∇θ‖2 = −t(ρt, θ) − tεh(Rhut, θ) + 1
2‖θ‖

2
h.

Hence by integration and routine estimates

t‖θ‖2
h +

∫ t

0

s‖∇θ‖2 ds ≤ Ch4

∫ t

0

(s2‖ut‖2
2 + s‖ut‖2

1) ds

+C

∫ t

0

‖θ‖2
h ds ≤ Ch4‖v‖2

1 + C

∫ t

0

‖θ‖2
h ds.

(15.12)

In order to estimate the latter integral we set θ̃(t) =
∫ t

0
θ(s) ds and integrate

the error equation (15.8) from 0 to t to obtain

(θ, χ)h + (∇θ̃,∇χ) = (ρ(0) − ρ(t), χ) − εh(Rh(u(t) − v), χ), ∀χ ∈ Sh.

Setting χ = θ = θ̃t this yields
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‖θ‖2
h + 1

2

d

dt
‖∇θ̃‖2

= (ρ(0) − ρ(t), θ) − d

dt
εh(Rh(u(t) − v), θ̃) + εh(Rhut, θ̃),

and hence, by obvious estimates,

∫ t

0

‖θ‖2
h ds + ‖∇θ̃‖2 ≤ Ch4

∫ t

0

(‖u(s)‖2 + ‖v‖2)
2 ds

+ Ch4‖∇Rh(u(t) − v)‖2 + Ch4

∫ t

0

‖∇Rhut‖2 ds +

∫ t

0

‖∇θ̃‖2 ds,

so that, using also Gronwall’s lemma, for t ≤ t̄,

(15.13)

∫ t

0

‖θ‖2
h ds ≤ Ch4

(
‖v‖2

2 +

∫ t

0

‖u‖2
3 ds
)
≤ Ch4|v|22.

Together with (15.12) this proves the first estimate of the lemma.
In order to bound ∇θ we multiply (15.11) by t2 and obtain easily

1
2

d

dt
(t2‖∇θ‖2) ≤ − d

dt
(t2εh(Rhut, θ)) + Ct2‖ρt‖2

+ t2εh(Rhutt, θ) + 2tεh(Rhut, θ) + t‖∇θ‖2,

or

t2‖∇θ(t)‖2 ≤ Ch4
(
t2‖∇ut(t)‖2 +

∫ t

0

(s3‖utt‖2
1 + s2‖ut‖2

2 + s‖ut‖2
1) ds
)

+ C

∫ t

0

s‖∇θ‖2 ds ≤ Ch4t‖v‖2
2 + C

∫ t

0

s‖∇θ‖2 ds.

Hence we have using (15.12) and (15.13), since t ≤ t̄,

t2‖∇θ(t)‖2 ≤ Ch4|v|22,

which completes the proof. ⊓⊔

It is obvious how Lemma 15.3 may be combined with our different es-
timates for the error ρ in the elliptic projection to yield L2 and L∞ norm
bounds for the error in the homogeneous semidiscrete equation with initial
data v ∈ Ḣ2. We shall not insist on the details.

The method of lumped masses may, of course, be used in fully discrete
methods. With ∂̄ as usual denoting the backward difference quotient and 0 ≤
κ ≤ 1 one could, for instance, consider the method defining Un = Un

h ∈ Sh

by,

(∂̄Un, χ)h + κ(∇Un,∇χ) + (1 − κ)(∇Un−1,∇χ)

= (f(tn−1 + κk), χ), ∀χ ∈ Sh, n ≥ 1, with U0 = vh,
(15.14)
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or in matrix form, with αn the vector of the components of Un with respect
to the basis {Φj}Nh

j=1, and Fn−1+κ that with components (f(tn−1 + kκ), Φj),

B̄∂̄αn + κAαn + (1 − κ)Aαn−1 = Fn−1+κ,

or since B̄ + κkA is obviously positive definite,

αn = (B̄ + κkA)−1(B̄ − (1 − κ)kA)αn−1 + (B̄ + κkA)−1kFn−1+κ.

The backward Euler method corresponds to κ = 1, the Crank-Nicolson
method to κ = 1

2 , and for κ = 0 we now have a method which is purely
explicit since B̄ is diagonal.

As an example, let us briefly analyze the backward Euler method and
show the following.

Theorem 15.4 We have for the backward Euler Galerkin method (15.14)
with κ = 1, for tn ≥ 0,

‖Un − u(tn)‖ ≤ C‖vh − v‖

+ Ch2
(
‖v‖2 + ‖u(tn)‖2 +

( ∫ tn

0

‖ut‖2
2 ds
)1/2
)

+ Ck
( ∫ tn

0

‖utt‖2 ds
)1/2

.

Proof. Writing as usual Un −un = θn +ρn, we need only bound θn. We have

(∂̄θn, χ)h + (∇θn,∇χ)

= (∂̄Un, χ)h + (∇Un,∇χ) − (∂̄Rhun, χ)h − (∇Rnun,∇χ)

= (fn, χ) − (∂̄Rhun, χ)h − (∇un,∇χ) = (un
t , χ) − (∂̄Rhun, χ)h.

Choosing χ = θn we find after some manipulation

1

2k
(‖θn‖2

h − ‖θn−1‖2
h) +

1

2k
‖θn − θn−1‖2

h + ‖∇θn‖2

= (un
t − ∂̄un, θn) + (∂̄un − ∂̄Rhun, θn) − εh(∂̄Rhun, θn) = R1 + R2 + R3.

We have for the contribution of the discretization in time

|R1| ≤ ‖un
t − ∂̄un‖ ‖θn‖ ≤ C

∫ tn

tn−1

‖utt‖ ds ‖∇θn‖

≤ Ck1/2
(∫ tn

tn−1

‖utt‖2 ds
)1/2

‖∇θn‖.

Further

|R2| ≤ ‖(I − Rh)∂̄un‖ ‖θn‖ ≤ Ch2‖∂̄un‖2‖θn‖

≤ Ch2k−1

∫ tn

tn−1

‖ut‖2 ds‖∇θn‖ ≤ Ch2k−1/2
(∫ tn

tn−1

‖ut‖2
2 ds
)1/2

‖∇θn‖,
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and finally, using again Lemma 15.1,

|R3| ≤ Ch2‖∇Rh∂̄un‖ ‖∇θn‖ ≤ Ch2‖∂̄∇un‖ ‖∇θn‖

≤ Ch2k−1

∫ tn

tn−1

‖∇ut‖ ds ‖∇θn‖ ≤ Ch2k−1/2
(∫ tn

tn−1

‖ut‖2
2 ds
)1/2

‖∇θn‖.

Altogether we conclude, after a kickback of k‖∇θn‖2,

‖θn‖2
h ≤ ‖θn−1‖2

h + Ch4

∫ tn

tn−1

‖ut‖2
2 ds + Ck2

∫ tn

tn−1

‖utt‖2 ds,

and hence

‖θn‖2
h ≤ ‖θ0‖2

h + Ch4

∫ tn

0

‖ut‖2
2 ds + Ck2

∫ tn

0

‖utt‖2 ds.

By the equivalence of ‖ · ‖h and ‖ · ‖ on Sh and the standard estimate for
‖θ0‖ this concludes the proof of the theorem. ⊓⊔

We shall now show that if the triangulations used are of Delaunay type,
then there is a maximum-principle associated with the lumped mass method.
Recall from the beginning of Chapter 6 that this is not the case for the
standard Galerkin method. A triangulation is of Delaunay type if for all edges
e of Th, with α1 and α2 the two angles opposite to e in the two triangles τ1

and τ2 determined by e, respectively, we have α1 + α2 ≤ π. This condition
is satisfied, in particular, if all angles α of Th are acute. Note that this does
not require Th to be quasiuniform.

We consider the homogeneous equation

(uh,t, χ)h + (∇uh,∇χ) = 0, ∀χ ∈ Sh, t > 0, with uh(0) = vh,

and we denote by Ēh(t) : Sh → Sh the solution operator of this problem.
This problem may also be written

uh,t − ∆huh = 0, for t ≥ 0, with uh(0) = vh,

where ∆h : Sh → Sh is now defined by

(15.15) −(∆hψ, χ)h = (∇ψ,∇χ), ψ, χ ∈ Sh.

With this notation Ēh(t) is the semigroup on Sh generated by ∆h.
Note that we may write the complex form of the discrete inner product

(·, ·)h defined in (15.5) as

(15.16) (ψ, χ)h =

Nh∑

j=1

ωjψjχ̄j , where ωj =
1

3

∑

Pj∈τ̄

area(τ), ψj = ψ(Pj).
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From this we may easily see that

−(∆hψ)j = ω−1
j

Nh∑

i=1

αijψi, where αij = (∇Φi,∇Φj), for j = 1, . . . , Nh.

We shall begin with a characterization of Delaunay triangulations.

Lemma 15.4 The triangulation Th is of Delaunay type if and only if

(∇Φi,∇Φj) ≤ 0, for all Pi �= Pj .

Proof. Let e = PiPj be an edge of Th, let τ be one of the two triangles
determined by e, and let α be the angle in τ opposite e. Then ∇Φi

∣∣
τ

is in

the direction of the normal to the side of τ opposite Pi and |∇Φi|
∣∣
τ

= 1/δi,τ ,
where δi,τ is the distance from Pi to the opposite side of τ . One sees at once
that the angle between the two normals is π − α, and hence

(∇Φi,∇Φj)τ = − cos α |∇Φi|
∣∣
τ
|∇Φj |

∣∣
τ

area(τ) = − cos α δ−1
i,τ δ−1

j,τ area(τ).

But we also have

area(τ) = ℓi,τ ℓj,τ sin α = ℓi,τδi,τ/2,

where ℓi,τ is the length of the side opposite to Pi. Hence altogether

(∇Φi,∇Φj)τ = − 1
4 cot α.

We finally have

(∇Φi,∇Φj) =

2∑

j=1

(∇Φi,∇Φj)τj
= − 1

4 (cot α1 + cot α2) = − sin(α1 + α2)

4 sin α1 sin α2
,

from which the conclusion of the lemma immediately follows. ⊓⊔

We shall show the following discrete maximum-principle.

Theorem 15.5 Assume that the triangulations Th are of Delaunay type.
Then

min(0,min
x∈Ω

vh(x)) ≤ (Ēh(t)vh)(x) ≤ max(0,max
x∈Ω

vh(x)), ∀vh ∈ Sh.

In particular, Ēh(t) is stable with respect to the maximum-norm, and

‖Ēh(t)vh‖L∞
≤ ‖vh‖L∞

, for t ≥ 0.

Proof. We write as above the system in matrix form

B̄α′(t) + Aα(t) = 0, for t > 0, with α(0) = γ,
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where α(t) and γ are the vectors whose components are the coefficients of
uh(t) = Ēh(t)vh and vh with respect to the basis {Φj}Nh

j=1 of Sh, and where

B̄ = ((Φj , Φl)h) is diagonal and A = ((∇Φj ,∇Φl)) is the stiffness matrix.
Clearly, the maxima and minima of uh(t) and vh coincide with those of the

components of α(t) and γ, respectively. Since, with Ã and G(t) defined by
the latter two equalities,

α(t) = e−B̄−1Atγ = e−Ãtγ = G(t)γ, for t ≥ 0,

it suffices for the first statement of the theorem to show that the matrix
G(t) ≥ 0 (in the sense that its elements gjl(t) are nonnegative) and that for
each j,

(15.17)

Nh∑

l=1

gjl(t) ≤ 1.

For the purpose of showing G(t) ≥ 0 we observe that the off-diagonal
elements of the stiffness matrix A are nonpositive by Lemma 15.4. Therefore
we have use for the following simple matrix lemma.

Lemma 15.5 Let M = (mjl) be a positive definite symmetric matrix with
mjl ≤ 0 for j �= l. Then M−1 ≥ 0.

Proof. Let µ ≥ maxj mjj be such that all eigenvalues of K = µI − M are
positive. Then the largest eigenvalue of K and thus also its norm are smaller
than µ. Hence

M−1 = (µI − K)−1 = µ−1(I − µ−1K)−1 =

∞∑

j=0

µ−j−1Kj ≥ 0,

since K has nonnegative elements. ⊓⊔

It follows from the lemma that (I + kÃ)−1 ≥ 0 for k > 0. In fact, B̄+ kA
satisfies the assumptions of the lemma so that (B̄ + kA)−1 ≥ 0, and hence

(I + kÃ)−1 = (B̄−1(B̄ + kA))−1 = (B̄ + kA)−1B̄ ≥ 0.

Since the powers of nonnegative matrices are nonnegative, we conclude

G(t) = e−tÃ = lim
n→∞

(I +
t

n
Ã)−n ≥ 0.

We now complete the proof by showing (15.17), that is, with 1 the Nh-
vector with components 1, that (element-wise) G(t)1 ≤ 1. We shall show
below that A1 ≥ 0. Assuming this for a moment we have (B̄ + kA)1 ≥ B̄1.

It follows that (B̄ + kA)−1B̄1 = (I + kÃ)−11 ≤ 1, and hence as above
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G(t)1 = e−tÃ1 = lim
n→∞

(I +
t

n
Ã)−n1 ≤ 1.

For the purpose of showing that A1 ≥ 0, we extend the basis {Φj}Nh
j=1

with additional pyramid functions {ΦNh+l}Mh

l=1 corresponding to the boundary
vertices. In fact, we only need to consider these defined on the polygonal
domain Ωh defined by Th, so no extension of Th is needed. In the same way
as before, we have for Pj an interior vertex and PNh+l a boundary vertex

that (∇Φj ,∇ΦNh+l) ≤ 0. Hence, since
∑Nh+Mh

l=1 Φl ≡ 1 in Ωh,

Nh∑

l=1

ajl = (∇Φj ,∇
Nh+Mh∑

l=1

Φl) −
Mh∑

l=1

(∇Φj ,∇ΦNh+l) ≥ 0.

This shows A1 ≥ 0 and thus completes the proof of the maximum-principle.
The second part of the theorem is an obvious consequence of the first. ⊓⊔

Maximum-principles are also valid under certain conditions for the homo-
geneous case (f = 0) of the fully discrete schemes (15.14) with κ ∈ [0, 1]. We
show the following:

Theorem 15.6 Assume that Th is of Delaunay type, and that (1 − κ)k ≤
δ2
min/3, where δmin = minj,τ δj,τ . Then the solution of (15.14) with f = 0

satisfies, for x ∈ Ω,

min(0,min
x∈Ω

vh(x)) ≤ Un(x) ≤ max(0,max
x∈Ω

vh(x)), for n ≥ 0.

In particular,
‖Un‖L∞

≤ ‖vh‖L∞
.

Proof. We write the scheme (15.14) with f = 0 as above in matrix form,

αn = (B̄ + κkA)−1(B̄ − (1 − κ)kA)αn−1 = Ḡk,καn−1.

We need to show as before that Ḡk,κ ≥ 0 and Ḡk,κ1 ≤ 1. For the backward
Euler scheme, corresponding to κ = 1, our above proof of Theorem 15.5 shows
the result. For more general κ ∈ [0, 1] we still have (B̄+κkA)−1 ≥ 0 by Lemma
15.5. In order to guarantee Ḡk,κ ≥ 0 we now demand B̄ − (1 − κ)kA ≥ 0.
Since ajl ≤ 0 for j �= l it suffices for this to require b̄jj − (1 − κ)kajj ≥ 0 or
(1 − κ)k‖∇Φj‖2 ≤ ‖Φj‖2

h for j = 1, . . . , Nh. But

‖∇Φj‖2 =
∑

τ⊂supp Φj

δ−2
j,τ area (τ),

and, recalling that Dj = suppΦj ,

‖Φj‖2
h = 1

3

∑

τ∈supp Φj

area (τ) = 1
3 area (Dj),
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so that the condition is valid if (1−κ)k ≤ δ2
j,τ/3, for all j, τ, which is satisfied

under the assumptions of the theorem. Since A1 ≥ 0 as before we have
(B̄ + kκA)1 ≥ (B̄ − k(1 − κ)A)1, and thus

Ḡk,κ1 = (B̄ + kκA)−1(B̄ − k(1 − κ)A)1 ≤ 1.

This completes the proof of the theorem. ⊓⊔

Note that, except when κ = 1, a mesh-ratio condition of type k ≤ Ch2 is
required in this result.

We shall end this chapter by showing that the semigroup Ēh(t) discussed
above is, in fact, an analytic semigroup with respect to the maximum-norm.
We shall then use this fact to conclude that it has a smoothing property and
also to demonstrate a stability estimate for the fully discrete method (15.14).
The analyticity of Ēh(t) is a consequence of the following resolvent estimate,
where we again assume that the family {Th} is quasiuniform.

Theorem 15.7 With ∆h defined by (15.15) we have

(15.18) ‖R(z;−∆h)‖L∞
≤ Cℓ

1/2
h |z|−1, for z ∈ Σδh

, δh = 1
2π − cℓ

−1/2
h .

We begin by stating a resolvent estimate in the discrete Lp-norm which
we define in analogy with (15.16) as

‖χ‖Lp,h =
(∑

j

ωj |χj |p
)1/p

, for χ ∈ Sh.

Theorem 15.8 With ∆h defined by (15.15) we have

(15.19) ‖R(z;−∆h)‖Lp,h ≤ √
p |z|−1, for z ∈ Σδp

, δp = 1
2π − p−1/2.

We now use this result to give the

Proof of Theorem 15.7. Setting U = R(z;−∆h)F we have, with j appropri-
ate and p < ∞, since ωj ≥ ch2,

‖U‖L∞
= |Uj | ≤ ω

−1/p
j ‖U‖Lp,h ≤ Ch−2/p √p |z|−1‖F‖Lp,h,

for z ∈ Σδp
, δp = 1

2π − p−1/2. Choosing p = ℓh = log(1/h) for small h now
completes the proof. ⊓⊔
The basis of our Lp analysis is the following lemma where for an edge e of
Th defined by two neighbors Pi and Pj , ∂jU = Uj1 − Uj2 .

Lemma 15.6 For every edge e of Th there is a real-valued constant γe such
that

(∇ψ,∇χ) =
∑

j

γe∂eψ · ∂eχ, ∀ψ, χ ∈ Sh.
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Proof. We note that
∑Nh+Mh

i=1 αji = 0 since
∑Nh+Mh

i=1 Φi = 1. It therefore
suffices to remark that, noting that ψj = χj = 0 for Nh + 1 ≤ j ≤ Nh + Mh,

(∇ψ,∇χ) =

Nh+Mh∑

i,j=1

αijψiχ̄j =
∑

i�=j

αij(ψi − ψj)(χ̄j − χ̄i).

This shows the lemma with γe = −aij for e = PiPj . ⊓⊔

We also need the following lemma:

Lemma 15.7 Let z and w be two complex numbers and set

Hp = (w − z)(w̄|w|p−2 − z̄|z|p−2), where p > 2.

Then
| arg Hp| ≤ arcsin(1 − 2/p).

Proof. Setting d = w − z and ϕ(t) = d(z + td) |z + td|p−2 we may write

Hp = d (z + d) |z + d|p−2 − d z̄|z|p−2 = ϕ(1) − ϕ(0) =

∫ 1

0

ϕ′(t) dt,

and it hence suffices to show | arg ϕ′(t)| ≤ arcsin |1 − 2/p|. For this we write

d2 (z + td)
2

= reiω we have

ϕ′(t) =
p

2
|d|2|z + td|p−2 +

p − 2

2
d2 (z + td)

2|z + td|p−4

= 1
2 |z + td|p−4r2(p + (p − 2)e2iω).

We now easily find

| arg ϕ′(t)| = | arg(p + (p − 2)e2iω)| ≤ arcsin(1 − 2/p),

which completes the proof. ⊓⊔

Proof of Theorem 15.8. We first show, with θp = 1
2π + arcsin(1 − 2/p),

(15.20) ‖R(z;−∆h)‖Lp,h ≤ |z|−1, for z ∈ Σθp
.

Letting U ∈ Sh be the solution of the discrete elliptic problem

(15.21) zU + ∆hU = F,

we have U = R(z;−∆h)F so that the statement (15.20) will follow from

(15.22) ‖U‖Lp,h ≤ |z|−1‖F‖Lp,h, for z ∈ Σθp
.

We obtain from (15.21)
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(15.23) −z(U,χ)h + (∇U,∇χ) = −(F, χ)h, ∀χ ∈ Sh.

We choose χ = χ̃ = Ih(U |U |p−2) and note that, by Lemma 15.6,

(∇U,∇χ̃) =
∑

e

γe∂eU∂e(Ū |U |p−2) =
∑

e

γeHp,e,

where, for e = PiPj ,

Hp,e = (Uj − Ui)(Ūj |Uj |p−2 − Ūi|Ui|p−2).

Note that each Hp,e is of the form of Hp in Lemma 15.7, and this lemma
therefore shows | arg(∇U,∇χ̃)| ≤ arcsin(1 − 2/p).

We may then write (15.23), with χ = χ̃, as

(15.24) −z‖U‖p
Lp,h + (∇U,∇χ̃) = −(F, χ)h.

and think of this as a relation of the form

(15.25) aeiϕ + beiψ = c, with a, b > 0, ϕ, ψ ∈ R,

where ϕ = arg(−z) and where | arg ψ| ≤ arcsin(1 − 2/p). By multiplication
by e−iϕ and taking real parts, this implies

(15.26) a ≤ |c|, if | arg(−z)| ≤ 1
2π − arcsin(1 − 2/p),

since then cos(ψ − ϕ) ≥ 0. Hence

(15.27) |z| ‖U‖p
Lp,h ≤ ‖F‖Lp,h‖U‖p−1

Lp,h, for z ∈ Σθp
,

from which (15.20) follows.
Noting that θp > 1

2π, we now want to derive a bound for the resolvent in
a wider sector which extends to the right half-plane. For this we use (15.20)
(with λ replaced by ζ) to obtain

‖R(z;−∆h)‖Lp,h ≤ ‖R(ζ;−∆h)‖Lp,h/(1 − |z − ζ|‖R(ζ;−∆h)‖Lp,h)

≤ 1

|ζ| − |z − ζ| , if | arg ζ| = θp, |z − ζ|/|ζ| < 1.

Letting |ζ| → ∞ we find |ζ| − |z − ζ| → |z| cos(θp − | arg z|) and hence, with
Mp(ϕ) = 1/ cos(θp − |ϕ|),

‖R(z;−∆h)‖Lp,h ≤ Mp(arg z)

|z| , for θp − 1
2π < | arg z| ≤ θp.

In particular, if we assume that z ∈ Σπ/2−arcsin(1/
√

p), then

cos(θp − | arg z|) ≥ cos(arcsin(1/
√

p) + arcsin(1−2/p)) = 1/
√

p,

and hence

‖R(z;−∆h)‖Lp,h ≤ √
p |z|−1, for | arg z| ≥ 1

2π − arcsin(1/
√

p).

Since 1
2π−arcsin(1/

√
p) ≥ 1

2π−1/
√

p, this shows (15.19) and thus completes
the proof. ⊓⊔
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In the same way as in Chapter 6, Theorem 15.7 can be translated into
properties for the semigroup Ēh(t) = et∆h . In particular, we have the follow-
ing smoothing property in maximum-norm.

Theorem 15.9 Assume that the Th are of Delaunay type. Then we have

‖Ē′
h(t)‖L∞

≤ Cℓht−1, for t > 0.

Proof. This follow at once from Theorem 15.7 and Lemma 6.6, with M =

Mh = Cℓ
1/2
h , δ = δh = 1

2π − cℓ
−1/2
h , since

(15.28) cos δh = cos( 1
2π−cℓ

−1/2
h ) = sin(cℓ

−1/2
h ) ≥ cℓ

−1/2
h , c > 0. ⊓⊔

Using the techniques of Chapter 9 one may also use the resolvent estimate
of Theorem 15.7 to show stability of fully discrete methods. We illustrate with
the homogeneous case of (15.14), which we now write

(15.29) ∂̄Un − κ∆hUn + (1 − κ)∆hUn−1 = 0, for n ≥ 1, with U0 = vh.

The solution of this problem is then

(15.30) Un = En
khvh = rκ(−∆h)nvh, where rκ(z) =

1 − (1 − κ)z

1 + κz
.

We first need a somewhat more precise result than that of Theorem 9.1
in the special case of the rational function in (15.30). Recalling from (6.48)
that ℓ(t) = max(1, log(1/t)) we have the following.

Lemma 15.8 Let A be an operator in the Banach space B satisfying (9.2)
and (9.3), and let rκ(z) be the rational function in (15.30) with 1

2 ≤ κ ≤ 1.
Then

‖En
k ‖ ≤ CMℓ(cos δ), for n ≥ 0, with Ek = rκ(kA).

Proof. We follow the proof of Theorem 9.1. Consider first the case κ > 1
2 ,

so that |rκ(∞)| < 1. Choosing ψ = δ the estimates for the integrals over γR

and γε/n are unchanged. For the integral over ΓR
ε/n we note that, as is readily

proved,

|rκ(z)| ≤ e−c Re z ≤ e−c cos δ |z|, for z ∈ Σδ, |z| ≤ R,

and hence the bound in (9.11) is replaced by

M

π

∫ ∞

ε/n

e−cn cos δ ρ dρ

ρ
≤ CMℓ(cos δ).

For κ = 1
2 we have |rκ(∞)| = 1, which case is handled correspondingly as in

the proof of Theorem 9.1. ⊓⊔

The following is now our stability result for (15.30).
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Theorem 15.10 Assume that the Th are of Delaunay type. Then we have
for the solution of the fully discrete scheme (15.30), for 1

2 ≤ κ ≤ 1,

‖Un‖L∞
≤ Cℓ

1/2
h ℓ(ℓh)‖vh‖L∞

, for n ≥ 0.

Proof. Since rκ(z) is A-stable (cf. (9.5)) for 1
2 ≤ κ ≤ 1, this is an immediate

consequence of Theorem 15.7 and Lemma 15.8, together with (15.28). ⊓⊔

The lumped mass method described here is a special case of a family
of methods involving quadrature analyzed in Raviart [203]. The supercon-
vergence result of Lemma 15.2 and the corresponding maximum-norm error
estimate as well as the reduced smoothness estimates are from Chen and
Thomée [49]. The maximum-principles of Theorems 15.5 and 15.6 are con-
tained in Fujii [102], and applied in Ushijima [237], [238] to derive uniform
convergence, which, except for the case of uniform triangulations, was only
shown to be of first order in h. The resolvent estimate of Theorem 15.7 is
from Crouzeix and Thomée [60], where also nonquasiuniform families of tri-
angulations are considered. In Nie and Thomée [177] a lumped mass method
with quadrature also in the other terms in the variational formulation was
discussed for a nonlinear parabolic problem.



16. The H
1 and H

−1 Methods

In this chapter we briefly discuss some alternatives to the Galerkin methods
considered above which use other inner products than that in L2(Ω) to for-
mulate the discrete problem. For simplicity we shall content ourselves with
describing the situation in the case of a simple selfadjoint parabolic equation
in one space dimension, and only study spatially semidiscrete methods.

We begin with the H1 method in which Galerkin’s method is applied with
respect to an inner product in H1. We consider the initial-boundary value
problem

ut + Au = f in I, for t > 0, where I = (0, 1),(16.1)

u(0, t) = u(1, t) = 0, for t > 0, with u(·, 0) = v in I,

where Au := −(au′)′ + bu, with a and b smooth on Ī, a > 0, b ≥ 0.
Let r and k be integers with r ≥ 4 and 1 ≤ k ≤ r − 2, and consider

a family of partitions 0 = x0 < x1 < · · · < xM = 1 of I into subintervals
Ij = (xj−1, xj). Set h = max(xj − xj−1) and

Sh = {χ ∈ Ck(Ī);χ|Ij
∈ Πr−1 for 1 ≤ j ≤ M ; χ(0) = χ(1) = 0}.

Since k ≥ 1 we have Sh ⊂ H2∩H1
0 (in this chapter all spaces are with respect

to I), and we have with our standard notation

(16.2) inf
χ∈Sh

2∑

j=0

hj‖v − χ‖j ≤ Chs‖v‖s, for 2 ≤ s ≤ r, v(0) = v(1) = 0.

Introducing the bilinear form corresponding to A,

A(v, w) =

∫ 1

0

(av′w′ + bvw) dx,

the semidiscrete H1 method for our parabolic problem is then to find uh :
[0,∞) → Sh such that

(16.3) A(uh,t, χ) + (Auh, Aχ) = (f,Aχ), ∀χ ∈ Sh, t > 0, uh(0) = vh,
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with vh ∈ Sh a suitable approximation of v. This is based on the corre-
sponding weak formulation of (16.1) obtained by multiplying the parabolic
equation by Aϕ, integrating over I, and integrating by parts in the first term.
It may also be thought of as resulting from a weak formulation with respect
to the inner product A(·, ·), or

A(ut, ϕ) + A(Au,ϕ) = A(f, ϕ);

since f − Au = ut vanishes at x = 0 and 1, an integration by parts brings it
to a form analogous to (16.3).

With {Φj}Nh
j=1 a basis for Sh, the semidiscrete problem (16.3) may be

written in matrix form as

(16.4) Bα′(t) + Aα(t) = f̃(t) for t > 0, with α(0) = γ,

where the elements of B and A are A(Φj , Φl) and (AΦj , AΦl), respectively.
Both B and A are thus symmetric and positive definite, and it is therefore
clear that a unique solution of (16.4) exists for t ≥ 0.

As usual in the analysis of a parabolic problem we shall need to study
separately the corresponding stationary problem, in this case the two-point
boundary value problem

(16.5) Au = f in I, with u(0) = u(1) = 0.

The corresponding discrete problem is then to find uh ∈ Sh such that

(16.6) (Auh, Aχ) = (f,Aχ), ∀χ ∈ Sh.

As is easily checked, this Galerkin formulation is, in fact, equivalent with the
least squares problem to find uh ∈ Sh such that it minimizes ‖Auh − f‖.

We shall begin by demonstrating the following result in which we note
that an error estimate in H2 is also included. We use the negative norm

‖v‖−q = sup{(v, ϕ)/‖ϕ‖q; ϕ ∈ Hq}, for q ≥ 0.

Lemma 16.1 If uh and u are the solution of (16.6) and (16.5), then

2∑

j=0

hj‖uh − u‖j ≤ Chs‖u‖s, for 2 ≤ s ≤ r,

and
‖uh − u‖−q ≤ Chs+q‖u‖s, for 2 ≤ s ≤ r, 0 ≤ q ≤ r − 4.

Proof. We have for the error, e = uh − u,

(16.7) (Ae,Aχ) = 0, ∀χ ∈ Sh,

and hence
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‖Ae‖2 = (Ae,A(χ − u)) ≤ ‖Ae‖ ‖A(χ − u)‖, for χ ∈ Sh,

so that by (16.2)

(16.8) ‖Ae‖ ≤ inf
χ∈Sh

‖A(u − χ)‖ ≤ Chs−2‖u‖s, for 2 ≤ s ≤ r.

Since ‖e′′‖ ≤ C‖Ae‖, the desired estimate in H2 follows.
We now turn to the negative norm estimate; this includes the L2-norm

error bound as a special case. We shall show that

|(e, ϕ)| ≤ Chs+q‖u‖s‖ϕ‖q, for ϕ ∈ Hq.

For this purpose we associate with ϕ the solution ψ of the two-point boundary
value problem

A2ψ = ϕ in I, with ψ(0) = Aψ(0) = ψ(1) = Aψ(1) = 0,

and observe that for any q ≥ 0, ‖ψ‖q+4 ≤ C‖ϕ‖q. By integration by parts we
have, in view of the boundary conditions, (e, ϕ) = (e,A2ψ) = (Ae,Aψ), and
hence, by (16.7), (16.8) and (16.2),

(e, ϕ) = (Ae,A(ψ − χ)) ≤ ‖Ae‖ inf
χ∈Sh

‖A(ψ − χ)‖

≤ (Chs−2‖u‖s)(Chq+2‖ψ‖q+4) ≤ Chs+q‖u‖s‖ϕ‖q,

which is the desired estimate.
Finally, for the first derivatives, we have by the results already obtained

‖e′‖2 ≤ CA(e, e) ≤ C‖Ae‖ ‖e‖ ≤ Ch2s−2‖u‖2
s,

which completes the proof. ⊓⊔

For the case that the approximating functions are at most twice differ-
entiable at the nodal points, i.e., for k = 1 or 2, we shall also show some
superconvergence results for the error at the points of the partition; for k = 1
we have such a result also for the error in the derivative at these points.

Lemma 16.2 Let x̄ be a point of the partition and let uh and u be the solu-
tions of (16.6) and (16.5), respectively. Then

|uh(x̄) − u(x̄)| ≤ Ch2r−4‖u‖r, if k = 1 or 2,

and

(16.9) |u′
h(x̄) − u′(x̄)| ≤ Ch2r−4‖u‖r, if k = 1.

Proof. Letting Gx = Gx(y) = G(x, y) be the Green’s function for the two-
point boundary value problem (16.5), we have for any v ∈ H2 ∩ H1

0 ,
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(16.10) v(x) = (Av,Gx).

In particular, with T the exact solution operator of (16.5),

(16.11) v(x̄) = (Av,ATGx̄) = (Av,Ag0), with g0 = TGx̄.

We note that since Gx̄ is smooth except at x̄, but continuous there, g0 is in
C2 and smooth outside x̄, so that for k = 1, 2

(16.12) inf
χ∈Sh

‖g0 − χ‖2 ≤ Chr−2.

We now apply (16.11) to e = uh − u and find in view of (16.7)

e(x̄) = (Ae,Ag0) = (Ae,A(g0 − χ)), ∀χ ∈ Sh,

and hence, using (16.12) and Lemma 16.1,

|e(x̄)| ≤ C‖e‖2 inf
χ∈Sh

‖g0 − χ‖2 ≤ Ch2r−4‖u‖r,

which is the first estimate of the lemma.
Let now k = 1. By differentiation of (16.10) we obtain u′(x) = (Au,Gx

x),
and setting g1 = TGx

x|x=x̄ we have similarly to the above

e′(x̄) = (Ae,Ag1) = (Ae,A(g1 − χ)), ∀χ ∈ Sh.

Since Gx
x(y) has a simple discontinuity at y = x we have g1 ∈ C1 and thus

infχ∈Sh
‖g1−χ‖2 ≤ Chr−2. This implies (16.9), and completes the proof. ⊓⊔

We are now ready to analyze the error in the semidiscrete parabolic
problem (16.3). We shall then use the elliptic projection R̃h : H2 ∩ H1

0 →
Sh corresponding to the method (16.6) for the stationary problem, i.e.,

(A(R̃hu − u), Aχ) = 0 for χ ∈ Sh, for which thus, by Lemma 16.1,

(16.13) ‖R̃hu − u‖q ≤ Chs−q‖u‖s, for − (r − 4) ≤ q ≤ 2 ≤ s ≤ r.

We begin with the following:

Theorem 16.1 Let uh and u be the solutions of (16.3) and (16.1), respec-

tively. Then, if vh = R̃hv, we have, for t ≥ 0,

‖uh(t) − u(t)‖ ≤ Chr
(
‖u(t)‖r +

( ∫ t

0

‖ut‖2
r ds
)1/2
)

and

‖uh(t) − u(t)‖j ≤ Chr−j
(
‖u(t)‖r +

( ∫ t

0

‖ut‖2
r−1 ds

)1/2
)
, for j = 1, 2.
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Proof. We write uh − u = (uh − R̃hu) + (R̃hu− u) = θ + ρ, and find at once
from (16.13),

‖ρ(t)‖j ≤ Chr−j‖u(t)‖r, for j = 0, 1, 2.

In order to estimate θ, we note that

A(θt, χ) + (Aθ,Aχ) = −A(ρt, χ) = −(ρt, Aχ), ∀χ ∈ Sh, t > 0.

Setting χ = θt yields

A(θt, θt) + 1
2

d

dt
‖Aθ‖2 = −A(ρt, θt) ≤ A(ρt, ρt)

1/2A(θt, θt)
1/2,

whence, since θ(0) = 0,

‖Aθ‖2 ≤
∫ t

0

A(ρt, ρt) ds ≤ C

∫ t

0

‖ρt‖2
1 ds,

and thus, by Lemma 16.1,

‖θ(t)‖2 ≤ Chr−2
(∫ t

0

‖ut‖2
r−1 ds

)1/2

.

Similarly, using χ = θ, we find

1
2

d

dt
A(θ, θ) + ‖Aθ‖2 = −(ρt, Aθ),

and hence

‖θ‖1 ≤ C
(∫ t

0

‖ρt‖2 ds
)1/2

≤ Chr−j
(∫ t

0

‖ut‖2
r−j ds

)1/2

, for j = 0, 1.

Together these estimates show the theorem. ⊓⊔

In order to indicate how negative norm estimates and superconvergence
results at nodes may be derived, we shall briefly sketch the adaptation of the
methods employed in Chapter 6 to the present context. Let thus Th : L2 → Sh

be the solution operator of the discrete problem (16.6) so that

(16.14) (AThf,Aχ) = (f,Aχ), ∀χ ∈ Sh.

With T as above the solution operator of the continuous problem, the esti-
mates of Lemma 16.1 may then be stated as

‖Thf − Tf‖q ≤ Chs−q‖f‖s−2, for − (r − 4) ≤ q ≤ 2 ≤ s ≤ r.

For f ∈ H1
0 our definition (16.14) may also be written

(AThf,Aχ) = A(f, χ), ∀χ ∈ Sh.
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In particular, (AThf,AThg) = A(f, Thg) for f, g ∈ H1
0 , from which one easily

shows that the restriction of Th to H1
0 is selfadjoint and positive semidefinite

with respect to the inner product A(·, ·), and positive definite when further
restricted to Sh.

With this notation our parabolic problem (16.3) may be stated as

Thuh,t + uh = Thf, for t > 0, with uh(0) = vh,

and the machinery developed in Chapters 2, 3 and 6 may be applied. The
equation for the error e = uh − u takes the form

Thet + e = ρ := (Th − T )Au = (R̃h − I)u,

and recalling that the basic inner product for the analysis is now A(·, ·), we
have by Lemma 2.4 that

‖uh(t) − u(t)‖1 ≤ C‖vh − v‖1 + Chr−1
(
‖v‖r +

∫ t

0

‖ut||r ds
)
,

and for the homogeneous equation, the technique of Theorem 3.4 shows, now
with vh = Rhv defined by A(·, ·), that

‖uh(t) − u(t)‖1 ≤ Chr−1t−(r−1)/2‖v‖1.

We may also define discrete negative norms and corresponding inner prod-
ucts as in Chapter 6, this time by

‖v‖−s,h = (v, v)
1/2
−s,h, with (v, w)−s,h = A(T s+1

h v, w),

and we find easily as in Lemma 5.3, for 0 ≤ s ≤ r − 2, v ∈ H1
0 , and with

‖v‖−s = (T sv, v)1/2,

‖v‖−s,h ≤ C(‖v‖−s + hs‖v‖) and ‖v‖−s ≤ C(‖v‖−s,h + hs‖v‖).

For example, we have for s = 0, with v ∈ H1
0 ,

‖v‖2
0,h = A(Thv, v) = (AThv, v) ≤ C‖Thv‖2 ‖v‖

≤
(
C‖Thv − Tv‖2 + ‖v‖

)
‖v‖ ≤ C‖v‖2.

In the same way as in the proof of Theorem 5.2 it is possible to use these
discrete negative norms to show the following negative norm estimates for
the parabolic problem.

Theorem 16.2 Let uh and u be the solutions of (16.3) and (16.1), and let
0 ≤ s ≤ r − 4. Assume that vh is chosen so that ‖vh − v‖−s + hs‖vh − v‖ ≤
Chr+s‖v‖r. Then we have

‖uh(t) − u(t)‖−s ≤ Chr+s
(
‖v‖r +

∫ t

0

‖ut‖r ds
)
, for t ≥ 0.

We shall not give the details of the proof.
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Similarly to the situation in Chapter 6 one may also demonstrate esti-
mates of the type

(16.15) ‖Dj
t (uh(t) − u(t))‖−s ≤ C(t, u)hr+s, for − 2 ≤ s ≤ r − 4.

Such estimates are again useful for deriving superconvergent order error es-
timates at the nodes for low order k of continuity of Sh. This time we have:

Theorem 16.3 Let x̄ be one of the points of the partition, and let uh and u
be solutions of (16.3) and (16.1). Then if k = 1 or 2 we have for e = uh −u,
and any n ≥ 0,

|e(x̄, t)| ≤ C
(
hr−1‖Dn+1

t e‖1 + hr−2
n∑

j=0

‖Dj
t e‖2 + ‖Dn+1

t e‖−2n

)
, t ≥ 0.

If k = 1 the quantity
∣∣ ∂e

∂x
(x̄, t)

∣∣ is bounded by the same expression.

Proof. We have as in the proof of Lemma 16.2 that e(x̄, t) = (Ae,Ag0).
Setting

L(v, w) = A(vt, w) + (Av,Aw),

we have, as in the proof of Theorem 5.6,

e(x̄, t) = (Ae,Ag0) =
n∑

j=0

(−1)jL(Dj
t e, T

j
g0

) + (−1)n+1A(Dn+1
t e, Tng0).

Noting that L(Dj
t e, χ) = 0 for χ ∈ Sh, we obtain

|L(Dj
t e, T

jg0)| = |L(Dj
t e, T

jg0 − χ)| ≤ C
(
hr−1‖Dj+1

t e‖1 + hr−2‖Dj
t e‖2

)
,

where we have used the fact that T jg0 is twice continuously differentiable at
x̄. Further

|A(Dn−1
t e, Tng0)| = |(TnDn−1

t e,Ag0)| ≤ C‖Dn−1
t e‖−2n,

which completes the proof for e(x̄, t). The proof for (∂/∂x)e(x̄, t) is similar.
⊓⊔

Combined with the appropriate estimates of the form (16.15) we may
conclude that

|e(x̄, t)| ≤ C(t, u)h2r−4, if k = 1 or 2,

and ∣∣ ∂e

∂x
(x̄, t)| ≤ C(t, u)h2r−4, if k = 1.

For piecewise cubic elements (r = 4) both these estimates are O(h4).
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We shall next turn to the H−1 method for (16.1). This method may be
described as a Petrov-Galerkin method, which term is used to indicate that
the trial and test functions are selected from two different spaces. With the
above partition of I, and r and k integers with r ≥ 1 and −1 ≤ k ≤ r − 2,
we shall then use as the trial space

Sh = {χ ∈ Ck(I);χ|Ij
∈ Πr−1, for 1 ≤ j ≤ M}

(where C−1(I) is interpreted as not requiring any continuity at the nodal
points) and as the test space

Vh = {ω ∈ Ck+2(I);ω|Ij
∈ Πr+1, for 1 ≤ j ≤ M ; ω(0) = ω(1) = 0}.

Note that no boundary conditions are prescribed for Sh and that the order
of continuity and the degree of the polynomials are two orders higher for Vh

than for Sh. An interesting choice is k = −1 for which the functions of Sh

may have discontinuities at the nodes of the partition and the functions in
Vh are continuously differentiable.

The semidiscrete method we shall study is then to find uh : [0,∞) → Sh

such that

(16.16) (uh,t, ω) + (uh, Aω) = (f, ω), ∀ω ∈ Vh, t > 0, uh(0) = vh,

where vh is a given approximation of v in Sh and where, as usual, (·, ·) is the
inner product in L2. As we shall see below, the present method may also be
interpreted as an ordinary Galerkin method, now with respect to an inner
product in the dual space to H1

0 , which is the reason the method is referred
to as the H−1 method.

For the purpose stated, we introduce the solution operator T0 of the two-
point boundary value problem

−u′′ = f in I, with u(0) = u(1) = 0,

and observe that Vh = T0Sh. The operator T0 is positive definite on L2,
and we may therefore define the inner product 〈v, w〉 = (v, T0w) and the
corresponding norm |v| = 〈v, v〉1/2. In fact,

(16.17) |v|2 = (v, T0v) = −((T0v)′′, T0v) = ‖(T0v)′‖2,

and it follows easily (cf. the discussion following (5.14)) that

c|v| ≤ sup
w∈H1

0
(I)

(v, w)

‖w‖1
= sup

w∈H1
0
(I)

((T0v)′, w′)

‖w‖1
≤ C|v| with c > 0,

so that | · | is a norm on the dual space to H1
0 . Note that |v| ≤ C‖v‖. Setting

also
B(v, w) = (v,AT0w) = (v, aw) + (v,A1T0w),
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where A1v = −a′v′ + bv, we may now write (16.16), with ω = T0χ ∈ Vh, in
the form of the ordinary Galerkin method

(16.18) 〈uh,t, χ〉 + B(uh, χ) = 〈f, χ〉, ∀χ ∈ Sh, t > 0.

Since in view of (16.17)

(16.19) |(v,A1T0w)| ≤ C‖v‖ ‖T0w‖1 ≤ C‖v‖ ‖(T0w)′‖ ≤ C‖v‖ |w|,

we have
B(u, u) = ‖a1/2u‖2 + (u,A1T0u) ≥ c0‖u‖2 − κ|u|2.

It is also clear from (16.19) that

(16.20) |B(u, v)| ≤ C‖u‖ ‖v‖.

After a transformation of variables ũ = e−κtu, the equation (16.18) takes the
form

〈ũh,t, χ〉 + Bκ(ũh, χ) = 〈f̃ , χ〉, ∀χ ∈ Sh,

where Bκ(v, w) = B(v, w)+κ〈v, w〉 is positive definite. We shall assume that
this transformation has been performed from the outset so that we may keep
the equation in the original form (16.18), where now

(16.21) B(u, u) ≥ c0‖u‖2.

For the analysis we now introduce the elliptic projection Qh : L2 → Sh

defined by

(16.22) B(Qhu − u, χ) = 0, ∀χ ∈ Sh;

the existence and uniqueness of Qhu is guaranteed by the positivity of B(·, ·).
We shall have use for the following lemma, where

‖u‖−q = sup
ϕ∈Hq

(u, ϕ)

‖ϕ‖q
.

Lemma 16.3 With Qh : L2 → Sh defined by (16.22) we have

(16.23) ‖Qhu − u‖−q ≤ Chs+q‖u‖s, for 0 ≤ q, s ≤ r.

Proof. Recall that for the standard L2-projection Ph onto Sh we have

(16.24) ‖Phu − u‖ = inf
χ∈Sh

‖u − χ‖ ≤ Chs‖u‖s, for 0 ≤ s ≤ r.

From (16.20), (16.21) and (16.22) we infer

c0‖Qhu − u‖2 ≤ B(Qhu − u,Qhu − u)

= B(Qhu − u, Phu − u) ≤ C‖Qhu − u‖ ‖Phu − u‖,

whence, by (16.24), ‖Qhu − u‖ ≤ C‖Phu − u‖ ≤ Chs‖u‖s.
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In order to show (16.23) for q > 0, we define for ϕ ∈ L2 the function
ψ ∈ L2 as the unique solution of the equation AT0ψ = ϕ; it may be found
by determining ω = T0ψ from Aω = ϕ in I, with ω(0) = ω(1) = 0 and then
setting ψ = −ω′′. We note that

‖ψ‖q = ‖(T0ψ)′′‖q ≤ C‖T0ψ‖q+2 ≤ C‖ϕ‖q.

We have now

|(Qhu − u, ϕ)| = |(Qhu − u,AT0ψ)| = |B(Qhu − u, ψ)|

= |B(Qhu − u, ψ − Phψ)| ≤ C‖Qhu − u‖ ‖ψ − Phψ‖ ≤ Chs+q‖u‖s‖ψ‖q,

which completes the proof. ⊓⊔

We shall now begin our error analysis for the parabolic problem and start
by an error estimate for the case of a smooth solution.

Theorem 16.4 Let uh and u be the solutions of (16.16) and (16.1), respec-
tively, with ‖vh − v‖ ≤ Chr‖v‖r. Then for each t̄ > 0 there is a constant
C = Ct̄ such that, for t ∈ [0, t̄],

‖uh(t) − u(t)‖ ≤ Chr
(
‖v‖r + ‖u(t)‖r +

( ∫ t

0

‖ut(s)‖2
r−1 ds

)1/2
)
.

Proof. We write uh − u = (uh −Qhu) + (Qhu− u) = θ + ρ, and find at once
by Lemma 16.3, ‖ρ(t)‖ ≤ Chr‖u(t)‖r. From our definitions we have in the
standard fashion

(16.25) 〈θt, χ〉 + B(θ, χ) = −〈ρt, χ〉, ∀χ ∈ Sh, t > 0.

We set χ = θt and note that, using (16.19),

B(θ, θt) = (θ, aθt) + (θ,A1T0θt) = 1
2

d

dt
‖a1/2θ‖2 + (θ,A1T0θt)

≥ 1
2

d

dt
‖a1/2θ‖2 − C‖a1/2θ‖ |θt|.

This yields

|θt|2 + 1
2

d

dt
‖a1/2θ‖2 = −〈ρt, θt〉 − (θ,A1T0θt) ≤ C(|ρt|2 + ‖a1/2θ‖2) + |θt|2,

or

(16.26)
d

dt
‖a1/2θ‖2 ≤ C(|ρt|2 + ‖a1/2θ‖2).

Gronwall’s lemma now shows



16. The H1 and H−1 Methods 289

‖a1/2θ(t)‖2 ≤ eCt‖a1/2θ(0)‖2 + C

∫ t

0

eC(t−s)|ρt(s)|2 ds,

or, for t bounded,

‖θ(t)‖ ≤ C
(
‖θ(0)‖ +

( ∫ t

0

|ρt|2 ds
)1/2
)
.

Here, using Lemma 16.3,

‖θ(0)‖ = ‖vh − Qhv‖ ≤ Chr‖v‖r,

and |ρt| ≤ C‖ρt‖−1 ≤ Chr‖ut‖r−1, so that

(∫ t

0

|ρt|2 ds
)1/2

≤ Chr
(∫ t

0

‖ut‖2
r−1 ds

)1/2

.

Together these estimates show the theorem. ⊓⊔

For the special case of the homogeneous equation we have the following
result, where in the same way as in Chapter 3, Ḣr = Ḣr(I) denotes the space
defined by the norm

|v|r = ‖v‖Ḣr =
( ∞∑

j=1

λr
j(v, ϕj)

2
)1/2

,

where {λj}∞j=1 and {ϕj}∞j=1 are the eigenvalues and eigenfunctions of A, with
boundary conditions ϕj(0) = ϕj(1) = 0.

Theorem 16.5 Let uh and u be the solutions of (16.16) and (16.1), respec-
tively. Assume that v ∈ Ḣr and f = 0. We then have, with C = Ct̄,

‖uh(t) − u(t)‖ ≤ C‖vh − v‖ + Chr|v|r, for 0 ≤ t ≤ t̄.

Proof. This follows at once from Theorem 16.4 upon noting that as in Chap-
ter 3, ‖u(t)‖r ≤ C|u(t)|r ≤ C|v|r, and similarly

∫ t

0

‖ut‖2
r−1 ds ≤ C

∫ t

0

‖u‖2
r+1 ds ≤ C|v|2r. ⊓⊔

We shall end this chapter by showing the following nonsmooth data error
estimate.

Theorem 16.6 Let uh and u be the solutions of (16.16) and (16.1), respec-
tively, with vh = Phv and f = 0. Then, with C = Ct̄,

‖uh(t) − u(t)‖ ≤ Chrt−r/2‖v‖, for 0 < t ≤ t̄.
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Proof. We shall show that

‖uh(t) − u(t)‖ ≤ Cht−1/2‖v‖, for 0 < t ≤ t̄.

The result claimed then follows by an integration argument, exactly as in
Chapter 3.

As in Theorem 16.4 we write the error e = uh − u = θ + ρ, and note first
that by Lemma 16.3 and a standard smoothing estimate,

‖ρ(t)‖ = ‖Qhu(t) − u(t)‖ ≤ Ch‖u(t)‖1 ≤ Cht−1/2‖v‖, for 0 < t ≤ t̄.

In order to derive the estimate needed for θ = uh − Qhu, we shall first use
(16.25) to show

(16.27) t2‖θ(t)‖2 ≤ C
(
t|e(0)|2 +

∫ t

0

(s2|ρt|2 + |ρ|2) ds
)
,

and then observe that this implies

(16.28) t1/2‖θ(t)‖ ≤ Ch‖v‖, for 0 < t ≤ t̄,

thus completing the proof.
To prove (16.27) we first multiply (16.26) by t2 to obtain

d

dt
(t2‖a1/2θ‖2) ≤ Ct2|ρt|2 + Ct‖a1/2θ‖2,

or, after integration,

(16.29) t2‖θ(t)‖2 ≤ C

∫ t

0

s2|ρt|2 ds + C

∫ t

0

s‖θ‖2 ds.

To estimate the latter integral, we choose χ = θ in (16.25) and multiply by
t, which gives

1
2

d

dt
(t|θ|2) + tB(θ, θ) = −t〈ρt, θ〉 + 1

2 |θ|
2 ≤ Ct2|ρt|2 + C|θ|2

and hence, using (16.21),

(16.30)

∫ t

0

s‖θ‖2 ds ≤ C

∫ t

0

s2|ρt|2 ds + C

∫ t

0

|θ|2 ds.

For the latter term we now integrate equation (16.25) to get, with R(t) =∫ t

0
θ(s) ds and ψ(t) = e(0) − ρ(t),

〈θ(t), χ〉 + B(R,χ) = 〈θ(0), χ〉 + 〈ρ(0) − ρ(t), χ〉 = 〈ψ(t), χ〉.

Choosing χ = θ(t) = Rt(t) we obtain using (16.19)
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|θ|2 + 1
2

d

dt
‖a1/2R‖2 = 〈ψ, θ〉 − (R,A1T0θ) ≤ 1

2 |θ|
2 + C(|ψ|2 + ‖a1/2R‖2).

Since R(0) = 0, Gronwall’s lemma now shows, for 0 ≤ t ≤ t̄,

∫ t

0

|θ|2 ds ≤ C

∫ t

0

|ψ|2 ds ≤ Ct|e(0)|2 + C

∫ t

0

|ρ|2 ds,

Together with (16.29) and (16.30) this shows (16.27).
Now |e(0)| = |vh − v| ≤ C‖Phv − v‖−1, and since Ph is selfadjoint,

‖Phv − v‖−1 = sup
ϕ∈H1

(v, (Ph − I)ϕ)

‖ϕ‖1
≤ Ch‖v‖,

so that |e(0)| ≤ Ch‖v‖. Further, applying Lemma 16.3 once more and also
the stability and smoothing property of the solution operator of (16.1), we
have

|ρ(s)| + s|ρt(s)| ≤ Ch(‖u(s)‖ + s‖ut(s)‖) ≤ Ch‖v‖.
Hence ∫ t

0

(s2|ρt(s)|2 + |ρ(s)|2) ds ≤ Ch2t‖v‖2,

so that (16.28) follows from (16.27). The proof is now complete. ⊓⊔

We conclude by remarking that the L2-norm error estimates of our last
three theorems are different in character from our earlier L2 estimates for the
standard Galerkin method and would correspond to H1 estimates for those
methods.

The H1 method was first proposed in Thomée and Wahlbin [231] for a
semilinear problem in two and three space dimensions where the fact that the
H2-norm majorizes the maximum-norm was used to show optimal order error
estimates without inverse assumptions, under local regularity assumptions on
the nonlinear forcing term. It was further studied in Douglas, Dupont and
Wheeler [79] and [80], in the latter reference also in several space dimensions.
The method may also be designed to employ approximating subspaces whose
elements do not necessarily satisfy the homogeneous Dirichlet boundary con-
ditions of the continuous problem, which is an advantage when the boundary
is curved. In Bramble and Thomée [38] a somewhat similar fully discrete
method is studied in which the parabolic equation is first discretized in time
by the backward Euler method, after which the resulting elliptic equations
at the time levels are solved in the approximating finite dimensional space
by a least squares method. Again the approximating functions in the spatial
variables are not required to satisfy the homogeneous boundary conditions
exactly. The approach in [38] is developed further in Bramble and Thomée
[39] to include higher order time discretization methods.

The H−1 method was introduced for two-point boundary value problems
by Rachford and Wheeler [199], and for corresponding parabolic problems
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by Wheeler [247] and Kendall and Wheeler [138]. The use of approximat-
ing subspaces of discontinuous functions combined with a judicious choice of
discrete initial data, in a manner discussed in Chapter 6 and referred to as
quasi-projections, was shown to lead to superconvergent O(hr+1) error esti-
mates at certain Gaussian points and, after a posteriori local quadratures,
to O(h2r) nodal estimates for u and ux. Douglas and Dupont [77] contains
certain generalizations to more than one space dimension. The above presen-
tation is based on Huang and Thomée [126].



17. A Mixed Method

In this chapter we shall consider a finite element method for our model par-
abolic equation which is based on a mixed formulation of the problem. In this
formulation the gradient of the solution is introduced as a separate dependent
variable, the approximation of which is sought in a different finite element
space than the solution itself. One advantage of this procedure is that the
gradient of the solution may be approximated to the same order of accuracy
as the solution itself.

Letting thus Ω be a convex plane domain with smooth boundary, we shall
consider first the stationary problem

(17.1) −∆u = f in Ω, with u = 0 on ∂Ω.

Introducing the gradient of u as a new variable this may also be formulated

(17.2) −divσ = f in Ω, σ = ∇u in Ω, with u = 0 on ∂Ω.

With L2 = L2(Ω) and H = {ω = (ω1, ω2) ∈ L2 × L2; divω ∈ L2} we note
that the solution (u, σ) ∈ L2 × H also solves the variational problem

(divσ, ϕ) + (f, ϕ) = 0, ∀ϕ ∈ L2,

(σ, ω) + (u, div ω) = 0, ∀ω ∈ H,
(17.3)

where the (·, ·) denote the appropriate L2 inner products. Note that the
boundary condition u = 0 is implicitly contained in (17.3); using Green’s
formula in the second equation we have, with n the exterior normal to ∂Ω,

(σ, ω) = −(u, div ω) = −
∫

∂Ω

u ω · nds + (∇u, ω), ∀ ω ∈ H,

and hence, formally, σ = ∇u in Ω and u = 0 on ∂Ω.
With Sh and Hh finite-dimensional subspaces of L2 and H to be specified

below, we shall consider the following discrete analogue of (17.2) (or (17.3)),
namely to find (uh, σh) ∈ Sh × Hh such that

(divσh, χ) + (f, χ) = 0, ∀χ ∈ Sh,(17.4)

(σh, ψ) + (uh,div ψ) = 0, ∀ψ ∈ Hh.
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We shall now describe our choice of subspaces Sh and Hh; they belong to
a family of such pairs introduced by Raviart and Thomas [204].

Let Th be a quasiuniform triangulation of Ω of the type we have used
repeatedly before, e.g., in Chapter 1, and set, with Ωh the polygonal domain
determined by the union of the triangles of Th,

Sh = {χ ∈ L2;χ|τ linear ∀τ ∈ Th, χ = 0 in Ω \ Ωh},

where no continuity is required across inter-element boundaries. In order
to define Hh, let τ̂ be the standard reference triangle in the ξ-plane, with
vertices P0 = (0, 0), P1 = (1, 0), and P2 = (0, 1), and let Ĥ denote the space

of ψ̂ = (ψ̂1, ψ̂2) ∈ Π2
2 on τ̂ of the form

ψ̂1(ξ) = α0 + α1ξ1 + α2ξ2 + α3(ξ
2
1 + ξ1ξ2),

ψ̂2(ξ) = β0 + β1ξ1 + β2ξ2 + β3(ξ1ξ2 + ξ2
2),

(17.5)

where αj , βj , j = 0, 1, 2, 3, are real numbers, and ξ = (ξ1, ξ2). For τ ∈ Th let
Fτ be an affine mapping of τ̂ onto τ , so that x = Fτ (ξ) = Bτξ + bτ , where
Bτ is a 2 × 2 matrix and bτ ∈ R

2, and set

H(τ) = {ψ = Bτ ψ̂ ◦ F−1
τ : ψ̂ ∈ Ĥ}.

For a triangle τ ∈ Th with two vertices on ∂Ω we define τ̃ to be the obvious
extension of τ to a triangle with one curved edge, and set for convenience
τ̃ = τ for other triangles τ in Th. We then define

Hh = {ψ = (ψ1, ψ2) ∈ H; ψ|τ̃ ∈ Π2
2 , ψ|τ ∈ H(τ), ∀τ ∈ Th}.

This space thus consists of piecewise quadratics on the triangulation Th which
are of the specific form implied by the definition of H(τ), and for boundary
triangles these polynomials are extended to the curved boundary.

Let us note that if ϕ = (ϕ1, ϕ2) and ϕ̂ = (ϕ̂1, ϕ̂2) are defined on τ and
τ̂ , respectively, and related as in the definition of H(τ), so that ϕ(Fτ (ξ)) =
Bτ ϕ̂(ξ), then their normal components at their corresponding segments of

the boundary are proportional. In fact, if n̂ is the normal to a side δ̂ of
τ̂ , then ϕ̂ · n̂ = B−1

τ ϕ · n̂ = ϕ · ñ with ñ = (B−1
τ )T n̂. Further, if v̂ is a

vector along δ̂, then its image along the corresponding side δ of τ is Bτ v̂, and
(Bτ v̂) · ñ = v̂ · (BT

τ ñ) = v̂ · n̂ = 0, so that ñ is a normal to δ.
We see from (17.5) that the dimension of H(τ) is 8. As degrees of freedom

for this space we may use the values of ψ · n at two points on each side of
τ (6 conditions) and in addition the mean-values of ψ1 and ψ2 over τ (2
conditions). In the usual way, in order to show that these values determine a
unique element of H(τ) it suffices to show uniqueness. For this purpose, we
first note that the normal component of ψ is linear on each side of τ . For, by
the above, it suffices to see that this is the case of the reference triangle, and
there we have
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ψ̂ · n̂ =





−ψ̂2 = −β0 − β1ξ1, on P0P1

−ψ̂1 = −α0 − α2ξ2, on P0P2,
1√
2
(ψ̂1 + ψ̂2) = 1√

2

(
(α0 + β0 + α2 + β2 + β3)

+ (α1 + β1 − α2 − β2 + α3 − β3)ξ1

)
, on P1P2.

In particular, if ψ · n vanishes at two points on each of the three sides of
τ , then the same holds for ψ̂ · n̂ on τ̂ , and we have α0 = β0 = α2 = β1 =
α1 + α3 = β2 + β3 = 0, so that ψ̂ reduces to

ψ̂1(ξ) = α1ξ1(1 − ξ1 − ξ2), ψ̂2(ξ) = β2ξ2(1 − ξ1 − ξ2).

Since ξ1, ξ2 and 1− ξ1 − ξ2 are positive in τ̂ it follows that if the averages of
ψ̂1 and ψ̂2 over τ̂ vanish, then we also have α1 = β2 = 0 and hence ψ̂ ≡ 0 in
τ̂ and ψ ≡ 0 in τ .

In order to further elucidate the definition of Hh we recall that the con-
dition χ ∈ H in the definition of Hh requires that divχ ∈ L2, and observe
that this in turn is equivalent to requiring χ ·n to be continuous across inter-
element boundaries. In fact, if divχ ∈ L2 we have

(div χ,ϕ) = −(χ,∇ϕ), ∀ϕ ∈ C∞
0 (Ω).

On the other hand, considering two neighboring triangles τ1 and τ2 with a
common side, and ϕ with its support in the interior of their union, using
Green’s formula on each of the triangles separately yields

(div χ,ϕ) =

∫

∂τ1

(χ · n)ϕds +

∫

∂τ2

(χ · n)ϕds − (χ,∇ϕ),

which shows that, modulo its sign, χ · n is the same on both sides of the
common side of τ1 and τ2.

In conclusion we may thus state that the values of ψ · n at two points on
each side and the averages over all triangles of the triangulation Th uniquely
determine an element ψ of Hh.

Our first goal is now to prove the following error estimates for our mixed
method for the stationary problem.

Theorem 17.1 The discrete problem (17.4) has a unique solution (uh, σh) ∈
Sh × Hh. With (u, σ) = (u,∇u) the solution of (17.2) we have

‖uh − u‖ ≤ Ch2‖u‖2 and ‖σh − σ‖ ≤ Chs‖u‖s+1, s = 1, 2.

The proof will require some preparation. In our first lemma we construct
an interpolation operator which will be useful in the analysis. Here H1 =
H1(Ω).
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Lemma 17.1 There exists a linear operator Qh : H1 × H1 → Hh such that

(17.6) (div Qhω, χ) = (div ω, χ), ∀χ ∈ Sh, ω ∈ H,

(17.7) ‖Qhω − ω‖ ≤ Chs‖ω‖s, for s = 1, 2,

and

(17.8) ‖Qhω‖ ≤ C‖ω‖1.

Proof. We define Qh by requiring that, with ∂Th denoting the set of sides of
the triangles τ ∈ Th (note that ω is defined on ∂Th when ω ∈ H1 × H1),

(17.9)

∫

δ

(Qhω − ω) · nds =

∫

δ

s(Qhω − ω) · nds = 0, ∀δ ∈ ∂Th,

and

(17.10)

∫

τ

(Qhω − ω) dx = 0, for each τ ∈ Th.

It follows easily from our above discussion that this defines Qhω on each
τ ∈ Th, and hence by extension on each τ̃ , and that the resulting Qhω belongs
to Hh.

The first property (17.6) follows by Green’s formula applied to each τ :
Since χ is linear and ∇χ constant, conditions (17.9) and (17.10) yield
∫

τ

div (Qhω − ω)χ dx =

∫

∂τ

χ(Qhω − ω) · nds −
∫

τ

∇χ · (Qhω − ω) dx = 0,

and (17.6) follows since χ = 0 outside Ωh. The second statement (17.7) follows
by the Bramble-Hilbert lemma, since clearly Qh reproduces linear functions
on each τ , and since the appropriate boundedness condition needed is valid
on the reference triangle, namely

‖ω‖L1(∂τ̂) + ‖ω‖L1(τ̂) ≤ C‖ω‖Hs(τ̂), for s = 1, 2.

The inequality (17.8) follows at once from (17.7). ⊓⊔

In our second lemma we show a stability result which will be needed in
the existence and uniqueness proof below.

Lemma 17.2 There is a constant C such that if vh ∈ Sh and ω = (ω1, ω2) ∈
L2

2 satisfy

(17.11) (ω, ψ) + (vh,div ψ) = 0, ∀ψ ∈ Hh,

then

(17.12) ‖vh‖ ≤ C‖ω‖.
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Proof. Let ϕ ∈ L2 and let g be the solution of

(17.13) −∆g = ϕ in Ω, with g = 0 on ∂Ω.

Then, using (17.6) and (17.11), we have

(17.14) (vh, ϕ) = −(vh,div∇g) = −(vh,div Qh∇g) = (ω,Qh∇g),

and hence, by (17.8) and the standard elliptic regularity estimate,

|(vh, ϕ)| ≤ ‖ω‖ ‖Qh∇g‖ ≤ C‖ω‖ ‖∇g‖1 ≤ C‖ω‖ ‖g‖2 ≤ C‖ω‖ ‖ϕ‖,

which shows (17.12) and thus proves the lemma. ⊓⊔

We note that locally, on each τ ∈ Th, we have div ψ ∈ Π1 for ψ ∈ Hh

and thus the restriction of divψ to Ωh agrees there with an element of Sh.
However, since Ω �= Ωh, divψ does not in general belong to Sh for ψ ∈ Hh,
but rather to the space

S̃h = {χ̃ ∈ L2 : χ̃|τ̃ ∈ Π1, ∀τ ∈ Th}.

In the following lemma we shall consider a modification P̃h of the L2-
projection Ph onto Sh which uses S̃h as the test space.

Lemma 17.3 Let P̃h : L2 → Sh be defined by

(17.15) (P̃hv, χ̃) = (v, χ̃), ∀χ̃ ∈ S̃h.

Then
‖P̃hv − v‖ ≤ Ch2‖v‖2, if v = 0 on ∂Ω.

Proof. We first note that (17.15) defines P̃hv uniquely in Sh. For if v = 0 we

have (P̃hv, χ) = 0 for χ ∈ Sh, since P̃hv = 0 in Ω \ Ωh.
As is well-known (note that Ph is locally defined on the triangles of Th),

(17.16) ‖Phv − v‖ ≤ Ch2‖v‖2,

and in order to prove the desired result, we shall compare P̃h with Ph. For
this purpose, let for χ ∈ Sh χ̃ denote the associated element in S̃h which
agrees with χ on Ωh. We have by (17.15)

(P̃hv − Phv, χ) = (P̃hv, χ̃) − (Phv, χ) = (v, χ̃ − χ)

=

∫

Ω\Ωh

vχ̃ dx ≤ ‖v‖L2(Ω\Ωh)‖χ̃‖L2(Ω\Ωh).

Note that, uniformly in τ and h, ‖χ̃‖L2(τ̃\τ) ≤ C‖χ̃‖L2(τ) for χ̃ ∈ S̃h, which
shows that ‖χ̃‖L2(Ω\Ωh) ≤ C‖χ̃‖L2(Ω) = C‖χ‖ and hence
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‖P̃hv − Phv‖ ≤ C‖v‖L2(Ω\Ωh).

Since dist(x, ∂Ω) ≤ Ch2 for each point of Ω \Ωh we have, for v vanishing on
∂Ω,

‖v‖L2(Ω\Ωh) ≤ Ch2‖∇v‖L2(Ω\Ωh) ≤ Ch2‖v‖1,

and we thus conclude that for such v,

‖P̃hv − Phv‖ ≤ Ch2‖v‖1.

Together with (17.16) this completes the proof. ⊓⊔

The following final lemma is the main ingredient in the proof of the error
estimate for uh.

Lemma 17.4 There is a constant C such that for vh ∈ Sh and ω ∈ H
satisfying

(ω, ψ) + (vh,div ψ) = 0, ∀ψ ∈ Hh,

(div ω, χ) = 0, ∀χ ∈ Sh,
(17.17)

we have

(17.18) ‖vh‖ ≤ C(h‖ω‖ + h2‖div ω‖).

Proof. As in the proof of Lemma 17.2, let ϕ ∈ L2 and let g be the solution
of (17.13). Since (17.11) holds we then have (17.14) so that

(vh, ϕ) = (ω,Qh∇g −∇g) + (ω,∇g) = I1 + I2.

Here, by Lemma 17.1 and the elliptic regularity estimate,

|I1| ≤ ‖ω‖ ‖Qh∇g −∇g‖ ≤ Ch‖ω‖ ‖∇g‖1 ≤ Ch‖ω‖ ‖ϕ‖,

and using Green’s formula and the second equation in (17.17),

I2 = −(divω, g) = (divω, P̃hg − g),

so that by Lemma 17.3

|I2| ≤ ‖divω‖ ‖P̃hg − g‖ ≤ Ch2‖divω‖ ‖g‖2 ≤ Ch2‖div ω‖ ‖ϕ‖.

Altogether,
|(vh, ϕ)| ≤ C(h‖ω‖ + h2‖divω‖)‖ϕ‖,

which shows (17.18) and completes the proof. ⊓⊔
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Proof of Theorem 17.1. As usual in a linear finite dimensional problem with
the same number of equations as unknowns, in order to show the existence,
it suffices to prove uniqueness. Thus let f = 0. By setting χ = uh, ψ = σh in
(17.4) we obtain

‖σh‖2 = −(uh,div σh) = 0,

so that σh = 0. By Lemma 17.2 we now conclude that uh = 0 which shows
the uniqueness.

In the error analysis we shall begin with the estimate for σh − σ. In view
of (17.7) it suffices to show

(17.19) ‖σh − σ‖ ≤ ‖Qhσ − σ‖.

For this purpose we note that by (17.6), (17.3) and (17.4) we have

(div (Qhσ − σh), χ) = (divσ, χ) − (divσh, χ)

= −(f, χ) + (f, χ) = 0, for χ ∈ Sh.

Thus div (Qhσ − σh) vanishes on Ωh, and hence, since it is linear in each τ̃ ,
also in Ω. But, by (17.3) and (17.4),

(17.20) (σh − σ, ψ) + (uh − u, div ψ) = 0, ∀ψ ∈ Hh,

so that, in particular, with ψ = σh − Qhσ, we have (σh − σ, σh − Qhσ) = 0.
Hence

‖σh − σ‖2 = (σh − σ,Qhσ − σ) ≤ ‖σh − σ‖ ‖Qhσ − σ‖,
which proves (17.19).

For the estimate for uh − u we note that since div ψ ∈ S̃h for ψ ∈ Hh, we
have, by our definition (17.15),

(u, divψ) = (P̃hu, divψ), ∀ψ ∈ Hh,

and hence, by (17.20),

(σh − σ, ψ) + (uh − P̃hu, divψ) = 0, ∀ψ ∈ Hh.

Since further, by (17.3) and (17.4)

(17.21) (div (σh − σ), χ) = 0, ∀χ ∈ Sh,

we conclude from Lemma 17.4 that

(17.22) ‖uh − P̃hu‖ ≤ C
(
h‖σh − σ‖ + h2‖div (σh − σ)‖

)
.

Here, by above,
‖σh − σ‖ ≤ Ch‖u‖2.

We note now by considering each boundary triangle separately that
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‖divσh‖ ≤ C‖div σh‖L2(Ωh).

Hence choosing χ = divσh|Ωh
∈ Sh in (17.21) we have

‖divσh‖ ≤ C‖divσ‖ ≤ C‖u‖2,

so that altogether (17.22) yields

‖uh − P̃hu‖ ≤ Ch2‖u‖2.

In view of Lemma 17.3 this completes the proof. ⊓⊔

By a refinement of the above arguments it is also possible to show an
almost optimal order maximum-norm error estimate for the first component
of the solution, namely

‖uh − u‖L∞
≤ Ch2ℓh‖u‖3, where ℓh = max(1, log(1/h)).

We shall not give the details here.

We may think of the solution (uh, σh) ∈ Sh × Hh of (17.4) with f ∈ L2

as the result of a pair of operators (Th,Mh) : L2 → Sh × Hh defined by
Thf = uh,Mhf = σh. With T : L2 → H2 ∩ H1

0 the solution operator of the
continuous problem (17.1) we may now state that the conditions (i) and (ii)
of Chapter 2 are satisfied with r = 2:

Lemma 17.5 Let uh be the first component of the solution of (17.4). Then
the operator Th : L2 → Sh, defined by Thf = uh, is selfadjoint, positive
semidefinite on L2 and positive definite on Sh. Further,

‖Thf − Tf‖ ≤ Ch2‖f‖.

Proof. The discrete problem (17.4) may be written

(div Mhf, χ) + (f, χ) = 0, ∀χ ∈ Sh,

(Mhf, ψ) + (Thf,divψ) = 0, ∀ψ ∈ Hh.
(17.23)

By these relations we have

(f, Thg) = −(divMhf, Thg) = (Mhf,Mhg), ∀f, g ∈ L2,

which shows that Th is selfadjoint and positive semidefinite on L2. Let now
fh ∈ Sh be such that Thfh = 0. Then Mhfh = 0 by (17.23) and hence
‖fh‖2 = −(fh,divMhfh) = 0, so that fh = 0, which shows that Th is positive
definite on Sh. The error estimate follows at once by Theorem 17.1. ⊓⊔

We now turn to the parabolic problem

ut − ∆u = f in Ω, for t > 0,

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω.
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Introducing again σ = ∇u, the pair (u, σ) ∈ L2 × H satisfies

(ut, ϕ) − (divσ, ϕ) = (f, ϕ), ∀ϕ ∈ L2, t > 0,(17.24)

(σ, ω) + (u, divω) = 0, ∀ω ∈ H, t > 0, u(0) = v,

and we are led to consider the semidiscrete problem to find (uh, σh) ∈ Sh×Hh

such that

(uh,t, χ) − (divσh, χ) = (f, χ), ∀χ ∈ Sh, t > 0,

(σh, ψ) + (uh,div ψ) = 0, ∀ψ ∈ Hh, t > 0, uh(0) = vh,
(17.25)

where vh is some approximation of v in Sh. Note that uh(0) determines σh(0)
by the second equation in (17.25).

Introducing bases in Sh and Hh this problem may be written in matrix
form as

BUt −KΣ = F, KT U + LΣ = 0, for t > 0, with U(0) given,

where U and Σ are the vectors corresponding to uh and σh, respectively, and
where A and D are positive definite. After elimination of Σ we get the linear
system of ordinary differential equations

BUt + AU = F, with A = KL−1KT , for t > 0, with U(0) given,

which clearly has a unique solution.
Recalling the definition of the operator Th above, our problem may also

be written

(17.26) Thuh,t + uh = Thf, for t > 0, with uh(0) = vh,

and since Th is positive definite on Sh, this again shows that (17.25) has a
unique solution uh : [0,∞) → Sh. Once uh has been determined, σh may be
found from the second equation of (17.25).

The representation (17.26) of the semidiscrete problem together with
Lemma 17.5 puts the present problem into the framework introduced in
Chapter 2, and the appropriate error estimates of Chapters 2, 3 and 6 may
therefore apply. It may also be used to formulate fully discrete schemes and
show error estimates corresponding to those in Chapters 7, 8 and 10.

In our first result below we shall derive error estimates for the inhomo-
geneous equation by means of the energy method. This has the advantage
that we analyze simultaneously the errors in uh and σh. In doing so we shall
use an analogue in the present context of the elliptic projection of the exact
solution which we define here to be the pair

(17.27) (ũh, σ̃h) = (−Th∆u,−Mh∆u) ∈ Sh × Hh,

that is, the solution of the discrete elliptic problem with exact solution
(u,∇u). We shall use for our discrete initial data ũh(0), which we may think
of as the ordinary elliptic projection Rhv = −Th∆v onto Sh.
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Theorem 17.2 Let (uh, σh) and (u, σ) = (u,∇u) the solutions of (17.25)
and (17.24), with vh = Rhv = −Th∆v. Then, for t ≥ 0,

(17.28) ‖uh(t) − u(t)‖ ≤ Ch2
(
‖u(t)‖2 +

∫ t

0

‖ut‖2 ds
)

and

(17.29) ‖σh(t) − σ(t)‖ ≤ Ch2
(
‖u(t)‖3 +

( ∫ t

0

‖ut‖2
2 ds
)1/2
)
.

Proof. With (ũh, σ̃h) defined by (17.27), we set θ = uh − ũh, ρ = ũh − u, and
ε = σh − σ̃h. Recall from Theorem 17.1 that

‖ρ(t)‖ = ‖ũh(t) − u(t)‖ ≤ Ch2‖u(t)‖2,

‖σ̃h(t) − σ(t)‖ ≤ Ch2‖u(t)‖3,
(17.30)

so that it remains to estimate θ and ε.
Using the variational formulation we have

(θt, χ) − (div ε, χ) = −(ρt, χ), ∀χ ∈ Sh, t > 0,

(ε, ψ) + (θ, divψ) = 0, ∀ψ ∈ Hh, t > 0.
(17.31)

Setting χ = θ, ψ = ε and adding we obtain

1
2

d

dt
‖θ‖2 + ‖ε‖2 = −(ρt, θ), for t > 0,

and hence, since θ(0) = 0, in the standard fashion,

‖θ(t)‖ ≤
∫ t

0

‖ρt‖ ds ≤ Ch2

∫ t

0

‖ut‖2 ds,

which completes the proof of (17.28).
In order to show (17.29) we first differentiate the second equation in

(17.31) with respect to t, then set χ = 2θt, ψ = 2ε, and add to obtain

(17.32)
d

dt
‖ε‖2 + 2‖θt‖2 = −2(ρt, θt) ≤ ‖ρt‖2 + ‖θt‖2.

We now note that since θ(0) = 0 we have ε(0) = 0. Integration of (17.32)
together with the standard estimate for ρt therefore shows that

‖ε(t)‖2 ≤
∫ t

0

‖ρt‖2 ds ≤ Ch4

∫ t

0

‖ut‖2
2 ds,

which completes the proof of (17.29) and hence of the theorem. ⊓⊔
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We shall now discuss some error estimates for the homogeneous equation
and begin with a smooth data estimate. We shall use the spaces Ḣs = Ḣs(Ω)
as in Chapter 3.

Theorem 17.3 Let (uh, σh) and (u, σ) be the solutions of the homogeneous
cases (f = 0) of (17.25) and (17.24), with vh = Rhv. Then we have, for
t ≥ 0,

‖uh(t) − u(t)‖ ≤ Ch2|v|2, if v ∈ Ḣ2

and
‖σh(t) − σ(t)‖ ≤ Ch2|v|3, if v ∈ Ḣ3.

Proof. In view of Lemma 17.5 and the representation (17.26), the first esti-
mate follows at once from Theorem 3.1 and the second from Theorem 17.2
upon noticing that ‖u(t)‖3 ≤ C‖v‖3, and, with the notation of Chapter 3,

∫ t

0

‖ut‖2
2 ds ≤ C

∫ t

0

‖u‖2
4 ds ≤ C

∫ t

0

∞∑

j=1

λ4
je

−2λjs(v, ϕj)
2 ds

≤ C
∞∑

j=1

λ3
j (v, ϕj)

2 ≤ C|v|23. ⊓⊔

We shall end by showing a nonsmooth data estimate for the homogeneous
equations.

Theorem 17.4 Lt (uh, σh) and (u, σ) be the solutions of the homogeneous
cases (f = 0) of equations (17.25) and (17.24), now with vh = Phv. Then we
have, for t > 0,

(17.33) ‖uh(t) − u(t)‖ ≤ Ch2t−1‖v‖

and

(17.34) ‖σh(t) − σ(t)‖ ≤ Ch2t−3/2‖v‖.

Proof. It follows from Theorems 3.3 and 3.4 that for j ≥ 0,

‖Dj
t (uh(t) − u(t))‖ ≤ Ch2t−1−j‖v‖, for t > 0,

which includes (17.33) as the special case j = 0. For the purpose of showing
(17.34) we use again the elliptic projection (ũh, σ̃h) defined by (17.27) and
find, as in the proof of Theorem 17.2,

(θt, θ) + ‖ε‖2 = −(ρt, θ),

so that

(17.35) ‖ε‖2 ≤ (‖ρt‖ + ‖θt‖)‖θ‖.
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Here

‖θ(t)‖ ≤ ‖uh(t) − u(t)‖ + ‖ρ(t)‖ ≤ Ch2t−1‖v‖,

‖ρt(t)‖ ≤ Ch2‖ut(t)‖2 ≤ Ch2t−2‖v‖

and
‖θt(t)‖ ≤ ‖uh,t(t) − ut(t)‖ + ‖ρt(t)‖ ≤ Ch2t−2‖v‖,

so that (17.35) shows
‖ε(t)‖ ≤ Ch2t−3/2‖v‖.

Since by (17.30),

‖σ̃h(t) − σ(t)‖ ≤ Ch2‖u(t)‖3 ≤ Ch2t−3/2‖v‖,

this competes the proof of (17.34) and thus of the theorem. ⊓⊔

As was the case for the stationary problem, our above error analysis may
be refined to yield almost optimal order maximum-norm error estimates for
uh(t). These error bounds for the error in the uniform norm corresponding to
Theorems 17.2, 17.3 and 17.4 are all obtained by multiplication of the error
bound given for σh(t) by ℓh, as for instance in the case of Theorem 17.4,

‖uh(t) − u(t)‖L∞
≤ Ch2ℓht−3/2‖v‖.

We shall not carry out the details.

The mixed method discussed above is a special case of a family of such
methods introduced for the stationary problem in polygonal domains by
Raviart and Thomas in [204] and further studied in, e.g., Falk and Osborn
[97]. The present analysis, with the application to the parabolic problem, is
from Johnson and Thomée [132], where the method was also adapted to the
stationary and evolutionary Stokes equations.

For some more recent work on mixed methods for parabolic equations, see
Scholz [211], where optimal order maximum-norm error estimates are shown,
and Squeff [218] where asymptotic expansions are used to derive supercon-
vergence results.



18. A Singular Problem

In this chapter we shall study the numerical solution of a singular parabolic
equation in one space dimension which arises after reduction by polar coordi-
nates of a radially symmetric parabolic equation in three space dimensions.
We shall analyze and compare finite element discretizations based on two
different variational formulations.

We consider thus the initial-boundary value problem

(18.1) ut − uxx − 2x−1ux + q(x)u = f(x) for x ∈ I = (0, 1), t > 0,

ux(0, t) = u(1, t) = 0, for t > 0, with u(x, 0) = v(x) forx ∈ I,

and, as a preparation, also its stationary analogue

(18.2) −u′′ − 2x−1u′ + qu = f in I, u′(0) = u(1) = 0,

where q is a smooth bounded nonnegative function on I. If u is a solution of

ut − ∆u + qu = f in B, for t > 0,

u = 0 on ∂B, for t > 0, with u(·, 0) = v in B,

where B is the unit ball B = B1(0) ⊂ R
3, and where q, f and v depend

only on |x|, then transformation by polar coordinates brings it into the form
(18.1), with x denoting the radial coordinate. Note that if u ∈ C2(Ī) and u
satisfies the differential equation in (18.2), and if f is bounded at x = 0, then
the boundary condition at x = 0 is automatically satisfied. In fact, it is easy
to see that this conclusion holds if u ∈ C2(I) and u and f are bounded near
zero. Similar statements hold for (18.1).

We shall discuss finite element methods for solving these problems, using
approximating functions of x from the space Sh of continuous functions on
I, which vanish at x = 1 and reduce to polynomials of degree at most r − 1
on each interval Ij = (xj−1, xj), j = 1, . . . , M , with xj = jh, h = 1/M , and
where r ≥ 2.

We begin with the stationary problem (18.2). A natural variational for-
mulation of this problem arises from noting that the equation may be written

−(x2u′)′ + x2q(x)u = x2f, for x ∈ I,
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and thus a solution of (18.2) also solves

A(u, ϕ) :=

∫ 1

0

(x2u′ϕ′ + x2q uϕ) dx = (x2f, ϕ), ∀ϕ ∈ Ḣ1,

where Ḣ1 now denotes the functions in H1(I) which vanish at x = 1, and
(·, ·) the inner product in L2 = L2(I). We may therefore pose the discrete
stationary problem to find uh ∈ Sh such that

(18.3) A(uh, χ) = (x2f, χ), ∀χ ∈ Sh.

We note at once that A(·, ·) is a positive definite symmetric bilinear form on
Ḣ1, and that Sh ⊂ Ḣ1. In particular, our discrete problem (18.3) admits a
unique solution in Sh for f given.

Before we proceed, we shall establish a simple Poincaré type inequality.

Lemma 18.1 If α ≥ 0 and d > 0 we have

‖xαv‖L2(0,d) ≤ d ‖xαv′‖L2(0,d), if v(d) = 0.

Proof. For x ∈ [0, d] we have

|xαv(x)| = |xα

∫ d

x

s−αsαv′(s) ds| ≤ ‖xαv′‖L1(0,d) ≤ d1/2‖xαv′‖L2(0,d),

from which the result at once follows by integration. ⊓⊔

Using the special case α = d = 1, our lemma implies, in particular, that
our bilinear form A(·, ·) is continuous with respect to the norm ‖xu′‖ on Ḣ1,
where ‖ · ‖ = ‖ · ‖L2

. For

|A(u, v)| ≤ ‖xu′‖ ‖xv′‖ + ‖q‖L∞
‖xu‖ ‖xv‖ ≤ (1 + ‖q‖L∞

)‖xu′‖ ‖xv′‖.

We may now show the following error estimate for (18.3).

Theorem 18.1 Under the above assumptions we have for the solutions uh

and u of (18.3) and (18.2), respectively, that

‖x(uh − u)‖ ≤ Chr‖xu(r)‖.

Proof. Setting e = uh − u we shall first prove directly from the variational
formulation that

(18.4) ‖xe′‖ ≤ Chr−1‖xu(r)‖,

and then, by a duality argument, that

(18.5) ‖xe‖ ≤ Ch‖xe′‖.

Together these inequalities prove the theorem.
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In order to show (18.4) we note that by our definitions

A(uh, χ) = (x2f, χ) = A(u, χ), ∀χ ∈ Sh,

so that

(18.6) A(e, χ) = 0, ∀χ ∈ Sh.

Since q is nonnegative, we hence have

‖xe′‖2 ≤ A(e, e) = A(e, χ − u) ≤ C‖xe′‖ ‖x(χ − u)′‖

so that
‖xe′‖ ≤ C inf

χ∈Sh

‖x(χ − u)′‖.

We now choose for χ the interpolant ũh of u in Sh defined locally on each
interval Ij , j = 2, . . . , M , by

ũh(xj + kh/(r − 1)) = u(xj + kh/(r − 1)),

for k = 0, . . . , r − 2, j = 1, . . . , M − 1,

ũh(1) = u(1) = 0,

and such that, for the first interval I1, ũ
(k)
h (x1 − 0) = u(k)(x1) for k =

0, . . . , r − 1. These conditions clearly determine ũh uniquely and

‖(ũh − u)′‖L2(Ij) ≤ Chr−1‖u(r)‖L2(Ij), for j = 1, . . . , M.

Hence, excepting the first interval,

‖x(ũh − u)′‖L2(Ij) ≤ xj‖(ũh − u)′‖L2(Ij) ≤ Chr−1xj‖u(r)‖L2(Ij)

≤ Chr−1xjx
−1
j−1‖xu(r)‖L2(Ij) ≤ Chr−1‖xu(r)‖L2(Ij), for j = 2, . . . , M.

For the first interval we have, by repeated use of Lemma 18.1,

‖x(ũh − u)′‖L2(I1) ≤ h‖x(ũh − u)′′‖L2(I1) ≤ · · · ≤ hr−1‖xu(r)‖L2(I1),

and we conclude

inf
χ∈Sh

‖x(χ − u)′‖ ≤ ‖x(ũh − u)′‖ ≤ Chr−1‖xu(r)‖,

which completes the proof of (18.4).
We now turn to the proof of (18.5), and let ψ denote the solution of

(18.7) −ψ′′ − 2x−1ψ′ + qψ = ϕ in I, with ψ′(0) = ψ(1) = 0,

where ϕ is a given smooth function vanishing in a neighborhood of 0, say.
Since (18.7) can be interpreted as a three-dimensional spherically symmetric
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elliptic problem, we may assume that ψ is smooth on Ī. We have then, using
the orthogonality relation (18.6),

|(x2e, ϕ)| = |A(e, ψ)| = |A(e, ψ − χ)| ≤ C‖xe′‖ ‖x(ψ − χ)′‖, ∀χ ∈ Sh.

With ψ̃h a piecewise linear interpolant of ψ we have, as above,

‖x(ψ̃h − ψ)′‖ ≤ Ch‖xψ′′‖.

We shall show presently that

(18.8) ‖xψ′′‖ ≤ C‖xϕ‖.

Assuming this for a moment, we conclude (x2e, ϕ)| ≤ Ch‖xe′‖ ‖xϕ‖, from
which (18.5) follows at once.

It remains only to show (18.8). By (18.7),

‖xψ′′‖ ≤ C(‖ψ′‖ + ‖xψ‖ + ‖xϕ‖).

We have, by Lemma 18.1 and (18.7),

‖xψ‖2 ≤ A(ψ,ψ) = (x2ϕ,ψ) ≤ ‖xϕ‖ ‖xψ‖,

so that ‖xψ‖ ≤ ‖xϕ‖. The proof is thus complete if we show

(18.9) ‖ψ′‖ ≤ C‖xϕ‖.

But multiplying (18.7) by −xψ′ and integrating we have

(xψ′′, ψ′) + 2‖ψ′‖2 = −(x(ϕ − qψ), ψ′)

≤ (‖xϕ‖ + ‖q‖L∞
‖xψ‖)‖ψ′‖ ≤ C‖xϕ‖ ‖ψ′‖.

Here
(xψ′′, ψ′) =

[
1
2xψ′2]1

0
− 1

2‖ψ
′‖2 ≥ − 1

2‖ψ
′‖2,

so that altogether 3
2‖ψ′‖2 ≤ C‖xϕ‖ ‖ψ′‖. This completes the proof of (18.9)

and thus of our theorem. ⊓⊔

We now address the time dependent problem (18.1) and define a spatially
semidiscrete analogue by

(18.10) (x2uh,t, χ) + A(uh, χ) = (x2f, χ), ∀χ ∈ Sh, for t > 0,

with uh(0) = vh. This problem clearly admits a unique solution and we have:

Theorem 18.2 Let u be the solution of (18.1) and uh that of (18.10). Then,
with vh = uh(0) appropriately chosen, we have

‖x(uh(t) − u(t))‖ ≤ Chr
(
‖xv(r)‖ +

∫ t

0

‖su(r)
t (s)‖ ds

)
, for t ≥ 0.
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Proof. The proof will proceed along well established lines. We define an el-
liptic projection RA

h onto Sh by

A(RA
h u − u, χ) = 0, ∀χ ∈ Sh,

and write uh − u = (uh −RA
h u) + (RA

h u− u) = θ + ρ. From Theorem 18.1 we
conclude at once that

‖xρ(t)‖ ≤ Chr‖xu(r)(t)‖ ≤ Chr
(
‖xv(r)‖ +

∫ t

0

‖xu
(r)
t ‖ ds

)
,

and it remains to bound θ. We have

(x2θt, χ) + A(θ, χ) = −(x2ρt, χ), ∀χ ∈ Sh, t > 0,

and hence, setting χ = 2θ, using the positivity of A(θ, θ), and integration, we
have, with uh(0) = RA

h v,

‖xθ(t)‖ ≤ ‖xθ(0)‖ +

∫ t

0

‖sρt‖ ds ≤ Chr
(
‖xv(r)‖ +

∫ t

0

‖xu
(r)
t ‖ ds

)
.

Together our estimates complete the proof. ⊓⊔

Numerical experiments show that the above methods for solving our sin-
gular problems produce approximate solutions for which the error is relatively
large near x = 0. This is not surprising since our variational formulation con-
tains the weight factor x2 and thus the values of our functions have less
influence when x is smaller. In order to modify the method so as to get a
more even distribution of the error, we shall now consider an alternative weak
formulation of our problem which gives more weight to these function values.

We begin with the stationary problem which we first write as

−xu′′ − 2u′ + xq(x)u = xf(x) for x ∈ I, with u′(0) = u(1) = 0.

Multiplication by ϕ, integration over I, and integration by parts in the first
term shows that the solution of (18.1) satisfies

(18.11) B(u, ϕ) = (xu′, ϕ′) − (u′, ϕ) + (xqu, ϕ) = (xf, ϕ), ∀ϕ ∈ Ḣ1.

This variational formulation thus uses a bilinear form B(·, ·) which is non-
symmetric, but it is still positive, as

B(v, v) = ‖x1/2v′‖2 + 1
2v(0)2 + ‖(xq)1/2v‖2, if v(1) = 0.

We may now pose the discrete problem to find uh ∈ Sh such that

(18.12) B(uh, χ) = (xf, χ), ∀χ ∈ Sh.

By the positivity of B(·, ·) this problem admits a unique solution uh and



310 18. A Singular Problem

(18.13) B(uh − u, χ) = 0, ∀χ ∈ Sh.

The most natural norm for the analysis appears now to be ‖x1/2v‖ =
(xv, v)1/2, and we should then expect a less marked increase of the error near
the origin. Instead of pursuing the error analysis in this weighted norm, we
shall directly derive a uniform error bound. For simplicity of presentation, we
shall restrict our considerations to the case r = 2, that is, we shall consider
piecewise linear approximations only. We set ‖ · ‖L∞

= ‖ · ‖L∞(I).

Theorem 18.3 Let r = 2 and let uh and u be the solutions of (18.12) and
(18.2), respectively. Then we have

‖uh − u‖L∞
≤ Ch2‖u′′‖L∞

.

Proof. Setting again e = uh − u we shall first show that

(18.14) ‖e‖L∞
≤ Ch‖e′‖L∞

,

and then that

(18.15) ‖e′‖L∞
≤ Ch‖u′′‖L∞

.

Together these estimates prove the desired result.
We begin by showing (18.14). For ϕ given, let ψ be the solution of

(18.16) −ψ′′ + qψ = ϕ in I, with ψ(0) = ψ(1) = 0.

We then have, for any χ ∈ Sh,

(xe, ϕ) = (xe,−ψ′′ + qψ) = ((xe)′, ψ′) + (xqe, ψ) = B(e, ψ) = B(e, ψ − χ),

where in the last step we have used (18.13), and hence

|(xe, ϕ)| ≤ C‖e′‖L∞

(
‖x(ψ − χ)′‖L1

+ ‖ψ − χ‖L1

)
.

We next show

(18.17) inf
χ∈Sh

(‖x(ψ − χ)′‖L1
+ ‖ψ − χ‖L1

) ≤ Ch‖xψ′′‖L1
,

and

(18.18) ‖xψ′′‖L1
≤ C‖xϕ‖L1

.

Together, (18.17) and (18.18) yield |(e, xϕ)| ≤ Ch‖e′‖L∞
‖xϕ‖L1

, and hence
(18.14).

For (18.17) we note that the piecewise linear interpolant ψ̃h of ψ satisfies

h‖(ψ̃h − ψ)′‖L1(Ii) + ‖ψ̃h − ψ‖L1(Ii) ≤ Ch2‖ψ′′‖L1(Ii), for i = 1, . . . , M.
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It follows easily for all intervals Ii except the first, that

(18.19) ‖x(ψ̃h − ψ)′‖L1(Ii) + ‖ψ̃h − ψ‖L1(Ii) ≤ Ch‖xψ′′‖L1(Ii).

Defining ψ̃h on I1 by ψ̃
(l)
h (x1 − 0) = ψ(l)(x1), for l = 0, 1, we have

|(ψ̃h − ψ)(x)| =
∣∣∣
∫ h

x

sψ′′(s) ds
∣∣∣ ≤ ‖xψ′′‖L1(I1), for x ∈ I1,

and hence, after integration, ‖ψ̃h − ψ‖L1(I1) ≤ h‖xψ′′‖L1(I1). Similarly

|x(ψ̃′
h − ψ′)(x)| =

∣∣∣x
∫ x1

x

ψ′′(s) ds
∣∣∣ ≤ ‖xψ′′‖L1(I1),

and hence ‖x(ψ̃h − ψ)′‖L1(I1) ≤ h‖xψ′′‖L1(I1). This shows (18.19) for i = 1
and thus completes the proof of (18.17).

Turning to (18.18), we note that with Gx the Green’s function for (18.16),

we may write ψ(x) =
∫ 1

0
Gx(y)ϕ(y) dy. It is easily seen that |Gx(y)| ≤ C(q)y,

for 0 ≤ y ≤ 1, and hence ‖ψ‖L∞
≤ C‖xϕ‖L1

, whence, using also the differ-
ential equation,

‖xψ′′‖L1
≤ ‖xϕ‖L1

+ C‖xψ‖L1
≤ C‖xϕ‖L1

.

This proves (18.18) and thus completes the proof of (18.14).
In order to demonstrate (18.15), we introduce this time the elliptic pro-

jection RB
h onto Sh defined by

(18.20) B(RB
h v − v, χ) = 0, ∀χ ∈ Sh,

so that uh = RB
h u. We shall show

(18.21) ‖(RB
h v)′‖L∞

≤ C‖v′‖L∞
.

With this already proved we have with ũh a suitable interpolant of u,

‖e′‖L∞
= ‖(RB

h u − u)′‖L∞
= ‖((RB

h − I)(u − ũh))′‖L∞

≤ C‖(ũh − u)′‖L∞
≤ Ch‖u′′‖L∞

,

which is (18.15).
To prove (18.21), we set vh = RB

h v and write (18.20) in the form

(18.22) B0(vh, χ) = B0(v, χ) − (xq(vh − v), χ), ∀χ ∈ Sh,

where B0(v, w) = (v′, xw′ − w). We now introduce a basis {ϕi}M
i=1 for the

trial functions by
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ϕi(x) =





−h, for x ≤ xi−1,

x − xi, for xi−1 < x < xi,

0, for x ≥ xi,

and set vh =
∑M

i=1 wiϕi. We have at once

(18.23) ‖v′
h‖L∞

= max
i

|wi|,

and by (18.22) the wi are determined by

(18.24)
M∑

i=1

wiB0(ϕi, χ) = B0(v, χ) − (xq(vh − v), χ), ∀χ ∈ Sh.

To bound them we shall choose for the χ the elements of the basis {ψj}M
j=1

for the test functions defined by

ψj(x) =

{
ϕj(x), for x ≥ xj−1,
−hx/xj−1, for 0 ≤ x ≤ xj−1.

As a simple calculation shows, these functions are such that B0(ϕi, ψj) =
δijhxi. Thus, setting χ = ψj in (18.24) we have, for j = 1, . . . , M ,

|wjhxj | = |B0(v, ψj) − (xq(vh − v), ψj)|
≤ ‖v′‖L∞

‖xψ′
j − ψj‖L1

+ C‖vh − v‖L∞
‖ψj‖L1

= ‖v′‖L∞
hxj + C‖vh − v‖L∞

hxj/2,

and hence |wj | ≤ ‖v′‖L∞
+ C‖vh − v‖L∞

. By (18.23) and (18.14) this yields

‖v′
h‖L∞

≤ ‖v′‖L∞
+ Ch‖v′

h − v′‖L∞
≤ C‖v′‖L∞

+ Ch‖v′
h‖L∞

,

which implies (18.21) for h small. The proof of (18.15) and thus of Theorem
18.3 is now complete. ⊓⊔

We finally consider the time-dependent analogue of the nonsymmetric
method (18.12), i.e.,

(18.25) (xuh,t, χ) + B(uh, χ) = (xf, χ), ∀χ ∈ Sh, t > 0,

with uh(0) = vh and B(·, ·) defined in (18.11). Recall that RB
h is defined by

(18.20), and that ℓh = max(1, log(1/h)). We show the following.

Theorem 18.4 Assume r = 2, and let u be the solution of (18.1) and uh

that of (18.25), with vh = RB
h v. Then, for t ≥ 0,

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ

1/2
h

(
‖u′′(t)‖L∞

+ ‖u′′
t (0)‖L∞

+

∫ t

0

‖u′′
tt‖L∞

ds
)
.
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Proof. We write uh − u = (uh − RB
h u) + (RB

h u − u) = θ + ρ, and recall from
Theorem 18.3 that ‖ρ(t)‖L∞

≤ Ch2‖u′′(t)‖L∞
, so that it only remains to

estimate θ(t). Since θ ∈ Sh we have

(18.26) ‖θ‖L∞
≤ ‖θ′‖L1

≤ Cℓ
1/2
h ‖x1/2θ′‖.

In fact, using the finite dimensionality of Sh on I1, we have ‖θ′‖L1(0,h) ≤
C‖θ′‖L1(h/2,h), and hence

‖θ′‖L1(0,1) ≤ C‖θ′‖L1(h/2,1) ≤ C
(∫ 1

h/2

ds

s

)1/2

‖x1/2θ′‖ ≤ Cℓ
1/2
h ‖x1/2θ′‖.

In view of (18.26) it remains to show

(18.27) ‖x1/2θ′(t)‖ ≤ Ch2
(
‖u′′

t (0)‖L∞
+

∫ t

0

‖u′′
tt‖L∞

ds
)
.

By (18.25), its analogue for the solution of (18.1), and (18.20), we have

(18.28) (xθt, χ) + B(θ, χ) = −(xρt, χ), ∀χ ∈ Sh, t > 0,

and setting χ = θ we find

‖x1/2θ′‖2 ≤ B(θ, θ) ≤
(
‖x1/2θt‖ + ‖x1/2ρt‖

)
‖x1/2θ‖,

and hence, after application of Lemma 18.1 to the last factor,

(18.29) ‖x1/2θ′‖ ≤ ‖x1/2θt‖ + ‖x1/2ρt‖.
Here, using Theorem 18.3 once more,

‖x1/2ρt(t)‖ ≤ ‖ρt(t)‖L∞
≤ Ch2‖u′′

t (t)‖L∞

≤ Ch2
(
‖u′′

t (0)‖L∞
+

∫ t

0

‖u′′
tt‖L∞

ds
)
.

In order to estimate the term in θt in (18.29), we differentiate (18.28) and
set χ = θt to obtain

(xθtt, θt) + B(θt, θt) = −(xρtt, θt), for t > 0,

whence in the standard way

‖x1/2θt(t)‖ ≤ ‖x1/2θt(0)‖ +

∫ t

0

‖x1/2ρtt‖ ds.

Since θ(0) = 0 we obtain from (18.28), with t = 0, χ = θt(t),

‖x1/2θt(0)‖2 = −(xρt(0), θt(0)) ≤ ‖x1/2ρt(0)‖ ‖x1/2θt(0)‖,
so that

‖x1/2θt(0)‖ ≤ ‖ρt(0)‖L∞
≤ Ch2‖u′′

t (0)‖L∞
.

Finally, by Theorem 18.3, ‖x1/2ρtt‖ ≤ ‖ρtt‖L∞
≤ Ch2‖u′′

tt‖L∞
. Together our

estimates show (18.27), and thus complete the proof of Theorem 18.4. ⊓⊔
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In the above result the initial data vh were chosen as the elliptic projection
of v. We shall now show that any optimal order initial approximation will
produce a discrete solution which is essentially optimal order in the uniform
norm for t positive. In fact, with ũh the solution of Theorem 18.4 and uh

that of (18.25) with vh arbitrary, this statement follows from the appropriate
estimate for η = uh − ũh. Since η is in Sh and satisfies

(18.30) (xηt, χ) + B(η, χ) = 0, ∀χ ∈ Sh, t ≥ 0, η(0) = vh − v,

an estimate of the desired type is a consequence of the following:

Lemma 18.2 Let η ∈ Sh be a solution of (18.30). Then

‖η(t)‖L∞
≤ Ct−1/2ℓh‖x1/2η(0)‖, for t > 0.

Proof. Using the analogue of (18.26), this result follows from

‖x1/2η′(t)‖ ≤ Ct−1/2ℓ
1/2
h ‖x1/2η(0)‖, for t > 0,

which we now prove. By (18.30) we have

‖x1/2η′‖2 ≤ B(η, η) = −(xηt, η) ≤ ‖x1/2ηt‖ ‖x1/2η‖.

To bound the last factor we use (18.30) to obtain, in the obvious way,

(18.31) ‖x1/2η(t)‖2 + 2

∫ t

0

B(η, η) ds = ‖x1/2η(0)‖2.

The proof will be completed by showing ‖x1/2ηt(t)‖ ≤ Ct−1ℓh‖x1/2η(0)‖.
But from (18.30) we find

(18.32)
d

dt

(
t2‖x1/2ηt‖2

)
+ 2t2B(ηt, ηt) = 2t‖x1/2ηt‖2.

To bound the right hand side in (18.32), we first note that for χ, ζ ∈ Sh

|B(χ, ζ)| = |(xχ′, ζ ′) − (χ′, ζ) + (xq χ, ζ)| ≤ CℓhB(χ, χ)1/2B(ζ, ζ)1/2,

which follows by observing that, by (18.26),

|(χ′, ζ)| ≤ ‖χ′‖L1
‖ζ‖L∞

≤ Cℓh‖x1/2χ′‖ ‖x1/2ζ ′‖.

Therefore, from (18.30),

2t‖x1/2ηt‖2 = −2tB(η, ηt) ≤ 2t2B(ηt, ηt) + Cℓ2hB(η, η),

so that, by integration of (18.32) and using (18.31),

t2‖x1/2ηt‖2 ≤ Cℓ2h

∫ t

0

B(η, η) ds ≤ Cℓ2h‖x1/2η(0)‖2.

This shows the desired estimate for ‖x1/2ηt‖. ⊓⊔
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The weighted norm estimate of Theorem 18.1 is from Schreiber and Eisen-
stat [212]. A maximum-norm estimate for the same problem may be found in
Jespersen [129]. For the rest of the analysis, see Eriksson and Thomée [94],
where the results are given in greater generality than here.





19. Problems in Polygonal Domains

In earlier parts of this book we have generally assumed the spatial domain
Ω to have a smooth boundary ∂Ω, which has made it possible to guarantee
that the solution of the initial-boundary value problem is sufficiently regular
for the purpose at hand, provided the data of the problem are sufficiently
smooth and satisfy certain compatibility conditions at t = 0. In this chapter
we shall consider the case when Ω is a plane polygonal domain. In this case
singularities will in general appear in the solution even for smooth compatible
data, and this will affect the convergence properties of the approximating
finite element solution. We shall analyze in some detail the case of piecewise
linear finite elements. In this case, no special difficulties arise when Ω is
convex, but when Ω is nonconvex the singularities will normally reduce the
rate of convergence both for elliptic and for parabolic problems.

We shall consider the model initial-boundary value problem for the heat
equation,

ut − ∆u = f in Ω, for t > 0,(19.1)

u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω,

where Ω ⊂ R
2 is a polygonal domain.

We begin by studying the corresponding stationary elliptic problem

(19.2) −∆u = f in Ω, with u = 0 on ∂Ω.

It is known that when Ω is convex and f ∈ L2, then the solution u belongs
to H2 ∩ H1

0 and

(19.3) ‖u‖2 ≤ C‖f‖ = C‖∆u‖.

However, higher order regularity estimates do not hold, and, as we shall see,
the situation is more complicated for Ω nonconvex. Regularity results for the
solution of (19.2) will therefore be important for our discussion below. We
refer to the standard references Grisvard [110], [111] for more details than
given here.

Since we are going to be concerned with solutions of low regularity we
will also consider weaker variational solutions u ∈ H1

0 satisfying

(19.4) (∇u,∇ϕ) = 〈f, ϕ〉, ∀ϕ ∈ H1
0 ,
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where the linear functional f belongs to H−1 = H−1(Ω) = (H1
0 (Ω))∗. It is

well-known that this problem has a unique solution, and that

‖u‖H1
0

= ‖∇u‖ ≤ ‖f‖−1 = ‖f‖H−1 .

For u ∈ H1
0 we may think of (19.4) as defining f ∈ H−1, and then the

operator ∆ : H1
0 → H−1 is defined by ∆u = −f .

We denote by Sh the piecewise linear finite element spaces used in Chap-
ter 1, and consider the discrete problem to find uh ∈ Sh such that

(19.5) (∇uh,∇χ) = (f, χ), for χ ∈ Sh,

which, as earlier, has a unique solution for f ∈ L2.
We begin by considering the case when Ω is convex. In the same way as in

Theorem 1.1 we may use the regularity estimate (19.3) to show the following.

Theorem 19.1 Let uh and u be the solutions of (19.5) and (19.4), respec-
tively. Then

‖uh − u‖ ≤ Ch2‖u‖2 and ‖∇uh −∇u‖ ≤ Ch‖u‖2.

In view of the regularity estimate (19.3), the norms on the right hand
sides are finite for f ∈ L2.

Our first goal is now to show that these second order error estimates carry
over to the semidiscrete parabolic problem, to find uh(t) ∈ Sh for t ≥ 0 such
that

(uh,t, χ) + (∇uh,∇χ) = (f, χ), for χ ∈ Sh, t > 0,(19.6)

uh(0) = vh ≈ v.

We begin by noting that the error bound of Theorem 1.2 remains valid
in the case of a convex polygonal domain.

Theorem 19.2 Let uh and u be the solutions of (19.6), with vh = Rhv and
(19.1), respectively. Then we have

‖uh(t) − u(t)‖ ≤ Ch2
(
‖v‖2 +

∫ t

0

‖ut‖2 dτ
)
, for t ≥ 0.

In order to see that this indeed constitutes an O(h2) error bound for the
semidiscrete solution, we need to know that under the appropriate smooth-
ness and compatibility assumptions on data the expression within parentheses
on the right hand side is finite. For this we note that, as a result of the elliptic
regularity inequality (19.3), the case m = 1 of the parabolic regularity result
(1.20) holds, not only for a domain with smooth boundary, but also for a
convex polygonal domain, so that, in particular,

(19.7)

∫ t

0

‖ut‖2
2 dτ ≤ CT

(
‖v‖2

3 +

∫ T

0

(‖f‖2
2 + ‖ft‖2)dτ

)
, for t ≤ T.
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This estimate requires, however, also the compatibility conditions v = g = 0
on ∂Ω, where we use the notation

(19.8) g = ut(0) = f(0) + ∆v.

Using the Cauchy-Schwarz inequality in time, (19.7) yields a bound for∫ t

0
‖ut‖2 dτ in terms of data. As we shall see below in Lemma 19.1, the reg-

ularity assumptions on data needed for this may be somewhat reduced.

Proof of Theorem 19.2. Using the Ritz projection Rh : H1
0 → Sh, defined as

usual by (1.22), we split the error uh − u in the standard way

(19.9) uh − u = (uh − Rhu) + (Rhu − u) = θ + ρ.

In the same way as in the proof of Theorem 1.2 we have

(19.10) ‖ρ(t)‖ ≤ Ch2‖u(t)‖2 ≤ Ch2
(
‖v‖2 +

∫ t

0

‖ut‖2 dτ
)
, t ≥ 0.

To bound θ, we recall from (1.27) that

(19.11) (θt, χ) + (∇θ,∇χ) = −(ρt, χ), ∀χ ∈ Sh.

and choosing χ = θ and, using the fact that θ(0) = 0, together with Theorem
19.1,

(19.12) ‖θ(t)‖ ≤
∫ t

0

‖ρt‖ dτ ≤ Ch2

∫ t

0

‖ut‖2dτ, for t ≥ 0.

Thus together with (19.10) this shows the result stated. ⊓⊔

Also the error estimate for the gradient of the solution of the semidiscrete
problem of Theorem 1.2 and its proof carry over to convex polygonal domains,
and again the regularity inequality (19.7) shows that this yields an O(h) error
bound, under the appropriate assumptions on data:

Theorem 19.3 Under the assumptions of Theorem 19.2 we have

‖∇uh(t) −∇u(t)‖ ≤ Ch
(
‖v‖2 + ‖u(t)‖2 +

( ∫ t

0

‖ut‖2
1 ds
)1/2
)
, for t ≥ 0.

In order to discuss regularity results here and below, particularly for non-
convex domains, we shall need to use function spaces with a fractional number
of derivatives. We therefore now briefly review some facts about such spaces,
without proofs. For more details, we refer to the references at the end of this
chapter.

For Ω with a piecewise smooth boundary let Hm = Hm(Ω) with norm
‖ · ‖m denote the standard Sobolev spaces of integer order m ≥ 0. For s =
m + σ, with 0 < σ < 1, we then define Hs = Hs(Ω) by the norm
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‖u‖s =
(
‖u‖2

m +
∑

|α|=m

∫∫

Ω×Ω

|Dαu(x) − Dαu(y)|2
|x − y|2+2σ

dx dy
)1/2

.

The space Hs may thought of as an intermediate space between Hm and
Hm+1 in the sense of interpolation of Banach spaces, as follows.

For two Banach spaces B0 and B1 with B1 ⊂ B0, the associated K-
functional is defined by

K(t, u) = K(B0,B1; t, u) = inf
v∈B1

(
‖u − v‖B0

+ t‖v‖B1

)
.

We may then define the intermediate space B = [B0,B1]σ,q for 0 < σ < 1, 1 ≤
q ≤ ∞, as the set of u ∈ B0 for which the norm defined by

‖u‖[B0,B1]σ,q
=





(∫ ∞

0

t−σq−1K(t, u)q dt
)1/q

, if 1 ≤ q < ∞,

supt>0 t−σK(t, u), if q = ∞,

is finite. Obviously B1 ⊂ B = [B0,B1]σ,q ⊂ B0.
With this notation one may show that the space Hs introduced above

may also be defined as Hs = [Hm,Hm+1]σ,2, with σ = s − m.
We shall also have reason to use fractional order spaces of functions sat-

isfying homogeneous boundary conditions, and define

(19.13) Hσ
0 = [L2,H

1
0 ]σ,2 and H1+σ

0 = [H1
0 ,H2 ∩H1

0 ]σ,2, for 0 < σ < 1,

as well as the negative order spaces

H−σ = [H−1, L2]1−σ,2, for 0 < σ < 1.

We note that, by duality and (19.13), H−σ = (Hσ
0 )∗, for 0 ≤ σ ≤ 1. We

remark that H1+σ
0 = H1+σ ∩H1

0 , for 0 < σ < 1. In the statements of several
of our error bounds below we shall have reason to know that Hσ

0 does not
require any boundary condition for small σ, or, more precisely,

(19.14) Hσ
0 = Hσ, for 0 < σ < 1

2 .

It will also be convenient to use the Hilbert spaces Ḣs = Ḣs(Ω) intro-
duced in Chapter 3, defined by |v|s < ∞ where

|v|s =
( ∞∑

j=1

λs
j〈v, ϕj〉2

)1/2

, for s ≥ −1, v ∈ H−1,

where {λj}∞j=1 are the eigenvalues and {ϕj}∞j=1 the corresponding orthonor-

mal eigenfunctions of −∆. As for the spaces Hs above, the spaces Ḣs have
the interpolation property Ḣs = [Ḣm, Ḣm+1]σ,2, where σ = s − m. Then,
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for 0 < s < 1, since both Ḣ−s and H−s is the uniquely defined interpola-
tion space between L2 and H−1, we have Ḣ−s = H−s. Also, Ḣs = Hs

0 for
0 ≤ s ≤ 1, and for 1 ≤ s ≤ 2, Ḣs consists of the functions u ∈ H1

0 such that
∆u is in the negative order space Hs−2. In particular, with ∆ considered as
an operator in L2, we have for its domain D(A) = D(A;L2) = Ḣ2, and the
range of ∆ is L2. Thus, if f ∈ L2 the solution u of (19.4) belongs to Ḣ2.

The solution operator of the homogeneous case (f = 0) of (19.1) may be
defined as

E(t)v =

∞∑

j=1

e−λjt〈v, ϕj〉ϕj , for v ∈ H−1, t > 0,

and it follows at once as in Chapter 3 by Parseval’s relation that E(t) is a
contraction in L2 and has the smoothing property

(19.15) |E(t)v|s2
≤ Ct−(s2−s1)/2|v|s1

, for − 1 ≤ s1 ≤ s2.

In particular, E(t) is an analytic semigroup in L2, with ∆ as its generator.
Recall that, by Duhamel’s principle, we have, for the solution of the in-

homogeneous equation (19.1), under the appropriate assumptions,

(19.16) u(t) = E(t)v +

∫ t

0

E(t − s)f(s) ds,

We are now ready to show the following regularity result for Ω convex.

Lemma 19.1 Let Ω ⊂ R
2 be convex and let u be the solution of (19.1), with

g defined by (19.8). Then, for any ε ∈ (0, 1
2 ), we have, with C = Cε,T ,

∫ t

0

(
‖ut‖2

+ ‖utt‖
)
dτ ≤ C

(
‖g‖ε +

∫ t

0

‖ft‖ε dτ
)
, for t ≤ T.

Proof. We use the elliptic regularity estimate (19.3) and differentiate (19.1)
to obtain

‖ut‖2 ≤ C‖∆ut‖ ≤ C(‖utt‖ + ‖ft‖).
It therefore suffices to bound the integral of ‖utt‖. For this purpose, we use
the equation for ut, and find by (19.16) that

ut(t) = E(t)g +

∫ t

0

E(t − s)ft(s) ds,

and, after differentiation,

(19.17) utt(t) = E′(t)g + ft(t) +

∫ t

0

E′(t − s)ft(s) ds.

Using (19.15), we have, for ε ∈ (0, 1
2 ),
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(19.18) ‖E′(t)v‖ = ‖∆E(t)v‖ = |E(t)v|2 ≤ Ct−1+ε/2|v|ε, for t > 0.

Applying this in (19.17) we find

∫ t

0

‖utt‖ dτ ≤ C
(∫ t

0

τ−1+ε/2|g|ε dτ +

∫ t

0

‖ft(τ)‖ dτ

+

∫ t

0

∫ τ

0

(τ − s)−1+ε/2|ft(s)|ε ds dτ
)

≤ Ctε/2ε−1
(
|g|ε +

∫ t

0

|ft|ε dτ
)
, for t ≥ 0.

Since the norms in Ḣε and Hε are equivalent by (19.14), this completes the
proof. ⊓⊔

Applied in Theorem 19.2 this lemma shows the error estimate

‖uh(t) − u(t)‖ ≤ Ch2
(
‖v‖2 + ‖g‖ε +

∫ t

0

‖ft‖ε dτ
)
, for t ≤ T,

where we assume v = 0 on ∂Ω. Note that in view of (19.14) no boundary
conditions are required for functions in Hε with ε ∈ (0, 1

2 ). Thus, in addition
to allowing milder regularity requirements on g and ft compared with the
regularity on data assumed by (19.7), the smoothing property (19.18) makes
it possible to avoid imposing unnatural boundary conditions for these func-
tions. In the rest of this chapter we shall present our error estimates in this
form, thus indicating the regularity requirements on data, rather than on the
solution itself, which are needed for the order of convergence stated.

We now turn to the case that Ω is a nonconvex polygonal domain. For
simplicity we assume that there is only one reentrant corner O = (0, 0), with
interior angle ω, π < ω < 2π, and set β = π/ω ∈ (1

2 , 1). It is known that, in
polar coordinates near this corner, the solution of (19.4) normally behaves
like a multiple of the function rβ sin(βθ), for 0 ≤ θ ≤ ω, r ≤ r0. We note that
this is a harmonic function and that it vanishes on the edges of the sector,
corresponding to θ = 0, ω. Letting η = η(r) be a smooth cutoff function
such that η(r) ≡ 1 near the nonconvex corner O and such that the support
of η only meets the two edges emerging from O, we introduce the singular
function

(19.19) S(r, θ) = η(r)rβ sin(βθ).

It is easy to see that S ∈ Cβ , but S �∈ Cs for s > β. Also, S ∈ H1+s for
0 ≤ s < β, but S �∈ H1+s for s ≥ β, in particular S �∈ H2. On the other
hand, we find by a simple calculation that ∆S ∈ C∞(Ω), and vanishes near
O. Hence, with f = −∆S, the problem (19.4) has smooth data, but, even
though its variational solution is in Ḣ2, it does not belong to H2.
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However, it can be shown that for f ∈ L2, there is a number κ(f) such
that the solution of (19.4) satisfies

(19.20) u − κ(f)S ∈ V 2 = H2 ∩ H1
0 ,

and hence may be written as

(19.21) u = uS + uR, with uS = κ(f)S and uR ∈ V 2, ‖uR‖2 ≤ C‖f‖.

Here κ(f) may be represented as

κ(f) = (f, q), where q ∈ Hσ
0 , for 0 < σ < 1 − β < 1

2 .

In fact, q ≈ cS∗, where S∗(r, θ) = r−β sin(βθ) is the so-called dual singular
function, and q �∈ H1−β . This means that κ(f), and hence uS , is well defined
for f ∈ H−1+s, with β < s ≤ 1, which is consistent with the following
regularity results for the solution of (19.4).

We begin with the following shift theorem by Kellogg [137].

Lemma 19.2 The solution u of (19.4) satisfies, with C = Cs,

‖u‖1+s ≤ C‖f‖−1+s = C‖∆u‖−1+s, for 0 ≤ s < β.

Since H−1+s = Ḣ−1+s for 0 ≤ s ≤ 1, with equivalent norms, and since
obviously −∆ is an isomorphism between Ḣ1+s and Ḣ−1+s, this result implies

‖u‖1+s ≤ C|∆u|−1+s = C|u|1+s, for 0 ≤ s < β.

For the critical value s = β we have the following regularity result by
Bacuta, Bramble and Xu [14], which we shall depend on below. It is expressed
in terms of the norm in the Besov space defined as the interpolation space

B1+β,∞
2 = [H1,H2]β,∞.

Lemma 19.3 For the solution of (19.4) we have, with C = Cs,

‖u‖B1+β,∞
2

≤ C‖f‖−1+s = C‖∆u‖−1+s ≤ C|u|1+s, for β < s ≤ 1.

We consider now the finite element approximation uh of u defined by
(19.5). Using the regularity result of Lemma 19.3 one is then able to show
the following error estimates, see [14].

Lemma 19.4 We have, for the solutions of (19.5) and (19.4), with C = Cs,

(19.22) ‖uh − u‖1 ≤ Chβ |u|1+s, for β < s ≤ 1.

Further,

(19.23) ‖uh − u‖ ≤ Ch2β |u|1+s, for β < s ≤ 1,

and

(19.24) ‖uh − u‖ ≤ Chβ |u|1.



324 19. Problems in Polygonal Domains

Note that the L2-estimate (19.23), which is obtained by the standard
duality argument, is of double the order of the H1-estimate (19.22).

We emphasize that the error bounds in (19.22) and (19.23) are expressed
in terms of Ḣ1+s-norms, and that this requires less regularity than with the
corresponding H1+s-norms, which are not normally finite.

With the aid of these error estimates for the elliptic problem we are now
ready to show an error estimate for the solution of the semidiscrete parabolic
problem (19.6).

Theorem 19.4 Let uh and u be the solutions of (19.6) and (19.1), with
vh = Rhv. Then we have, with C = CT ,

‖uh(t) − u(t)‖ ≤ Ch2β
(
‖∆v‖ + ‖g‖ +

∫ t

0

‖ft‖ dτ
)
, for t ≤ T.

Proof. Writing again the error as in (19.9), we have, by (19.12),

(19.25) ‖uh(t) − u(t)‖ ≤ ‖ρ(t)‖ + ‖θ(t)‖ ≤ ‖ρ(0)‖ + 2

∫ t

0

‖ρt‖ dτ.

and hence, using the elliptic finite element estimate (19.23) to bound ρ,

‖uh(t)−u(t)‖ ≤ Ch2β
(
|v|1+s +

∫ t

0

|ut|1+s dτ
)
, for t ≥ 0, with β < s < 1.

To complete the proof we need the first regularity estimate for the solution
of (19.1) of the following lemma. ⊓⊔

Lemma 19.5 Let u(t) be the solution of (19.1), and let g be defined by
(19.8). Then we have, for 0 ≤ s < 1, with C = Cs,T ,

(19.26)

∫ t

0

(
|ut|1+s + |utt|−1+s

)
dτ ≤ C

(
‖g‖ +

∫ t

0

‖ft‖ dτ
)
, for t ≤ T.

Further, for ε ∈ (0, 1
2 ), with C = Cε,T ,

(19.27)

∫ t

0

(
|ut|2 + ‖utt‖

)
dτ ≤ C

(
‖g‖ε +

∫ t

0

‖ft‖ε dτ
)
, for t ≤ T.

Proof. We first note that, for 0 < s ≤ 1,

|ut(t)|1+s = |∆ut(t)|−1+s(19.28)

≤ |utt(t)|−1+s + |ft(t)|−1+s ≤ |utt(t)|−1+s + ‖ft(t)‖,

so that it suffices to consider the second integrand on the left in (19.26). Let
ε = 0 if s < 1 and ε ∈ (0, 1

2 ) if s = 1. We use again (19.17), together with
(19.15), to obtain this time
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|E′(t)g|−1+s = |E(t)g|1+s ≤ Ct−σ‖g‖, with σ = (1 + s − ε)/2,

and similarly for the integrand in (19.17). We conclude

|utt(t)|−1+s ≤ C
(
t−σ‖g‖ + ‖ft(t)‖ +

∫ t

0

(t − τ)−σ‖ft(τ)‖ dτ
)
,

and hence after integration, since σ = (s + 1 − ε)/2 < 1,

∫ t

0

|utt|−1+s dτ ≤ C(1 + T 1−σ)
(
|g|ε +

∫ t

0

|ft|ε dτ
)
, for t ≤ T.

Since the norms in Ḣε and Hε are equivalent, this completes the proof. ⊓⊔
Note that |ut|1+s could not be replaced by ‖ut‖1+s in (19.26) (or (19.27))

because in the first inequality in (19.28), this would require an elliptic regu-
larity result which does not hold for β < s ≤ 1. We also note that in (19.28)
the differential equation is used to transfer the regularity requirement on the
solution from the spatial to the time variable, which is easier to handle.

We next show an O(hβ) estimate for the gradient of the error.

Theorem 19.5 With uh and u as in Theorem 19.2, and g as in (19.8), we
have for t ≤ T , with C = CT ,

‖∇(uh(t) − u(t))‖ ≤ Chβ
(
‖∆v‖ + ‖g‖ +

∫ t

0

‖ft‖ dτ +
( ∫ t

0

‖ft‖2
−1dτ

)1/2
)
.

Proof. Using Lemma 19.4 we find, with β < s < 1,

‖∇ρ(t)‖ ≤ Chβ |u(t)|1+s ≤ Chβ
(
|v|1+s +

∫ t

0

|ut|1+s dτ
)
.

The right hand side is bounded as desired by Lemma 19.5.
To bound ∇θ(t) we proceed as in the proof of Theorem 1.3, and obtain,

using (19.24),

(19.29) ‖∇θ(t)‖2 ≤
∫ t

0

‖ρt‖2dτ ≤ Ch2β

∫ t

0

‖ut‖2
1dτ, for t ≥ 0.

The bound stated therefore follows from the first estimate of the following
lemma. ⊓⊔
Lemma 19.6 We have for the solution of (19.1)

∫ t

0

‖ut‖2
1dτ ≤ C

(
‖g‖2 +

∫ t

0

‖ft‖2
−1 dτ

)

and
∫ t

0

(
‖∆ut‖2 + ‖utt‖2

)
dτ ≤ C

(
|g|21 +

∫ t

0

‖ft‖2dτ
)
, for t ≥ 0.
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Proof. By differentiation of (19.1), multiplication by ut and integration, we
obtain

1
2

d

dt
‖ut‖2 + ‖∇ut‖2 = (ft, ut) ≤ C‖ft‖2

−1 + 1
2‖∇ut‖2,

from which the first result follows by integration. Multiplication instead by
utt shows

‖utt‖2 + 1
2

d

dt
‖∇ut‖2 = (ft, utt) ≤ 1

2‖utt‖2 + 1
2‖ft‖2,

which yields ∫ t

0

‖utt(τ)‖2dτ ≤ ‖∇g‖2 +

∫ t

0

‖ft(τ)‖2dτ.

Since ‖∆ut‖ ≤ ‖utt‖ + ‖ft‖ the result stated follows. ⊓⊔
The above analysis of ∇θ also yields the following superconvergence type

result.

Lemma 19.7 With the above notation we have

‖∇θ(t)‖ ≤ Ch2β
(
|g|21 +

∫ t

0

‖ft(τ)‖2dτ
)1/2

, for t ≥ 0.

Proof. This follows at once from (19.29) by using (19.23) with s = 1 instead
of (19.24), together with Lemma 19.6. ⊓⊔

We shall now turn to some error estimates in maximum-norm, and begin
with the elliptic problem. Our analysis will be based on the discrete Sobolev
type inequality of Lemma 6.4, together with estimates for the gradient of the
error. We begin with an essentially O(hβ) error bound.

Lemma 19.8 Assume the triangulations are such that hmin ≥ Chγ for some
γ > 0, and let uh and u be the solutions of (19.5) and (19.4). Then, for any
s, s1 with 0 ≤ s < s1 < β, we have, with C = Cs,s1

,

‖uh − u‖L∞
≤ Chs‖∆u‖−1+s1

.

Proof. We have

‖uh − u‖L∞
≤ ‖uh − Ihu‖L∞

+ ‖Ihu − u‖L∞
.

Here, by Lemmas 6.4 and 19.2, we have, since uh is the best approximation
of u in | · |1, with s < s1 < β,

‖uh − Ihu‖L∞
≤ Cℓ

1/2
h ‖∇(uh − u)‖ + Cℓ

1/2
h ‖∇(u − Ihu)‖

≤ Cℓ
1/2
h ‖∇(Ihu − u)‖ ≤ Cℓ

1/2
h hs1‖u‖1+s1

≤ Chs‖∆u‖−1+s1
.

By Sobolev’s inequality and Lemma 19.2, we find

‖Ihu − u‖L∞
≤ Chs‖u‖W s

∞
≤ Chs‖u‖1+s1

≤ Chs‖∆u‖−1+s1
.

This shows the result stated. ⊓⊔
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The global error bound derived is thus of lower order in maximum-norm
than in L2. Away from the corners of the domain, however, the convergence
in maximum-norm is of the same order O(h2β) as in the global L2-error
estimate. This follows from the following lemma.

Lemma 19.9 Let Ω0 ⊂ Ω1 ⊂ Ω be such that Ω1 does not contain any corner
of Ω and the distance between ∂Ω1 ∩ Ω and ∂Ω0 ∩ Ω is positive, and let uh

and u be the solutions of (19.5) and (19.2). Assume that the triangulations
associated with Sh are quasiuniform in Ω1. Then, with C = Cs,

‖uh − u‖L∞(Ω0) ≤ Ch2β
(
‖u‖W 2s

∞ (Ω1) + ‖∆u‖−1+s

)
, for β < s ≤ 1.

Proof. This is a consequence of the following interior estimate, cf. [244], valid
up to the interiors of the sides of Ω, namely

‖uh − u‖L∞(Ω0) ≤ Cℓh‖Ihu − u‖L∞(Ω1) + C‖uh − u‖,

together with Lemma 19.4 and the fact that h2sℓh ≤ Ch2β . ⊓⊔

We now turn to maximum-norm error estimates for the semidiscrete par-
abolic problem, and begin with an essentially O(hβ) global estimate.

Theorem 19.6 Assume that the family of triangulations underlying Sh is
such that hmin ≥ Chγ for some γ > 0, and let uh and u be the solutions of
(19.6) and (19.1), with vh = Rhv. Then, for any s with 0 ≤ s < β, we have
for t ≤ T , with C = Cs,T ,

‖uh(t)− u(t)‖L∞
≤ Chs

(
‖∆v‖+ ‖f(0)‖+

∫ t

0

‖ft‖ dτ +
( ∫ t

0

‖ft‖2
−1 dτ

)1/2
)
.

Proof. We have by Lemma 19.8, with s1 ∈ (s, β),

‖ρ(t)‖L∞
≤ Chs‖∆u(t)‖−1+s1

≤ Chs|u(t)|1+s1
.

Here

|u(t)|1+s1
≤ C
(
|v|1+s1

+

∫ t

0

|ut(τ)|1+s1
dτ
)
, for t ≥ 0.

which is bounded as desired by Lemma 19.5.
Using Lemma 6.4 together with (19.29) and Lemma 19.6 we have

‖θ(t)‖L∞
≤ Cℓ

1/2
h ‖∇θ(t)‖ ≤ Cℓ

1/2
h hβ

(
‖g‖ +

(∫ t

0

‖ft‖2
−1dτ

)1/2)
, for t ≥ 0.

Together these estimates show the result stated. ⊓⊔

We now demonstrate an almost O(h2β) estimate away from the corners.
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Theorem 19.7 Let Ω0 ⊂ Ω1 ⊂ Ω be such that Ω1 does not contain any
corner of Ω and the distance between ∂Ω1 ∩ Ω and ∂Ω0 ∩ Ω is positive.
Assume that the triangulations associated with Sh are quasiuniform in Ω1.
Then we have, for the solutions of (19.6) with vh = Rhv and (19.1), for
β < s < 1, with C = Cs,T ,

‖uh(t) − u(t)‖L∞(Ω0) ≤ Ch2βℓ
1/2
h

(
‖u(t)‖W 2s

∞ (Ω1)

+ ‖∆v‖ + |g|1 +
( ∫ t

0

‖ft‖2dτ
)1/2
)
, for t ≤ T.

Proof. By Lemmas 19.9 and 19.5 we have, with β < s < 1,

‖ρ(t)‖L∞(Ω0) ≤ Ch2β
(
‖u(t)‖W 2s

∞ (Ω1) + |u(t)|1+s

)

≤ Ch2β
(
‖u(t)‖W 2s

∞ (Ω1) + ‖∆v‖ + ‖g‖ +

∫ t

0

‖ft‖dτ
)
, for t ≤ T.

Further, using the superconvergence result of Lemma 19.7,

‖θ(t)‖L∞
≤ Cℓ

1/2
h ‖∇θ(t)‖ ≤ Ch2βℓ

1/2
h

(
|g|1 +

( ∫ t

0

‖ft‖2dτ
)1/2
)
, for t ≥ 0.

Together these estimates show the error bound stated. ⊓⊔
We remark that, in the case of a globally quasiuniform mesh, it can be

shown that the singularity at the nonconvex corner pollutes the finite element
solution of the elliptic problem everywhere in Ω and that therefore the O(h2β)
convergence away from the nonconvex corner is best possible. However, as
we shall now see, optimal order O(h) and O(h2) convergence in H1 and L2,
respectively, may be obtained, for both the elliptic and the parabolic problem,
provided the triangulations are systematically refined towards the nonconvex
corner as follows.

For a triangulation Th = {τ} of Ω, let hτ be the diameter of τ so that
h = maxTh

hτ , and let dτ denote the distance from τ to the nonconvex corner
O. We now assume that the Th is graded towards O in such a way that for

dτ ≥ dI ≈ h1/β we have ch d
1/β
τ ≤ hτ ≤ Chd

1/β
τ . Near O, for dτ ≤ dI ,

we assume that the ratio hτ/dI is bounded above and below, so that, in
particular, Th is locally quasiuniform for |x| ≤ dI .

It can be seen that under these conditions dim Sh ≤ Ch−2, so that,
asymptotically, the size of the system that has to be solved is of the same
order as for globally quasiuniform triangulations. Construction of families of
meshes which fulfil these requirements can be found in the references given
at the end of this chapter.

We then have the following result for the elliptic problem.

Lemma 19.10 With triangulations as above, let uh and u be the solutions
of (19.5) and (19.4). Then we have

‖uh − u‖ + h‖∇(uh − u)‖ ≤ Ch2‖∆u‖ = Ch2‖f‖.
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Proof. We start with the O(h) estimate for the gradient. With u = uR + uS

as in (19.21) we have

‖∇(uh − u)‖ ≤ ‖∇(Ihu − u)‖ ≤ ‖IhuR − uR‖1 + ‖IhuS − uS‖1.

If f ∈ L2, then uR ∈ H2 and IhuR exists. Further, we have by (19.21),

‖IhuR − uR‖1 ≤ Ch‖uR‖2 ≤ Ch‖f‖.

Since |κ(f)| ≤ C‖f‖, it now remains to show

(19.30) ‖IhS − S‖1 ≤ Ch.

For this we first introduce some notation. Let d(x) denote the distance from
x to the nonconvex corner O, and let d̄ = maxΩ d(x). Set dj = d̄ 2−j , and let

Ωj = {x ∈ Ω : dj+1 ≤ d(x) ≤ dj}, for j = 0, . . . , J,

with J chosen so that dJ ≈ dI . Furthermore, let Ω′
j = Ωj−1 ∪Ωj ∪Ωj+1 and

ΩI = {x ∈ Ω : d(x) ≤ dJ/2}. The triangulations are then quasiuniform on

each Ω′
j . We have hj ≈ c h d

1/β
j for the maximal mesh-size on Ωj and hence,

with ε = 1/β + β − 1 > 1,

‖IhS − S‖H1(Ωj) ≤ Chj‖S‖H2(Ω′
j)

≤ Chjd
β−1
j ≤ Chdε

j ,

and
‖IhS − S‖H1(ΩI) ≤ ‖IhS‖H1(ΩI) + ‖S‖H1(ΩI) ≤ Cdβ

J ≤ Ch,

which implies (19.30) after taking squares and summing.
The L2-bound now follows by a standard duality argument. ⊓⊔

he optimal order error bounds for the elliptic problem in Lemma 19.10,
obtained by refinements of the triangulations towards the nonconvex corner,
can be carried over to the parabolic problem.

Theorem 19.8 Assume that the triangulations underlying the Sh are refined
as in Lemma 19.10. We then have, for the solutions of (19.6) and (19.1),
with vh = Rhv and g as in (19.8), for any ε ∈ (0, 1

2 ), with C = Cε,

‖uh(t) − u(t)‖ ≤ Ch2
(
‖∆v‖ + ‖g‖ε +

∫ t

0

‖ft‖ε dτ
)
, for t ≥ 0.

Proof. Bounding uh − u as in (19.25), we have, in view of Lemma 19.10,

‖uh(t) − u(t)‖ ≤ ‖ρ(0)‖ + 2

∫ t

0

‖ρt‖ dτ ≤ Ch2
(
|v|2 +

∫ t

0

|ut|2 dτ
)
.

The result stated now follows by Lemma 19.5. ⊓⊔
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We shall now give an example of a nonsmooth data error estimate and
demonstrate that, for the homogeneous parabolic equation, an O(h2β) error
estimate holds for the semidiscrete approximation for positive time even when
the initial data are only assumed to be in L2, provided the discrete initial
data are appropriately chosen.

Theorem 19.9 Let uh(t) and u(t) be the solutions of (19.6) and (19.1) with
f = 0, and let vh = Phv. Then we have, for β < s < 1, with C = Cs,

‖uh(t) − u(t)‖ ≤ Ch2βt−(1+s)/2‖v‖, for t > 0.

Proof. We recall the inequality (3.14),

‖uh(t) − u(t)‖ ≤ Ct−1 sup
τ≤t

(
τ2‖ρt(τ)‖ + τ‖ρ(τ)‖ + ‖ρ̃(τ)‖

)
, for t > 0,

where ρ̃(t) =
∫ t

0
ρ(τ)dτ . This was shown in Chapter 3 for smooth ∂Ω; the

smoothness of ∂Ω is not required for the proof. By (19.23) and (19.15), and
using the definition of Ḣ−1+s we easily obtain that

τ‖ρ(τ)‖ ≤ Cτh2β |u(τ)|1+s ≤ Ch2βτ (1−s)/2‖v‖.

Hence, since s < 1, we find

‖ρ̃(τ)‖ ≤
∫ τ

0

‖ρ(η)‖dη ≤ Ch2β

∫ τ

0

η(−1−s)/2‖v‖ dη ≤ Ch2βτ (1−s)/2‖v‖.

In the same way,

τ2‖ρt(τ)‖ ≤ Ch2βτ2|ut(τ)|1+s ≤ Ch2βτ (1−s)/2‖v‖.

Together these inequalities complete the proof. ⊓⊔

As examples for fully discrete methods we will show some error estimates
for the application of the backward Euler and the Crank–Nicolson methods
to the discretization in time of the spatially semidiscrete problem (19.6).
Letting k denote the constant time step, Un = Un

h the approximation in
Sh of the exact solution u(t) of (19.1) at t = tn = nk, and setting ∂̄Un =
(Un − Un−1)/k, we consider first the backward Euler method

(∂̄Un, χ) + (∇Un,∇χ) = (fn, χ), ∀χ ∈ Sh, n ≥ 1,(19.31)

U0 = vh = Rhv.

We first show the following error estimate in L2-norm.

Theorem 19.10 Let Un and u(tn) be the solutions of (19.31) and (19.1),
respectively, with g as in (19.8). Then, for any ε ∈ (0, 1

2 ) and T > 0 we have,
with C = Cε,T ,

‖Un − u(tn)‖ ≤ C(h2β + k)
(
‖∆v‖ + ‖g‖ε +

∫ tn

0

‖ft‖ε dτ
)
, for tn ≤ T.
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Proof. Analogously to (19.9) we write

(19.32) Un − u(tn) = (Un − Rhu(tn)) + (Rhu(tn) − u(tn)) = θn + ρn.

Here ρn is bounded as desired as in the proof of Theorem 19.4. To bound θn

we note that

(19.33) (∂̄θn, χ) + (∇θn,∇χ) = −(ωn, χ), ∀χ ∈ Sh,

where
ωn = ωn

1 + ωn
2 = (Rh − I)∂̄u(tn) + (∂̄u(tn) − ut(tn)).

Choosing χ = θn in (19.33) we obtain as in the proof of Theorem 1.5, since
θ0 = 0,

‖θn‖ ≤ k

n∑

j=1

‖ωj
1‖ + k

n∑

j=1

‖ωj
2‖ = I + II.

Here kωj
1 =
∫ tj

tj−1
ρt dτ , and hence, again as in Theorem 19.4,

I ≤
∫ tn

0

‖ρt‖ dτ ≤ CT h2β
(
‖g‖ +

∫ tn

0

‖ft‖ dτ
)
, for tn ≤ T.

Further, as in Theorem 1.5, and using Lemma 19.5, we find

II ≤ Ck

∫ tn

0

‖utt‖ dτ ≤ Cεk
(
‖g‖ε +

∫ tn

0

‖ft‖ε dτ
)
.

Together these estimates complete the proof. ⊓⊔

We note that in this and the following error estimates there is no reduction
in the convergence rate in time.

Next, we will show the following estimate for the gradient of the error.

Theorem 19.11 Let Un and u(tn) be as in Theorem 19.10. Then we have,
with C = CT ,

‖∇(Un−u(tn))‖ ≤ C(hβ +k)
(
‖∆v‖+|g|1+

( ∫ tn

0

‖ft‖2dτ
)1/2
)
, for tn ≤ T.

Proof. Here ∇ρn is bounded as desired by the proof of Theorem 19.5. Further,
choosing χ = ∂̄θn in (19.33), we have, cf. (1.53),

‖∇θn‖2 ≤ 2k
n∑

j=1

‖ωj
1‖2 + 2k

n∑

j=1

‖ωj
2‖2 = I ′ + II ′.

Here, using (19.29) and Lemma 19.6,
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I ′ ≤ 2

∫ tn

0

‖ρt‖2 dτ ≤ Ch2β
(
‖g‖2 +

∫ tn

0

‖ft‖2
−1 dτ

)
, for tn ≥ 0.

Further, once more by Lemma 19.6,

II ′ ≤ Ck2

∫ tn

0

‖utt‖2 dτ ≤ Ck2
(
|g|21 +

∫ tn

0

‖ft‖2 dτ
)
, for tn ≥ 0.

Together these estimates complete the proof. ⊓⊔

Next we will show the following nonsmooth initial data estimate.

Theorem 19.12 Let Un and u(tn) be the solutions of (19.31) and (19.1)
with f = 0, but with vh = Phv. Then we have, for β < s < 1, with C = Cs,

‖Un − u(tn)‖ ≤ C(h2βt−(1+s)/2
n + kt−1

n )‖v‖, for tn ≥ 0.

Proof. In view of Theorem 19.9 it suffices to note that

‖Un − uh(tn)‖ ≤ Ckt−1
n ‖Phv‖ ≤ Ckt−1

n ‖v‖, for tn ≥ 0.

The former inequality is a special case of, e.g., Theorem 7.2. ⊓⊔

We also include a maximum-norm error estimate.

Theorem 19.13 Assume the family of triangulations underlying Sh is such
that hmin ≥ Chγ for some γ > 0. Then, for any s with 0 ≤ s < s1 < β, we
have, for the solutions of (19.31) and (19.1), with C = Cs,s1

, n ≥ 0,

‖Un − u(tn)‖L∞
≤ C(hs + ℓ

1/2
h k)

(
‖∆v‖ + |g|1 +

(∫ tn

0

‖ft‖2dτ
)1/2)

.

Proof. The term ρn is bounded as desired by the argument in the proof of
Theorem 19.6, and by Lemma 6.4 the estimate for θn follows from that of
∇θn in the proof of Theorem 19.11. ⊓⊔

As a final example of a fully discrete method we will consider the Crank–
Nicolson method for the discretization in time of the semidiscrete problem
(19.6), combined with such refinement in space that yields an optimal order

O(h2) error estimate in space. With the above notation, and setting Ûn =
1
2 (Un + Un−1), the Crank-Nicolson method is defined by

(∂̄Un, χ) + (∇Ûn,∇χ) = (f(tn− 1
2
), χ), ∀χ ∈ Sh, n ≥ 1,

U0 = vh = Rhv.
(19.34)

We show the following error estimate.
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Theorem 19.14 Let Un and u(tn) be the solutions of (19.34) and (19.1),
with g1 = utt(0) = ∆g + ft(0), and let ε ∈ (0, 1

2 ). Assume that the triangula-
tions are refined as in Lemma 19.10. Then we have, with C = Cε,T ,

‖Un − u(tn)‖ ≤ C(h2+k2)
(
‖∆v‖ + ‖g‖ε + ‖g1‖ε

+

∫ tn

0

(‖ft‖ε + ‖ftt‖ε) dτ
)
, for tn ≤ T.

Proof. We again represent the error as in (19.32). For ρn we have, as in the
proof of Theorem 19.8,

‖ρn‖ ≤ Ch2
(
‖∆v‖ + ‖g‖ε +

∫ tn

0

‖ft‖ε dτ
)
.

To bound θn we write

(19.35) (∂̄θn, χ) + (∇θ̂n,∇χ) = −(ωn, χ), ∀χ ∈ Sh, n ≥ 1,

where, cf. (1.56),

ωn = (Rh − I)∂̄u(tn) +
(
∂̄u(tn)− ut(tn− 1

2
)
)
+ ∆
(
u(tn− 1

2
)− û(tn)

)
=

3∑

j=1

ωn
j .

As in the proof of Theorem 1.6 this yields, since θ0 = 0,

‖θn‖ ≤ k

n∑

j=1

‖ωj
1‖ + k

n∑

j=1

‖ωj
2‖ + k

n∑

j=1

‖ωj
3‖.

Here, as in (19.10) and the proof of Theorem 19.8,

k

n∑

j=1

‖ωj
1‖ ≤

∫ tn

0

‖ρt‖ dτ ≤ Ch2
(
‖g‖ε +

∫ tn

0

‖ft‖ε dτ
)
, for tn ≤ T.

Further, by Taylor expansion around tn− 1
2
, as in the proof of Theorem 1.6,

k(‖ωj
2‖+‖ωj

3‖) ≤ Ck2

∫ tj

tj−1

(‖uttt‖+‖∆utt‖) dτ ≤ Ck2

∫ tj

tj−1

(‖uttt‖+‖ftt‖) dτ,

where we have also used ∆utt = uttt − ftt. Hence, applying also (19.27), we
obtain

k
n∑

j=1

(‖ωj
2‖ + ‖ωj

3‖) ≤ Ck2

∫ tn

0

(
‖uttt‖ + ‖ftt‖

)
dτ

≤ Cεk
2
(
‖g1‖ε +

∫ tn

0

‖ftt‖ε dτ
)
, for tn ≤ T,

which bounds θn as desired. The proof is now complete. ⊓⊔
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As mentioned earlier, the classical treatises of elliptic problems in domains
with corners are Grisvard [110], [111], see also Dauge [65], Kondratiev [140],
Nazarov and Plamenevsky [176] and Kozlov, Mazya and Rossmann [141]. Fi-
nite element methods in polygonal domains have been considered in Babuška
and Aziz [11], Babuška and Rosenzweig [12], Kellogg [137], Bacuta, Bramble
and Xu [14] and Bacuta, Bramble and Pasciak [13]. The use of refinement
near the corners was initiated in Babuška [9] and Raugel [202]. Our treat-
ment of the parabolic problem follows essentially Chatzipantelidis, Lazarov,
Thomée and Wahlbin [47], where also further references to, e.g., fractional
order spaces, may also be found.



20. Time Discretization by Laplace

Transformation and Quadrature

In this chapter we consider an alternative to time stepping for the discretiza-
tion in time of an initial value problem for a parabolic equation. We now use
a representation of the solution as an integral along a smooth curve extending
into the complex right half plane, with an integrand containing the resolvent
of the associated elliptic operator. This integral is then evaluated to high
accuracy by a quadrature rule. In this way the problem is reduced to a finite
set of elliptic equations, which may be solved in parallel. The procedure is
combined with finite element discretization in the spatial variables.

We consider first the approximate solution of the abstract parabolic prob-
lem

(20.1) ut + Au = f(t), for t > 0, with u(0) = v,

in a complex Banach space B, where v and f(t) are given, and A is a closed
operator in B such that −A generates a bounded analytic semigroup E(t) =
e−At. More precisely, we assume that the spectrum σ(A) of A is contained in
a sector of the right half plane, and that the resolvent R(z;A) = (z I −A)−1

of A satisfies, for some δ ∈ (0, π/2) and M ≥ 1 independent of z,

(20.2) ‖R(z;A)‖ ≤ M(1+ |z|)−1, for z ∈ Σδ = {z : δ ≤ | arg z| ≤ π}∪{0}.

We note that since ‖A−1‖ ≤ M it follows that z ∈ ρ(A) for |z| < 1/M , and
that ‖R(z;A)‖ ≤ 2M for |z| ≤ 1/(2M), say.

For our present approach to the solution of (20.1), let û(z) denote the
Laplace transform of u, so that for some x0 ∈ R,

(20.3) û(z) =

∫ ∞

0

e−ztu(t) dt, for Re z ≥ x0.

Taking Laplace transforms in (20.1), we then obtain the transformed equation

(20.4) (z I + A)û(z) = v + f̂(z),

where we assume that f̂(z) is analytic for Re z ≥ x0. We then formally have

(20.5) û(z) = R(z;−A)(v + f̂(z)), for Re z ≥ x0.
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Taking inverse Laplace transforms we find

(20.6) u(t) =
1

2πi

∫ x0+∞

x0−∞
eztR(z;−A)(v + f̂(z)) dz,

or, after a change of variables z → −z, and with g(z) = v + f̂(−z),

(20.7) u(t) =
1

2πi

∫

Γ

e−ztw(z) dz, where w(z) = R(z;A)g(z).

Initially Γ is the line Γ0 = −x0 + iR parallel to the imaginary axis in the
complex plane, with Im z decreasing along Γ0, but for our purposes, assuming
that w(z) may be continued analytically in an appropriate way, we shall want
to take for Γ a deformed contour in the set Σ′

δ = Σδ ∪ {z; |z| < 1/(2M)},
with Σδ as in (20.2), which behaves asymptotically as a pair of straight lines
in the right half plane, with slopes ±σ �= 0, say, where σ ≥ tan δ, so that
the factor e−zt decays exponentially as |z| → ∞ along Γ . Since clearly the
resolvent R(z;A) is analytic in Σ′

δ, the question of analyticity of w(z) along Γ
depends on the forcing term f(t) in (20.1). The reason for the change of sign
in z above is that then the representation (20.7) conforms with the formula
(6.35) in the case of the homogeneous equation.

For concreteness, we take

(20.8) Γ = {z = z(s) = ϕ(s) − iσs, s ∈ R} ⊂ Σ′
δ, ϕ(s) = −γ +

√
s2 + ν2,

for suitable positive parameters γ, ν, and σ . The curve Γ is then the right-
hand branch of a hyperbola, which crosses the real axis at ϕ(0) = −γ + ν <
1/(2M). Some of the constants below will depend on the parameters of Γ .
With the choice of the minus sign in the imaginary part of z(s), we have that
Im z decreases along Γ as s increases from −∞ to ∞.

Letting R+ = [0,∞), we assume thus that f̂(−z), and therefore also g(z),
has a bounded analytic continuation from the complex half-plane bounded
to the right by Γ0 to the closed subset G = Γ − R+ of the complex plane to
the left of Γ , so that all singularities of g(z) lie to the right of Γ . The same
property will then apply to w(z) in (20.8).

Examples of such functions are linear combinations of functions of the
form f(t) = tle−λtb, with l a nonnegative integer, λ a complex number, and

b ∈ B. We then have f̂(−z) = l!(λ − z)−l−1b which is analytic for z �= λ.
In the presence of this function, Γ should be chosen to the left of λ. In the
particular case of the homogeneous equation, i.e., when f(t) = 0, Γ may be
chosen as any curve in Σ′

δ which may be homotopically deformed to Γ0.

Using our assumptions on A,Γ and f̂(z), one may use the representation
(20.7) of u(t) to show some stability and smoothness estimates. Here and
below we write

‖g‖W = sup
z∈W

|g(z)|, for W ⊂ C.
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Theorem 20.1 Assume that g(z) is bounded and analytic in G, and let κ =
−ϕ(0) = γ − ν. Then we have for the solution u(t) of (20.1),

‖Aju(k)(t)‖ ≤ CM(eκt + t−j−k)‖g‖Γ , for t > 0, j = 0, 1, k ≥ 0.

Proof. We begin with the stability estimate, the case j = k = 0. For t ≥ 1
we find at once by (20.7), (20.8) and (20.2),

‖u(t)‖ ≤ C

∫

Γ

e−t Re z‖R(z;A)‖ |dz| ‖g‖Γ

≤ CM

∫ ∞

−∞
e−tϕ(s)(1 + |s|)−1 ds ‖g‖Γ .

Here, since ϕ(s) − ϕ(0) =
√

s2 + ν2 − ν ≥ 1
2 |s| − 1

2ν, we have

(20.9) −tϕ(s) = κt − t(ϕ(s) − ϕ(0)) ≤ κt − 1
2 |s| + 1

2ν.

Hence

‖u(t)‖ ≤ CMeκt

∫ ∞

0

e−
1
2 s ds ‖g‖Γ = CMeκt ‖g‖Γ .

For 0 < t < 1, since the integrand in (20.7) is analytic in G = Γ − R+,
we may replace the part of Γ for which |s| ≤ 1/t by the part of the circle
{z : |z| = ρt = |z(1/t)|} that lies in G, and thus integrate over Γt ∪ γt ⊂ G,
where Γt = {z ∈ Γ ; |z| ≥ ρt} and γt = {z ∈ G; |z| = ρt}, appropriately
oriented. Since |z(s)| ≥ σ|s| we have ‖R(z;A)‖ ≤ C(1 + |s|)−1 on Γ , and
since also −ϕ(s) ≤ γ − |s|, we find

∫

Γt

e−t Re z‖R(z;A)‖ |dz| ≤ CM

∫ ∞

1/t

e−tϕ(s)s−1 ds

≤ CMeγt

∫ ∞

1/t

e−tss−1 ds ≤ CM.

Further, since |z(s)| ≤ C(1 + |s|) we have ρt ≤ Ct−1 and hence

∫

γt

e−t Re z‖R(z;A)‖ |dz| ≤ CM

∫ π

−π

etρtρ−1
t ρt dθ ≤ CM.

It follows that
‖u(t)‖ ≤ CM‖g‖G.

Noting that ‖g‖G = ‖g‖Γ by the maximum-principle, since g(z) is analytic
in G, and since eκt is bounded below for t < 1, this completes the proof.

Turning to the case j = 0, 1, j + k > 0, we have

Aju(k)(t) =
(−1)k

2πi

∫

Γ

zke−ztAjR(z;A)g(z) dz,
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so that

‖Aju(k)(t)‖ ≤ CM

∫ ∞

0

(1 + s)j+k−1e−tϕ(s)ds ‖g‖Γ .

Here ϕ(s) ≥ −κ for s ∈ R and ϕ(s) ≥ 1
2s for s ≥ s0, for some s0 > 0. Hence

∫ ∞

0

(1 + s)j+k−1e−tϕ(s)ds ≤ C

∫ s0

0

eκtds + C

∫ ∞

s0

sj+k−1e−
1
2 tsds

≤ C(eκt + t−j−k),

which completes the proof. ⊓⊔

With the deformed contour represented as in (20.8), the integral (20.7)
may be written as

(20.10) u(t) =

∫ ∞

−∞
v(s, t) ds, with v(s, t) =

1

2πi
e−z(s)tw(z(s))z′(s).

We note that the integrand decays exponentially for large |s| when t > 0.
Our approximate solution will now be defined by approximating the in-

tegral by means of a quadrature scheme,

(20.11) UN (t) =

N∑

j=−N

ωjv(sj , t) =

N∑

j=−N

ω̃je
−zjtw(zj),

with certain quadrature points sj ∈ R and nonnegative weights ωj , and where
zj = z(sj), ω̃j = z′(sj)ωj/(2πi). We remark that although the exact solution
u(t) does not depend on Γ , this approximate solution does. Below we shall
consider in more detail two specific such quadrature formulas.

By the definition in (20.7), the values of w(z) needed in (20.11) satisfy

(20.12) (A − zjI)w(zj) = −g(zj), for |j| ≤ N.

This expresses a central feature of our method, namely that the 2N +1 values
w(zj) ∈ B entering in (20.11) are independent, and hence may be found in
parallel. We remark also that the functions w(zj) determine the approximate
solution (20.11) for all t > 0.

We shall now consider a first quadrature formula for an integral over the
real axis R with values in B, by applying a truncated trapezoidal rule. Under
appropriate conditions this quadrature formula has a high order of accuracy.
We shall then apply this formula to our representation (20.10) of the solution
of the parabolic problem. More precisely, we shall study the quadrature rule

(20.13) QN (v) = k

N∑

j=−N

v(sj) ≈ J(v) =

∫ ∞

−∞
v(s) ds, where sj = jk,
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where we choose k = N−(1−ε) with some ε ∈ (0, 1). If we apply this quadra-
ture rule to our representation (20.10) of the solution of (20.1), this defines
the approximation to u(t) as

(20.14) UN (t) = QN (v(·, t)) =
k

2πi

N∑

j=−N

e−zjtw(zj)z
′(sj), k = N−(1−ε),

where zj = z(sj) = ϕ(sj) − iσsj . Note that max|j|≤N |zj | = O(Nε).
We begin our analysis with the following stability result. As earlier we set

(20.15) ℓ(t) = max(1, log(1/t)).

Lemma 20.1 Assume that v : R → B satisfies

(20.16) ‖v(s)‖ ≤ V (1 + |s|)−1e−µ|s|, for s ∈ R, µ > 0.

Then, for QN (v) defined in (20.13), with k = N−(1−ε), ε ∈ (0, 1), we have,
with C = Cε,

‖QN (v)‖ ≤ CV ℓ(µ), for µ > 0.

Proof. We have

‖QN (v)‖ ≤ V k
∞∑

j=−∞
(1 + |sj |)−1e−µ|sj | ≤ V

(
k + 2

∫ ∞

0

(1 + s)−1e−µs ds
)
.

The result now follows from the easily proven fact that

(20.17)

∫ ∞

0

e−µs(1 + s)−1ds ≤ Cℓ(µ), for µ > 0. ⊓⊔

Using this lemma we now show the following stability estimate for the
time discrete solution UN (t) of (20.1), as defined by (20.14), demonstrating
that the discrete solution is bounded in each closed subinterval of (0,∞),
with a bound that grows logarithmically for t small.

Theorem 20.2 Under the assumptions of Theorem 20.1, let UN (t) be de-
fined by (20.14). Then we have

‖UN (t)‖ ≤ CM eκt ℓ(t) ‖g‖Γ , for t > 0, with κ = −ϕ(0).

Proof. Using (20.2) and (20.10), we have, since |z′(s)| is bounded, that

‖v(s, t)‖ ≤ Ce−tϕ(s)‖w(z(s))‖ ≤ CMe−tϕ(s)(1 + |s|)−1‖g‖Γ , for s ∈ R.

For t ≤ 1 this shows

‖v(s, t)‖ ≤ CMet(γ−|s|)(1 + |s|)−1‖g‖Γ ≤ CMe−t|s|(1 + |s|)−1‖g‖Γ ,
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and the bound stated therefore follows from Lemma 20.1. For t ≥ 1 we have
by (20.9)

‖UN (t)‖ ≤CMk
∑

|j|≤N

e−tϕ(sj)‖g‖Γ

≤ CMeκtk
∑

|j|≤N

e−|sj |/2‖g‖Γ ≤ CMeκt‖g‖Γ ,

which completes the proof. ⊓⊔
We next turn to an estimate for the quadature error in (20.13).

Lemma 20.2 Let r ≥ 1 be given and assume that, with C = Cr,

(20.18) ‖v(j)(s)‖ ≤ C(1 + |s|)−1e−µ|s|, for j ≤ r, s ∈ R, µ > 0.

Then, with QN (v) defined in (20.13), with k = N−(1−ε), ε ∈ (0, 1), we have,
with C = Cr,ε,

‖QN (v) − J(v)‖ ≤ CV ℓ(µ)
(
N−r(1−ε) + e−µNε)

, for µ > 0.

Proof. We shall use the following easy consequence of the Euler-Maclaurin
summation formula, see, e.g., [66], p. 208. Let Q∞(v) = k

∑∞
j=−∞ v(jk).

Then, for r > 1,

‖Q∞(v) − J(v)‖ ≤ Ckr

(2π)r

∫ ∞

−∞
‖v(r)(s)‖ ds.

Under our assumption (20.18) it follows that

‖Q∞(v) − J(v)‖ ≤ CV N−r(1−ε)

∫ ∞

0

(1 + s)−1e−µs ds.

We also have

‖QN (v) − Q∞(v)‖ ≤ kV
∑

|j|>N

(1 + |sj |)−1e−µ|sj | ≤ CV

∫ ∞

Nk

(1 + s)−1e−µs ds.

Here, since Nk = Nε, we find

(20.19)

∫ ∞

Nk

(1 + s)−1e−µs ds ≤ e−µNk

∫ ∞

0

(1 + s)−1e−µs ds ≤ Ce−µNε

ℓ(µ),

where in the last step we have used (20.17). ⊓⊔
We now show the following error estimate for the discrete solution.

Theorem 20.3 Let UN be defined by (20.14). Then, under the appropriate
assumptions on g(z) and Γ , we have, for any r ≥ 1 and κ̃ > κ, with C = Cr,ε,

‖UN (t) − u(t)‖ ≤ CM eκ̃t ℓ(t)
(
N−r(1−ε) + e−tNε)

max
k≤r

‖g(k)‖Γ , for t > 0.
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Proof. We recall from (20.10) and (20.14) that

UN (t) − u(t) = QN (v(·, t)) − J(v(·, t)).

To apply Lemma 20.2 we use (20.2) and the Leibniz rule applied to w(z) as
defined in (20.7) to obtain

‖w(j)(z)‖ ≤ CM(1 + |z|)−1 max
k≤j

‖g(k)(z)‖, for z ∈ Γ,

and hence, from the definition of v(·, t) in (20.10),

‖v(j)(s, t)‖ ≤ CM(1 + tr)e−tϕ(s)(1 + |s|)−1 max
k≤r

‖g(k)‖Γ , for j ≤ r, s ∈ R.

Since (1 + tr)e−tϕ(s) ≤ Cetκ̃e−|s|/2 by (20.9), for t ≥ 1, and (1 + tr)e−tϕ(s) ≤
Ce−t|s| for t ≤ 1, the theorem follows by Lemma 20.2. ⊓⊔

Since r is arbitrary, this error bound is of order O(N−q) for any q > 0,
for fixed t > 0, but deteriorates as t tends to 0.

Choosing the time step k = c/
√

N in (20.13) and (20.14), i.e., ε = 1
2 , and

using a different analysis based on a representation of the quadrature error
as an integral over the boundary of a strip around Γ in the complex plane,

one may improve the error estimate in Theorem 20.3 to O(e−c
√

N ) for t ≥ 0
with c > 0. We shall not carry out the details but we apply this alternative
approach to our next quadrature scheme.

To define this second quadrature formula we begin with a change of vari-
able in (20.8), and set

(20.20) s = ν sinh ξ, for ξ ∈ R,

The representation (20.7) of the solution may now be thought of as an integral
with respect to the real variable ξ,

(20.21) u(t) =

∫ ∞

−∞
v(ξ, t) dξ, where v(ξ, t) =

1

2πi
e−z(ξ)tw

(
z(ξ)
)
z′(ξ).

where, with α = arctan σ ∈ (0, 1
2π), λ = ν

√
1 + σ2,

(20.22) z = z(ξ) = −γ +λ(cos α cosh ξ− i sin α sinh ξ) = −γ +λ cos(α+ iξ).

This time the time-discretization will be affected by choosing the quadrature
rule (20.13), with k = log N/N , whose quadrature points are equally spaced
in [− log N, log N ]. Applying this to (20.21), and setting zj = z(ξj), ξj = jk,
our approximate solution to (20.1) becomes

(20.23) UN (t) =
k

2πi

N∑

j=−N

e−zjtw(zj)z
′(ξj), with k = log N/N.
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We note that this time, for N large,

max
|j|≤N

|zj | = |zN | = |γ − λ cos α cosh(log N) + iλ sin α sinh(log N)| ≈ 1
2λN.

The asymptotic behavior of the function z = z(s) given in (20.8) implies
that |e−z(s)t| ≈ e−|s|t for |s| large. Using instead the parameter ξ in (20.20),
(20.22) shows the “double exponential” behavior |e−z(ξ)t| ≈ e−ν t cosh ξ for
large |ξ|, which will lead to an improved error bound. In the analysis of the
quadrature rule (20.13) we shall now need the following.

Lemma 20.3 Let QN (v) be defined in (20.13), with k = log N/N , and as-
sume that the integrand v satisfies

‖v(ξ)‖ ≤ V e−µ cosh ξ for ξ ∈ R, µ > 0.

Then we have, with C independent of N,V and µ,

‖QN (v)‖ ≤ Cℓ(µ)V, for N ≥ 1.

Proof. We have

‖QN (v)‖ ≤ k
∞∑

j=−∞
V e−µ cosh(jk) ≤ kV + 2V

∫ ∞

0

e−µ cosh ξ dξ,

and, changing variables by s = cosh ξ − 1 and using (20.17),

∫ ∞

0

e−µ cosh ξ dξ = e−µ

∫ ∞

0

e−µs

√
s2 + 2s

ds(20.24)

≤
∫ 1

0

ds√
2s

+
√

2

∫ ∞

1

e−µs

1 + s
ds ≤ C ℓ(µ).

Since k is bounded for N ≥ 1, this shows the lemma. ⊓⊔

By applying Lemma 20.3 to the integrand v(ξ, t) in (20.21) we obtain the
following stability result.

Theorem 20.4 Let UN (t) be the approximate solution of (20.1) defined by
(20.23). Then, under the appropriate assumpions on g(z) and Γ , we have

‖UN (t)‖ ≤ CMeκtℓ(t)‖g‖Γ , for t > 0, N ≥ 1.

Proof. Recalling (20.7) and (20.2), we see that

‖w(z(ξ))‖ ≤ CM

1 + |z(ξ)|
∥∥g‖Γ , for ξ ∈ R.

By (20.22), we have
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z′(ξ)

z(ξ)
=

−iλ sin(α + iξ)

−γ + λ cos(α + iξ)
(20.25)

=
− cos α sinh ξ + i sin α cosh ξ

γλ−1 − cos α cosh ξ + i sin α sinh ξ
→ ±1, as ξ → ±∞,

so that |z′(ξ)| ≤ C(1 + |z(ξ)|) for ξ ∈ R, and hence, since λ cos α = ν,
(20.26)

‖v(ξ, t)‖ ≤ CMe−t Re z(ξ)‖g‖Γ = CMetγe−tν cosh ξ‖g‖Γ , for ξ ∈ R.

It therefore follows, by Lemma 20.3, with µ = tν, since ℓ(νt) ≤ Cℓ(t) and
eγt ≤ C, that

‖UN (t)‖ =
∥∥QN

(
v(·, t)

)∥∥ ≤ CMℓ(t)‖g‖Γ , for t ≤ 1.

Since Re z(ξ) = −γ + ν cosh ξ = −κ + ν(cosh ξ − 1), we have −t Re z(ξ) ≤
κt − ν(cosh ξ − 1) for t ≥ 1, and hence

‖UN (t)‖ ≤ CMeκtk
∑

|j|≤N

e−ν cosh ξj‖g‖Γ ≤ CMeκt‖g‖Γ , for t ≥ 1,

which completes the proof. ⊓⊔

The analysis of the quadrature error will depend on assuming that the
integrand may be extended into a closed strip Yr = {ζ : | Im ζ| ≤ r} around
the real axis, and satisfies certain boundedness properties there. The next
lemma shows that under appropriate conditions the quadrature error is of
order O(e−cN/ log N ) as N → ∞.

Lemma 20.4 Let QN (v) be defined by (20.13), with k = log N/N , and as-
sume that the integrand v(ζ) is analytic and bounded in Yr, and if

‖v(ξ + iη)‖ ≤ V e−µ cosh ξ for ξ ∈ R and |η| ≤ r, with µ > 0.

Then, with r̄ = 2πr, and with C independent of N,V and µ, we have

‖QN (v) − J(v)‖ ≤ CV ℓ(µ)
(
e−r̄N/ log N + e−µN/2

)
, for N ≥ 2.

Proof. Let Q∞(v) = k
∑∞

j=−∞ v(jk). We first show that

(20.27) ‖Q∞(v) − J(v)‖ ≤ e−r̄/k

1 − e−r̄/k

∫ ∞

−∞

(
‖v(ξ + ir)‖ + ‖v(ξ − ir)‖

)
dξ.

For this we observe that

Q∞(v) =
1

2πi

∫

Cr

v(ζ)π cot

(
πζ

k

)
dζ,

where the contour Cr = C+
r ∪C−

r = ∂Yr consists of the lines C±
r : {ζ = ∓ξ±ir},

with ξ ∈ R increasing. Since
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1

2i
cot

(
πζi

k

)
= ∓1

2
∓ e∓i2πζ/k

1 − e∓i2πζ/k
, for ζ ∈ C±,

and, by deforming the contours in the complex plane,

∫

C±
r

v(ζ) dζ = ∓
∫ ∞

−∞
v(ξ) dξ = ∓J(v),

it follows that

Q∞(v) = J(v) −
∫

C+
r

v(ζ)ei2πζ/k

1 − ei2πζ/k
dζ +

∫

C−
r

v(ζ)e−i2πζ/k

1 − e−i2πζ/k
dζ.

Since Re(i2πζ/k) = ∓r̄/k on C±
r , the inequality (20.27) now follows by obvi-

ous estimates.
From (20.27) it follows, using (20.24), that, since e−r̄N/ log N < 1 for

N ≥ 2,

‖Q∞(v) − J(v)‖ ≤ 4V e−r̄N/ log N

1 − e−r̄N/ log N

∫ ∞

0

e−µ cosh ξ dξ ≤ Cℓ(µ)V e−r̄N/ log N .

For the remainder of the infinite sum we have

‖Q∞(v) − QN (v)‖ ≤ 2V k
∞∑

j=N+1

e−µ cosh(jk) ≤ 2V

∫ ∞

Nk

e−µ cosh ξ dξ.

Here, as in (20.24) we have by (20.19), with s = cosh ξ − cosh(Nk),

∫ ∞

Nk

e−µ cosh ξ dξ = e−µ cosh(Nk)

∫ ∞

0

e−µs

√
(s + cosh(Nk))2 − 1

ds

≤ e−µN/2

∫ ∞

0

e−µs

√
s2 + 2s

ds ≤ Ce−µN/2ℓ(µ),

where we have used cosh(Nk) = cosh(log N) ≥ N/2. Together these estimates
complete the proof. ⊓⊔

For the purpose of application of Lemma 20.4 to the function v(ξ, t) in
(20.21) we define a conformal mapping

(20.28) z = z(ζ) = −γ + λ cos(α + iζ),

from the strip Yr onto the set

(20.29) Zr = { z(ζ) : ζ ∈ Yr}.

The contour Γ is then just the image in the z-plane of the real axis in the
ζ-plane, and may now be defined as z = z(ξ) for ξ ∈ R. In the error analysis
below the assumptions made above on Γ now have to hold with Γ replaced
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by Zr for some r satisfying 0 < r < α. In particular, we assume that r is so
small that the singularities of g(z) are to the right of Zr.

Writing z = x + iy and ζ = ξ + iη, we find that

(20.30) x = −γ + λ cos(α − η) cosh ξ, y = −λ sin(α − η) sinh ξ,

and thus the line η = constant is mapped to the right branch of the hyperbola

(
x + γ

λ cos(α − η)

)2

−
(

y

λ sin(α − η)

)2

= 1,

whose asymptotes are y = ±(x + γ) tan(α − η), with angles ±(α − η) with
the positive real axis, and which cuts the real axis at x = −γ + λ cos(α− η).
Hence, sufficient conditions to ensure that Zr ⊂ Σδ and that Re z → ∞
whenever | Im z| → ∞ with z ∈ Zr are

(20.31) 0 < r < α, α − r > δ, γ > λ cos(α − r).

In applying Lemma 20.4 to our approximate solution of (20.1) we need to
assume that our assumptions hold with Γ replaced by a strip Zr with r > 0.
In particular, g(z) now has to be bounded and analytic in G̃r = Zr − R+.
The contour Γ is thus required to lie more to the left for the error estimate
than for the stability bound of Theorem 20.4.

Theorem 20.5 Let u(t) be the solution of the initial value problem (20.1),
and assume that Zr ⊂ Σδ. Then, under the above assumptions on g(z), the
approximate solution UN (t) of (20.1) defined by (20.23) satisfies, with c =
1
2λ cos(α + r) and r̄ = 2πr, for any κ̃ > γ − λ cos(α + r),

‖UN (t) − u(t)‖ ≤ CMeκ̃tℓ(t)
(
e−r̄N/ log N + e−ctN

)
‖g‖Zr

, for t > 0.

We note that for any given t > 0, the first term in the parenthesis is
the dominant term, so that this result shows a convergence rate of order
O(e−r̄N/ log N ), which deteriorates as t tends to zero. We also note that a
larger r results in a higher convergence rate.

Proof of Theorem 20.5. We have, for ζ = ξ + iη ∈ Zr,

‖v(ξ + iη, t)‖ ≤ 1

2π
e−Re z(ξ+iη)t‖w(σ + iη)‖ |z′(ξ + iη)|,

and Re z(ξ + iη) = −γ +λ cos(α− η) ≥ −γ +λ cos(α + r). As in (20.7), since
Zr ⊂ Σδ, we have

‖w(z)‖ ≤ CM

1 + |z| ‖g‖Zr
, for z ∈ Zr,

and (20.25) generalizes to
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(20.32)
z′(ξ + iη)

z(ξ + iη)
=

− cos(α − η) sinh ξ + i sin(α − η) cosh ξ

γλ−1 − cos(α − η) cosh ξ + i sin(α − η) sinh ξ
→ ±1,

as ξ → ±∞, uniformly for |η| ≤ r. Hence, for ξ ∈ R and |η| ≤ r,

‖v(ξ + iη, t)‖ ≤ CMe(γ−λ cos(α+r)) t cosh ξ‖g‖Zr
= CMeκ̃te−µ t cosh ξ‖g‖Zr

,

where µ = κ − γ + λ cos(α + r) > 0. The result then follows from Lemma
20.4. ⊓⊔

As we pointed out above, the convergence result of Theorem 20.5 may
be described as a nonsmooth data error estimate. We shall now discuss a
modification of the above method (20.23) for which we shall be able to show
an error bound that holds uniformly down to t = 0, but which is only of

order O(e−c
√

N ). For this purpose we first write the representation (20.6) in
a slightly different form. Recall that the solution operator of the homogeneous
case of (20.1) may be written as

E(t)v =
1

2πi

∫

Γ

e−ztR(z;A)v dz,

where Γ is defined by (20.22). Using Duhamel’s principle we have

u(t) = E(t)v +

∫ t

0

E(t − τ)f(τ) dτ

=
1

2πi

∫

Γ

e−ztR(z;A)v dz +

∫ t

0

1

2πi

∫

Γ

e−z(t−τ)R(z;A)f(τ) dz dτ,

or, after changing the order of integration,

u(t) =
1

2πi

∫

Γ

R(z;A)g̃(z, t) dz,

where

g̃(z, t) = e−ztv +

∫ t

0

e−(t−τ)zf(τ) dτ = e−zt
(
v +

∫ t

0

eτzf(τ) dτ
)
.

We note that the latter integral equals f̂(−z) if f(τ) vanishes for τ > t,
which connects this formulation with the old representation (20.7). This is
reasonable since the value of u(t) is independent of f(τ) for τ > t.

The main idea in our analysis is now to use the fact that if Γ crosses the
real axis at ϕ(0) = −γ + ν > 0, but sufficiently close to z = 0 so that this
point is to the left of Γ , then

1

2πi

∫

Γ

e−zt dz

z
= 0, for t > 0,
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and hence, as is easily seen,

1

2πi

∫

Γ

g̃(z, t)

z
dz = 0.

The solution of (20.1) may therefore now be represented as

u(t) =
1

2πi

∫

Γ

(R(z;A)g̃(z, t) − z−1g̃(z, t)) dz =
1

2πi

∫

Γ

w̃(z, t) dz,

where

w̃(z, t) = R̃(z;A)g̃(z, t), with R̃(z;A) = R(z;A) − z−1I.

The reason for this modification is that R̃(z;A) decays more rapidly than
R(z;A) as |z| → ∞ on Γ . With the deformed contour represented as in
(20.22), we obtain this time

(20.33) u(t) =

∫ ∞

−∞
v(ξ, t) dξ, with v(ξ, t) =

1

2πi
w̃(z(ξ))z′(ξ).

Using again the quadrature rule (20.13) we now get an approximate so-
lution of our problem of the form

(20.34) UN (t) =
k

2πi

N∑

j=−N

w̃(zj , t) z′j ,

with k to be specified below.
To compute the approximate solution we thus need to find

w̃(zj , t) = e−zjtW (zj , t) − z−1
j g̃(zj , t), for |j| ≤ N,

where the W (zj , t) are the solutions of the 2N + 1 elliptic equations

(A − zj)W (zj , t) = −ezjtg̃(z, t) = −v −
∫ t

0

eτzj f(τ) dτ, |j| ≤ N.

Note that for the homogeneous equation this system is independent of t. This
means that in this case the solution of the system of elliptic equations yields
the discrete solution at all times. For the inhomogeneous equation one system
of elliptic equations has to be solved for each time t where the approximate
solution is sought.

In our error analysis we shall need some regularity of the data. To express
this we define a scale of Banach spaces

Bσ := D(Aσ) = { v ∈ B : Aσv ∈ B }, for σ > 0,

and write the norm in this space as ‖v‖σ = ‖Aσv‖. We note that (cf. [194],
Theorem 2.6.10)

(20.35) ‖v‖1−σ ≤ Cσ‖v‖σ ‖v‖1−σ
1 , for 0 ≤ σ ≤ 1.

We begin our error analysis with a bound for the modified resolvent.
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Lemma 20.5 If A satisfies the resolvent estimate (20.2), then

‖R̃(z;A)v‖ ≤ CσM

|z|(1 + |z|)σ
‖v‖σ, for z ∈ Σδ, 0 < σ ≤ 1.

Proof. We note that

R̃(z;A)v = z−1R(z;A)Av = z−1R(z;A)A1−σAσv

and, by (20.35),

‖R(z;A)A1−σw‖ = ‖R(z;A)w‖1−σ

≤ Cσ‖R(z;A)w‖σ‖AR(z;A)w‖1−σ ≤ CM(1 + |z|)−σ‖w‖,

from which the result stated follows by setting w = Aσv. ⊓⊔

Our next lemma is an error estimate for quadrature rule using a time step
adapted to application with the estimate of Lemma 20.5 for the modified
resolvent.

Lemma 20.6 If the integrand v(ζ) is analytic and bounded in Yr, and

‖v(ξ + iη)‖ ≤ V e−σ|ξ|, for ξ ∈ R and |η| ≤ r,

then, with QN (v) defined by (20.13) and r̄ = 2πr,

‖QN (v) − J(v)‖ ≤ Cr,σV e−
√

r̄σN , for k =
√

r̄/(σN).

Proof. For the infinite quadrature sum Q∞(v) = k
∑∞

j=−∞ v(jk) we have
using (20.27)

‖Q∞(v) − J(v)‖ ≤ 4V e−r̄/k

1 − e−r̄/k

∫ ∞

0

e−σξ dξ ≤ 4V σ−1e−r̄/k

1 − e−r̄/k
,

whereas for the tail of the infinite sum we now have

‖Q∞(v) − QN (v)‖ ≤ 2V k

∞∑

j=N+1

e−σξj ≤ 2V

∫ ∞

Nk

e−σξ dξ ≤ 2V σ−1e−σNk.

Hence by the triangle inequality,

‖QN (v) − J(v)‖ ≤ 2V σ−1
( 2e−r̄/k

1 − e−r̄/k
+ e−σNk

)
.

The error bound now follow by choosing k so that r̄/k = σNk. ⊓⊔

We are now ready for our smooth data error estimate.
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Theorem 20.6 Let u(t) be the solution of the initial value problem (20.1),
and assume that Zr ⊂ Σδ. Then, for 0 < σ ≤ 1, if we choose k =

√
r̄/(σN),

the approximate solution UN (t) defined in (20.34) satisfies, with γ̃ = γ −
λ cos(α + r) and r̄ = 2πr,

‖UN (t) − u(t)‖ ≤ CMeγ̃te−
√

r̄σN
(
‖v‖σ +

∫ t

0

‖f‖σdτ
)
, for t > 0.

Proof. It follows from (20.33), (20.32) and Lemma 20.5 that

‖v(ξ + iη, t)‖ ≤ C‖w̃(z(ξ + iη))‖ |z′(ξ + iη)|
≤ CM(1 + |z(ξ + iη)|)−σ‖g̃(z(ξ + iη), t)‖σ.

Since −Re z(ξ + iη) = γ − λ cos(α − η) cosh ξ ≤ γ̃, for |η| ≤ r, we have

‖g̃(z(ξ + iη), t)‖σ ≤ eγ̃t
(
‖v‖σ +

∫ t

0

‖f‖σdτ
)
,

and, using also |z(ξ + iη)| ≥ c cosh ξ ≥ ce|ξ|, we thus find

‖v(ξ + iη, t)‖ ≤ CMeγ̃te−σ|ξ|
(
‖v‖σ +

∫ t

0

‖f‖σdτ
)
.

The result now follows by Lemma 20.6. ⊓⊔

Note that the higher the regularity assumed, i.e., the bigger the σ, the
shorter the time step k and the faster the convergence. We remark that this
error bound does not assume f̂(z) to have an analytic continuation as required
earlier.

We shall now apply our above results to the discretization in both space
and time of the initial boundary value problem for the heat equation,

ut − ∆u = f(t) in Ω, with u(·, t) = 0 on ∂Ω, for t > 0,(20.36)

u(·, 0) = v in Ω,

where Ω is a convex bounded domain in R2 with smooth boundary ∂Ω.
We first consider this problem in the Banach space C0(Ω̄), normed with
‖v‖L∞

= supx∈Ω |v(x)|.
Let Sh denote standard piecewise linear finite element spaces defined on a

family of quasiuniform triangulations of Ω and vanishing on ∂Ω. We consider
the spatially semidiscrete problem corresponding to (20.36) to find uh(t) ∈ Sh

such that

(20.37) (uh,t, χ)+(∇uh,∇χ) = (f, χ), ∀χ ∈ Sh, t > 0, with v(0) = Phv,

where Ph denotes the orthogonal L2−projection onto Sh, or with ∆h the
discrete Laplacian defined by (1.33), and Ah = −∆h,
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(20.38) uh,t + Ahuh = Phf, for t > 0, with v(0) = Phv.

This problem is of the form (20.1) when Sh, equipped with the maximum-
norm, is considered as a Banach space.

Recall from Lemma 6.1 that Ph is bounded in maximum-norm, and from
Theorem 6.6 that a maximum-norm resolvent estimate for Ah of the form
(20.2) holds, uniformly in h, so that for any δ ∈ (0, π/2) there is a C ≥ 1
such that

‖R(z;Ah)‖L∞
≤ C(1 + |z|)−1, for z ∈ Σδ.

Before we discuss the fully discrete schemes, we shall establish the follow-
ing maximum-norm estimate for the error in the semidiscrete solution. In the
case of the homogeneous equation, i.e., when f(t) = 0, then Γ may be chosen
to pass through the origin, so that κ = 0, and the error bound then reduces
to that of Theorem 6.10.

Lemma 20.7 Assume that g(z) is analytic and bounded in G, and let uh(t)
and u(t) be the solutions of (20.38) and (20.36). Then, with ‖g‖L∞,Γ =
supz∈Γ ‖g(z)‖L∞

, we have

‖uh(t) − u(t)‖L∞
≤ Ch2ℓ2h t−1eκt‖g‖L∞,Γ , for t > 0.

Proof. We have the representation

uh(t)−u(t) =
1

2πi

∫

Γ

e−tzGh(z)g(z) dz, with Gh(z) = R(z;Ah)Ph−R(z;A).

We shall show below that, in operator norm,

(20.39) ‖Gh(z)‖L∞
≤ Ch2ℓ2h, for z ∈ Γ.

Assuming this for a moment, we find by (20.9) that for t ≥ 1,

‖uh(t) − u(t)‖L∞
≤ C eκt h2ℓ2h

∫ ∞

0

e−ts/2 ds ‖g‖L∞,Γ

≤ Ch2ℓ2h t−1eκt ‖g‖L∞,Γ .

For t ≤ 1 we may replace Γ by the curve Γt∪γt used in the proof of Theorem
20.1 and show

∫
Γt∪γt

e−t Re z |dz| ≤ Ct−1, which completes the proof.

To prove (20.39) we write

Gh(z) =
(
R(z;Ah)Ph − PhR(z;A)

)
+ (Ph − I)R(z;A) = G′

h(z) + G′′
h(z).

Here, with Rh : H1
0 → Sh the elliptic projection defined by (1.22), and since

PhA = AhRh,

G′
h(z) = R(z;Ah)Ph(zI − A)R(z;A) − R(z;Ah)(zI − Ah)PhR(z;A)

= R(z;Ah)(AhPh − PhA)R(z;A) = R(z;Ah)Ah(Ph − Rh)R(z;A),
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We shall need the Lp−error estimate

‖(Rh − I)v‖Lp
≤ Ch2ℓh‖v‖W 2

p
if v = 0 on ∂Ω, for 2 ≤ p < ∞,

easily obtained by interpolation between the cases p = ∞ and p = 2, and
recall the Agmon-Douglis-Nirenberg regularity estimate

(20.40) ‖v‖W 2
p
≤ Cp‖Av‖Lp

, if v = 0 on ∂Ω.

Using also the inverse estimate ‖χ‖L∞
≤ Ch−2/p‖χ‖Lp

on Sh (cf. the proof
of Lemma 6.4), as well as the maximum-norm boundedness of AR(z;A) =
I − zR(z;A) for z ∈ Σδ (note that (20.2) now holds for A = −∆, see (6.42))
and similarly for R(z;Ah)Ah = AhR(z;Ah), we find that, for v ∈ C(Ω̄),

‖G′
h(z) v‖L∞

≤ C‖(Ph − Rh)R(z;A)v‖L∞

≤ Ch−2/p‖Ph(Rh − I)R(z;A)v‖Lp
≤ Ch2−2/pℓh‖R(z;A)v‖W 2

p

≤ Ch2−2/pℓh p ‖AR(z;A)v‖Lp
≤ Ch2−2/pℓh p ‖v‖L∞

.

Thus, with p = ℓh = log(1/h) for small h,

‖G′
h(z) v‖L∞

≤ Ch2ℓ2h‖v‖L∞
, for z ∈ Γ.

To bound G′′
h(z)v we introduce the piecewise linear interpolant Ih :

C(Ω̄) → Sh and note that, for any triangle τ of the triangulation, the
Bramble–Hilbert lemma implies

‖Ihv − v‖L∞(τ) ≤ Ch2−2/p‖v‖W 2
p (τ),

from which the corresponding estimate follows with τ replaced by Ω. Hence,
since Ph is bounded in maximum-norm, and using (20.40),

‖(Ph − I)v‖L∞
= ‖(Ph − I)(Ih − I)v‖L∞

≤ Ch2−2/p‖v‖W 2
p
≤ Ch2−2/p p ‖Av‖Lp

.

Since ‖AR(z;A)‖L∞
≤ C, it follows that

‖G′′
h(z)v‖L∞

≤ Ch2−2/p p ‖AR(z;A)v‖Lp
≤ Ch2−2/p p‖v‖L∞

,

and, again with p = ℓh,

‖G′′
h(z)v‖L∞

≤ Ch2ℓh‖v‖L∞
,

which completes the proof of (20.39). ⊓⊔

The result of Lemma 20.7 is a nonsmooth data error estimate in the sense
of Chapter 3. For solutions which are smoother in x, the factor t−1 and one of
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the factors ℓh may be removed. When the Banach space is the Hilbert space
L2(Ω) the factors ℓh are superfluous.

The fully discrete solution obtained by application of our first time dis-
cretization method (20.14) to the semidiscrete problem (20.38) is thus defined
by

(20.41) UN,h(t) = k
N∑

j=−N

e−zjtwh(zj)z
′(sj), wh(z) = R(z;Ah)−1Phg(z),

and correspondingly for our second method (20.23). In both cases, to find
UN,h(t) it is thus required to solve the 2N + 1 discrete elliptic problems

(20.42) (∇wh(zj),∇χ)− zj(wh(zj), χ) = −(g(zj), χ), ∀χ ∈ Sh, |j| ≤ N.

We now establish error estimates for the fully discrete methods defined
by our above two choices of quadrature rules. For the first rule we have the
following.

Theorem 20.7 Let u(t) be the solution of (20.36), and let UN,h(t) be the
approximation defined by (20.41) and (20.14). Then, under the appropriate
assumptions on g(z) and Γ , we have, for any κ̃ > κ and t > 0, with C
independent of N and h,

‖UN,h(t)−u(t)‖L∞
≤ Ceκ̄t

(
ℓ(t)(N−r(1−ε)+e−tNε

)+h2ℓ2ht−1
)
max
k≤r

‖g(k)‖L∞,Γ .

Proof. We write

UN,h(t) − u(t) = (UN,h(t) − uh(t)) + (uh(t) − u(t)).

By Theorem 20.3 we obtain, uniformly in h, with C = Cr,

‖UN,h(t) − uh(t)‖L∞
≤ Ceκ̃tℓ(t)

(
N−r(1−ε) + e−tNε)

max
k≤r

‖g(k)‖L∞,Γ , t > 0.

In view of Lemma 20.7 this shows the result stated. ⊓⊔

For the second fully discrete method defined by (20.23), the same argu-
ment, using Theorem 20.5 instead of Theorem 20.3, yields the following.

Theorem 20.8 Let u(t) be the solution of (20.36), and let UN,h(t) be the
result of application of (20.23) to the semidiscrete problem (20.38). Then, un-
der the appropriate assumptions on g(z), we have, with C and c independent
of N and h,

‖UN,h(t) − u(t)‖L∞
≤ Ceκ̃t

(
ℓ(t)(e−r̄N/ log N + e−ctN ) + h2ℓ2ht−1

)
‖g‖L∞,Zδ

.
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We close by applying the modified second rule (20.34) to the initial-
boundary value problem (20.36), which problem we now consider in the
framework of the Hilbert space L2, in which as usual we denote the norm by
‖ · ‖. The Banach space Bσ is then the space Ḣ2σ introduced in Chapter 3,
with ‖v‖σ = |v|2σ. The fully discrete solution UN,h(t) obtained by application
of our method (20.34) to (20.38) is then defined by

(20.43) UN,h(t) =
k

2πi

N∑

j=−N

w̃h(zj , t) z′j ,

where

w̃h(z, t) = wh(z, t) − z−1Phg̃(z, t), with wh(z, t) = (z I − Ah)−1Phg̃(z, t).

Theorem 20.9 Let u(t) be the solution of (20.36), and let UN,h(t) be the
result of application of (20.23) to the semidiscrete problem (20.37). Let 0 <
σ ≤ 2 and ε > 0, and assume that Ph is such that

(20.44) ‖Aσ/2
h Phv‖ ≤ C‖Aσ/2v‖ = C|v|σ, ∀v ∈ Ḣσ.

Then we have, with k =
√

2r̄/(σN) and γ̃ = γ − λ cos(α + r),

‖UN,h(t) − u(t)‖ ≤ C ′
ε,T (v, f)h2 + C ′′

σ (v, f)eγ̃te−
√

r̄σN/2, for t ≤ T,

where

C ′
ε,T (v, f) = C

(
‖∆v‖ε + ‖f(0)‖ε +

∫ t

0

‖ft‖εdτ
)
,

and

C ′′
σ (v, f) = Ceγ̃te−

√
r̄σN/2

(
|v|σ +

∫ t

0

|f |σ dτ
)
.

Proof. The estimate for the error uh(t) − u(t) in the semidiscrete solution
follows from Theorem 19.2 and Lemma 19.1. By Theorem 20.6 we have,
using assumption (20.44),

‖UN,h(t)−uh(t)‖ ≤ Ceγ̃te−
√

r̄σN/2
(
‖Aσ

hPhv‖+
∫ t

0

‖Aσ/2
h Phf‖ dτ

)
≤ C ′′

σ (v, f).

Together these estimates complete the proof. ⊓⊔

We make some remarks on condition (20.44). We first note that in the
case that the triangulations Th underlying the Sh form a quasiuniform family,
then it is easily seen that (20.44) holds with σ = 2. In fact,

AhPhv = AhRhv − AhPh(Rh − I)v = PhAv − AhPh(Rh − I)v,
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and hence, using the inverse estimate ‖Ahχ‖ ≤ Ch−2‖χ‖ for χ ∈ Sh,

‖AhPhv‖ ≤ ‖Av‖ + Ch−2‖(Rh − I)v‖ ≤ C‖v‖2 ≤ C‖Av‖.

We further recall that, under certain conditions on the Th, weaker than
quasiuniformity, Ph is stable in H1

0 , see [59]. Under such conditions, (20.44)
holds with σ = 1. In fact,

‖A1/2
h Phv‖2 = (AhPhv, Phv) = ‖∇Phv‖2 ≤ C‖∇v‖2 = C‖A1/2v‖2.

By interpolation between this inequality and ‖Phv‖ ≤ ‖v‖ one finds, under
the above conditions on Th, that (20.44) holds for 0 ≤ σ ≤ 1. In particular,
if 0 ≤ σ < 1/2, since then Hσ = Ḣσ, this means that the result of Theorem
20.9 is valid for such σ if v ∈ Hσ and f(τ) ∈ Hσ for τ > 0, thus not requiring
these functions to vanish on ∂Ω.

The approach to discretization in time of parabolic problems described
in this chapter was introduced in Sheen, Sloan and Thomée [215], [216].
In [216] the integral representation (20.10) was transformed to an integral
over a finite interval which was then approximated by the trapezoidal rule
to yield a O(hr) error estimate for arbitrary r, and t > 0. The analysis of
the quadrature formulas described here by extension to a strip containing
Γ is based on López-Fernándes and Palencia [158] and applied to evolution
problems in McLean and Thomée [171] and McLean, Sloan, and Thomée
[172]. The modification of the second quadrature method in order to attain
uniform convergence town to t = 0 is taken from Gavrilyuk and Makarov
[106], see also [105], [107], [108].
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